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Preface

This book was written originally in Dutch for Epsilon Uitgaven; the English ver-
sion contains a number of corrections and some extensions, the largest of which
are sections 11.6-7 and the exercises.

In writing this book I have kept two points in mind. First I wanted to produce
a text which bridges the gap between elementary courses in ordinary differential
equations and the modern research literature in this field. Secondly to do justice
to the theory of differential equations and dynamical systems, one should present
both the qualitative and quantitative aspects.

Thanks are due to a number of people. A.H.P.van der Burgh read and com-
mented upon the first version of the manuscript; also the contents of section 10.2
are mainly due to him.

Many useful remarks have been made by B.van den Broek, J.J.Duistermaat,
A.Doelman, W. Eckhaus, A.van Harten, E. M.de Jager, H. E. Nusse, J.W. Reyn
and a number of students. Some figures were produced by E.van der Aa, B.van
den Broek and I.Hoveijn. J.Grasman and H.E.Nusse kindly consented in the
use of some figures from their publications.

The typing and TEX-editing of the text was carefully done by Diana Balk.

Writing this book was a very enjoyable experience. I hope that some of this
pleasure is transferred to the reader when reading the text.

Utrecht Ferdinand Verhulst
April 1989

Preface to the revised edition:

A number of corrections, in particular to “Answers and hints to the exercises” were
sent to me by attentive readers. Also, quite a number of theorems, proofs and ex-
amples have been added to the text along with three new appendices. Chapter 14
on Chaos and chapter 15 on Hamiltonian systems have been revised completely.
Improvements suggested by A.Doelman, J.J.Duistermaat, M.Falk, P.H.van
Gemert, I. Hoveijn, R.J. A.G. Huverneers, M. Meywerk and the use of figures by
B. Braaksma, H. W. Broer and I. Hoveijn are gratefully acknowledged. The TEX-
editing of this revised edition was expertly done by Karen Schoenmaker.

Utrecht, Ferdinand Verhulst
April 1996
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1 Introduction

1.1 Definitions and notation

This section contains material which is basic to the development of the theory in
the subsequent chapters. We shall consider differential equations of the form

(1.1) &= f(t )

using Newton’s fluxie notation & = dz/dt. The variable t is a scalar, t € R, often
identified with time. The vector function f : G — R" is continuous in ¢t and z; G
is an open subset of R**! so z € R™.

The vector function z(t) is a solution of equation 1.1. on an interval I C R if
x: I — R"™ is continuously differentiable and if z(t) satisfies equation (1.1).

All variables will be real and the vector functions will be real-valued unless explic-
itly stated otherwise. Apart from equations of the form (1.1) we shall also consider
scalar equations like

(1.2) i+y=1v"+sint

in which § = d%y/dt*.
Equation (1.2) can be put into the form of equation (1.1) by introducing y = v,
4 = yo which yields the system

(1.3) ho=
Yo = —y1+yf+sint

Equation (1.3) is clearly in the form of equation (1.1); the vector z in (1.1) has
in the case of (1.3) the components v, and yo, the vector function f has the
components y, and —y; + y? + sint. It is easy to see that the general n*" order
scalar equation

dz/dt" = g(t,z,dz/dt, ... d" 'z /dt")

with g : R™! — R, can also be put into the form of equation (1.1).
Depending on the formulation of the problem, it will be useful to have at our
disposal both scalar equations and their vector form.

In some parts of the theory we shall make use of the Taylor expansion of a vector
function f(t,z). The notation 0f/0z indicates the derivative with respect to the

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996



2 1 Introduction

(spatial) variable z; this means that 0f/0x is the n x n matrix

oh oh
o ttt Ozg
A 6
dxy " Ozn
with i, ..., 2, the components of z and fi,..., f, the components of f(¢,z).

If we do not state an explicit assumption about the differentiability of the vector
function f(t, ), we assume it to have a convergent Taylor expansion in the domain
considered. More often than not, this assumption can be weakened if necessary.
In a number of cases we shall say that the vector function is smooth, which means
that the function has continuous first derivatives.

In studying vector functions in R™ we shall employ the norm

1= 315

For the n x n matrix A with elements a;; we shall use the norm

n

A= lay]-

1,j=1

Of course these are norms only if f is a constant vector and A is a constant matrix.
With some abuse of language we shall still call || - || a norm if f is a vector function
and A a matrix function. A proper norm will be defined below.
In the theory of differential equations the vector functions depend on variables like
t and . We shall use some straightforward generalisations of concepts in basic
analysis. For instance the expression

/ xdt

is short for the vector field with components

/xi(t)dt,izl,...,n.

In the same way [ A(t) dt represents a n X n matrix with elements

faij(t)dt ,i,j = ].,.. N

Finally, in estimating the magnitude of vector functions, we shall use the uniform
norm or supnorm. Suppose that we are considering the vector function f(¢,z) for
to <t <ty+ 7T and x € D with D a bounded domain in R®; then

| fllsup = sup 1l

to<t<tog+T
xeD
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1.2 Existence and uniqueness

The vector function f(t,z) in the differential equation (1.1) has to satisfy certain
conditions, of which the Lipschitz condition is the most important one.

Definition
Consider the function f(¢,z) with f : R**! — R™ |t—to| < a,z € D CR”; f(t, 1)
satisfies the Lipschitz condition with respect to z if in [ty — a,to + a] X D we have

1 f(t,21) — f(t, 22)|| < Lz, — |
with 1,29 € D and L a constant. L is called the Lipschitz constant.

Instead of saying that f(t,z) satisfies the Lipschitz condition one often uses the
expression : f(¢,z) is Lipschitz continuous in z. Note that Lipschitz continuity in
z implies continuity in z.

It is easy to see that continuous differentiability implies Lipschitz continuity; this
provides us in many applications with a simple criterion to establish whether a
vector function satisfies this condition.

The Lipschitz condition plays an essential part in the following theorem.

Theorem 1.1
Consider the initial value problem

z=f(t,z), =z(ty) = zo

withz € D CR™ |t —to] <a; D= {z| ||z — x0]| < d}, a and d are positive
constants. The vector function f(¢,x) satisfies the following conditions:

a. f(t,) is continuous in G = [ty — a,to + a] X D;

b. f(t,z) is Lipschitz continuous in z.

Then the initial value problem has one and only one solution for

|t — to| < min(a, &) with

M = sup | f||.
G
Proof
The reader should consult an introductory text in ordinary differential equation
or the book by Coddington and Levinson (1955) or Walter (1976). O

The solution of the initial value problem will be indicated in the sequel by z(t),
sometimes by x(t; zo) or z(t; to, Zo). Note that theorem 1.1 guarantees the existence
of the solution in a neighbourhood of ¢ = t, the size of which depends on the
supnorm M of the vector function f(¢,z). Often one can continue the solution
outside this neighbourhood; in many problems we shall not give a and d apriori
but instead, while analysing the problem, we shall determine the time interval of
existence and the domain D.
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Example 1.1
=z, z(0)=1,¢t>0.

The solution exists for 0 < ¢t < a with a an arbitrary positive constant. The
solution, z(t) = e, can be continued for all positive ¢ and it becomes unbounded
for t — oo.

|

x t

Figure 1.1

Example 1.2

t=2° 2(0)=1,0<t< o0.

We find z(t) = (1 —t)~! so the solution exists for 0 < ¢ < 1. In this case we know
the solution explicitly; in estimating the time interval of existence we could take
a = 00, d some positive constant. Then M = (1+ d)? and theorem 1.1 guarantees
existence and uniqueness for 0 < ¢t < inf(oco,d(d + 1)72) = d(d + 1)~2. If, for
example, we are interested in values of = with upperbound 3, then d =| 3—z, |= 2.
Theorem 1.1 guarantees the existence of the solution for 0 < ¢ < 2/9. The actual
solution reaches the value 3 for ¢t = 2/3.

!

j

t—

Figure 1.2.

1.3 Gronwall’s inequality

In parts of the theory we shall use an inequality introduced by Gronwall in 1918.
The applications to the theory of differential equations are of later date and we
should mention the name of Richard Bellman in this respect. Keeping an eye on
our future use of the inequality we shall present here two versions of Gronwall’s
inequality; there are more versions and extensions.
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Theorem 1.2 (Gronwall).
Assume that for tg <t < to + a, with a a positive constant, we have the estimate

(1.4) B(t) < 61 t: D(s)d(s)ds + s

in which, for tg <t < tp + a, ¢(t) and 9(t) are continuous functions, ¢(t) > 0 and
¥(t) > 0; 6, and 83 are positive constants. Then we have for to <t <ty+a

t
80) < " o ¥

Proof
From the estimate 1.4 we derive

B(t)
61 fy (s)e(s)ds + 65 —

Multiplication with 6,1(t) and integration yields

' &ip(s)g(s)ds t
to 01 fip Y(7)d(7)dT + 63 <o | wls)ds

so that . .
in(81 [ 6(s)6(s)ds + 6a) ~ Inéy < 6y / W(s)ds

to
which produces

' t
b / D(5)b(s)ds + 65 < 36" oo VO,
to

Applying the estimate 1.4 again, but now to the lefthand side, yields the required
inequality. O
It is an interesting exercise to demonstrate that if 63 = 0, the estimate 1.4 implies
that ¢(t) = 0,t0 < t < to + a.

Sometimes a modified version is convenient.

Theorem 1.3
Assume that for tqg <t < tg+ a, with a a positive constant, we have the estimate
t
(1.5) (1) < ba(t — to) + 6, / #(s)ds + 8
to
in which for tg <t <ty+a ¢(t) is a continuous function, @(t) > 0; 6,85, 63 are
constants with §, > 0, 8 > 0, 63 > 0. Then we have for to <t <ty +a

[

b2 61(t—to)
<=2 1(t=to) _ 22
é(t) (51 + 53> e 5

Proof
Put ¢(t) = (t) — %f, then the estimate (1.5) becomes

(1.6) W(t) < 6, tzz/)(s)ds + % + 6.
0 1
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Application of theorem 1.2 yields
by 51(t—to)
P(t) < 3'+53 e
1

Replacing 1(t) by ¢(t) + 62/61 produces the required result. In the special case
that 8, = 83 = 0 we have ¢(t) = 0 for top < t < to + a (this case is left to the
reader). o

We apply Gronwall’s inequality to study the dependence of a solution on its initial
condition.

Theorem 1.4 (dependence on initial conditions).
Consider the equation & = f(t,z), z € R*, f : R — R" ¢ > 0; f(t,z)
satisfies the Lipschitz condition (Lipschitz constant L) and is continuous in ¢ and

z. Consider the initial value problems

z = f(t,z) , z(0) =a, solution zo(t) on interval I;
z = f(t,z) , z(0) =a+mn, solution z.(t) on interval I.

If ||n|l < € (e real, positive) we have
llzo(t) — z(t)]] < €™ on interval I.

Proof
The two initial value problems are equivalent to the integral equations:

wolt) =a+ [ fram)dr, 20 =a+n+ [ 1z0)dr
Subtraction and applying the triangle inequality produces
lao(t) — 0l < llll + [ 15, 20(r) = £, ()l dr
and, using the Lipschitz condition,
lo(t) = 20l < &+ L [ laa(r) = (7)) dr

Applying Gronwall’s inequality (theorem 1.2) with 8, = L, ¥(s) = 1, ¢(t) =
|zo(t) — z(t)|], 63 = € yields the result. a



2 Autonomous equations

In this chapter we shall consider equations, in which the independent variable ¢
does not occur explicitly:

(2.1) i = f(a)

A vector equation of the form (2.1) is called autonomous. A scalar equation of
order n is often written as

(2.2) 2™ 4 F(z®™D .. 2)=0

in which z® = d*z/dth \k=0,1,...,n, 20 =g

In characterising the solutions of autonomous equations we shall use three spe-
cial sets of solutions: equilibrium or stationary solutions, periodic solutions and
integral manifolds.

2.1 Phase-space, orbits

We start with a simple but important property of autonomous equations.

Lemma 2.1 (translation property)
Suppose that we have a solution ¢(t) of equation (2.1) (or (2.2)) in the domain
D C R", then ¢(t — to) with ¢y a constant is also a solution.

Proof

Transform ¢t — 7 with 7 = ¢t —to. Apart from replacing t by 7, equation (2.1) does
not change as ¢t does not occur explicitly in the righthand side. We have ¢(t) is a
solution of (2.1), so ¢(7) is a solution of the transformed equation. |

It follows from lemma 2.1, that if the initial value problem & = f(z), z(0) = o has
the solution ¢(t), the initial value problem & = f(z),z(to) = zo has the solution
@(t — to). This second solution arises simply by translation along the time-axis.
For example, if sint is a solution of equation (2.2), then also cost is a solution.
The reason is that we obtain cost from sint¢ by the transformation ¢t — ¢ — %71

Remark

The solutions ¢(t) and ¢(t — to) which we have obtained are different. However,
in phase space, which we shall discuss hereafter, these solutions correspond with
the same orbital curves.

The translation property is important for the study of periodic solutions and for
the theory of dynamical systems.

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996



8 2 Autonomous equations

Consider again equation (2.1) & = f(z) with z € D C R™. D is called phase-space
and for autonomous equations it makes sense to study this space separately. We
start with a simple example.

Example 2.1

X,X

/phase—plcme
46\(; f\ E\

t-—-———h

-

Figure 2.1. Spiralling solution of the harmonic equation, centered around the line
(z,z,t) = (0,0,t).

Consider the harmonic equation
I+z=0.

The equation is autonomous; to obtain the corresponding vector equation we put
T =1I,, £ = Ty to obtain
.’i?l = I9

Ty = —I

As we know, the solutions of the scalar equation are linear combinations of cost
and sint. It is easy to sketch the solution space G = R x R?, see figure 2.1. The
solutions can be projected on the x,-plane which we shall call the phase-plane
(figure 2.2).

N\
)

yx———

Figure 2.2.

As time does not occur explicitly in equation (2.1), we can carry out this projection
for the solutions of the general autonomous equation (2.1). The space in which
we describe the behaviour of the variables zy,.. ., z,, parametrised by ¢, is called
phase-space.
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A point in phase-space with coordinates z;(t), z2(t),...,z,(t) for certain ¢, is
called a phase-point. In general, for increasing ¢, a phase-point shall move through
phase-space.

In carrying out the projection into phase-space, we do not generally know the
solution curves of equation (2.1), However, it is simple to formulate a differential
equation describing the behaviour of the orbits in phase-space.

Equation (2.1), written out in components becomes

Il=fl(.’l,‘) ,i=1,...,n.

We shall use one of the components of z, for instance z,, as a new independent
variable; this requires that fi(z) # 0. With the chain rule we obtain (n — 1)
equations:

dzy  _ fa(x)
dz, fi(z)
(23) ' Z
dxy — fn(x)
dIl fl(:l')

Solutions of system (2.3) in phase space are called orbits. If the existence and
uniqueness theorem 1.1 applies to the autonomous equation (2.1) (or (2.2)), it also
applies to system (2.3), describing the behaviour of the orbits in phase-space. This
means that orbits in phase space will not intersect.

Of course we excluded the singularities of the righthand side of system (2.3) cor-
responding with the zeros of fi(z). If fo(z) does not vanish in these zeros, we
can take z, as an independent variable, interchanging the roles of fi(z) and fo(z).
If zeros of fi(z) and fi(x) coincide, we can take z3 as independent variable, etc.
Real problems with this construction arise in points a = (ay,. .., a,) such that

fila) = fala) = ... = fu(a) = 0.

The point a € R™ is a zero of the vector function f(z) and we shall call it a critical
point; sometimes it is called an equilibrium point.

Example 2.2
Harmonic oscillator & + x = 0.
The equivalent vector equation is with z = z,,& =

$'1=I2

Ty = —Iy
Phase-space is two dimensional and the orbits are described by the equation

d$2 I

E"L‘—l T .
Integration yields

23 +1z2=c (caconstant),
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a family of circles in the phase-plane; (0, 0) is a critical point and is called a centre,
see chapter 3 and figures 2.2 and 3.9.

Example 2.3
The equation & —x = 0.
As in the preceding example we find the equation for the orbits in the phase-plane,
in this case
dzx, _n

dfl:l To

.
A

Figure 2.3.

Integration produces the family of hyperbolas

1} — 22 = ¢ (caconstant);
the critical point (0,0) is called a saddle, see chapter 3.1.
The arrows indicate the direction of the motion of the phase points with time; the
motion of a set of phase points along the corresponding orbits is called the phase
flow.

2.2 Critical points and linearisation

Again we consider equation (2.1) £ = f(z), £ € D C R" and we assume that the
vector function f(z) has a zero  =a in D.

Definition
The point z = a with f(a) = 0 is called a critical point of equation & = f(z).

In the older literature, a critical point is sometimes referred to as a ’singular point’.
A critical point of the equation in phase-space can be considered as an orbit, de-
generated into a point.

Note also that a critical point corresponds with an equilibrium solution (or sta-
tionary solution) of the equation: z(t) = a satisfies the equation for all time.

It follows from the existence and uniqueness theorem 1.1, that an equilibrium so-
lution can never be reached in a finite time (if an equilibrium solution could be
reached in a finite time, two solutions would intersect).
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Example 2.4.
= —-z,t >0.

N

el

LXK )

t

—_—

a0

L/

Figure 2.4.

z = 0 is a critical point, z(t) = 0, t > 0 is equilibrium solution. Note that for
all solutions starting in zo # 0 at ¢ = 0 we have tlir{.lo z(t) = 0 (the solutions are

z(t) = zoe™").

Example 2.5.
&t =—-2%t>0.

Figure 2.5.

x = 0 is a critical point, z(t) = 0, t > 0 is equilibrium solution. The solutions
starting in zo # 0 at t = 0 show qualitative and quantitative different behaviour for
zo > 0 and for 2o < 0. This is clear from the solutions z(t) = (zg' 4+ ¢)~!, 2o # 0.
If g < 0, the solutions become unbounded in a finite time.
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In example 2.4 the solutions tend in the limit for ¢ — oo towards the equilibrium
solution, the orbits in one-dimensional phase space tend towards the critical point.
We call this phenomenon attraction.

Definition

A critical point £ = a of the equation = f(z) in R" is called a positive attractor
if there exists a neighbourhood ©, C R of z = a such that z(ty) € Q, implies
tlirgoz(t) = a. If a critical point £ = a has this property for t — —o0o, then z = a
is called a negative attractor.

In analysing critical points and equilibrium solutions we shall start always by
linearising the equation in a neighbourhood of the critical point. We assume that
f(z) has a Taylor series expansion of the first degree plus higher order rest term
in £ = a; linearising means that we leave out the higher order terms. So, in the
case of

& = f(z)

we write in the neighbourhood of the critical point z = a

_of

i= -a—m(a) (z — a) + higher order terms.

We shall study the linear equation with constant coefficients

To simplify the notation the point a is often shifted to the origin of phase-space.
Note that putting § = y — a yields

Often we shall abbreviate %ﬁ(a) = A, a n X n matrix with constant coefficients and
we omit the bar. So the linearised system which we shall study in a neighbourhood
of x = a is of the form

y=Ay
Example 2.6.
The mathematical pendulum.
The equation is Z +sinz = 0 with —7 <z < 47,z € R (z is the angular variable
indicating the deviation from the vertical).
In vector form the equation becomes with = x;, & = x5

T, = Ty
Ty = —sinx

Critical points are (z;,z2) = (0,0), (—m,0), (7,0). Expansion in a neighbourhood
of (0,0) yields
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Figure 2.6.
T = Ty

Ty = —xp + higher order.
Expansion in a neighbourhood of (£, 0) yields

T = Iy

%o = (z1Fm) + higher order.

Note that the phase-flow of the equation, linearised in a neighbourhood of the
critical points, has been described already by examples 2.1-2.3 of section 2.1.

Example 2.7. The Volterra-Lotka equations
Consider the system
T =ax — bxy

y=bry—cy

with z,y > 0 and a, b, ¢ positive constants. This system was formulated by Volterra
and Lotka to describe the interaction of two species, where z denotes the popula-
tion density of the prey, y the population density of the predator. In this model
the survival of the predators depends completely on the presence of prey; to put it
mathematically, if z(0) = 0 than we have § = —cy so that y(t) = y(0) exp.(—ct)
and tllrgloy(t) =0.

The equilibrium solutions correspond with the critical points (0,0) (no animals
present, trivial) and (c/b, a/b). To give an explicit example we write down f(z,y)
in equation 2.1 and 0f(z,y)/0(z,y) :

_( az —bzy of(x,y)  [a—-by —bz
f(m’y)—<bzy—cy>’8(z,y) —< by bz—c)

Linearisation in a neighbourhood of (0,0) produces, with dots for the higher order
terms,

= ar ...

y= —cy +...

The solutions of the linearised system are of the form z(0) exp .(at) and y(0) exp .(—ct).
In a neighbourhood of (c¢/b,a/b) we find

The solutions of the linearised system are combinations of cos(y/act) and sin(y/act).
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2.3 Periodic solutions

Definition

Suppose that = ¢(t) is a solution of the equation £ = f(z), x € D C R™ and
suppose there exists a positive number 7" such that ¢(t +T) = ¢(¢) for all ¢ € R.
Then ¢(t) is called a periodic solution of the equation with period 7.

Remarks

If #(t) has period T, than the solution has also period 2T, 3T, etc. Suppose T is
the smallest period, than we call ¢(t) T-periodic. Some authors are considering
the limit case of an equilibrium solution with arbitrary period 7" > 0, also as
periodic; we shall take 7" > 0 and fixed, unless explicitly stated that the case of
an equilibrium solution is also admitted.

Consider phase-space corresponding with the autonomous equation 2.1. For a
periodic solution we have that after a time T = = ¢(¢) assumes the same value
in R™. So a periodic solution produces a closed orbit or cycle in phase-space. We
shall show that we can reverse this statement.

Lemma 2.2

A periodic solution of the autonomous equation 2.1 & = f(z) corresponds with a
closed orbit (cycle) in phase-space and a closed orbit corresponds with a periodic
solution.

Proof

We have shown already that a periodic solution produces a closed orbit in phase
space. Consider now a closed orbit C' in phase space and a point o € C. The
solution of equation 2.1, which we call ¢(t), starts at ¢ = 0 in zo and traces the
orbit C. Because of uniqueness of solutions, C' cannot contain a critical point, so
If(z)]] > a > 0 for z € C. This implies that ||| > a > 0 so that at a certain
time ¢t = T, we have returned to zo. Now we want to prove that ¢(t + T') = ¢(t)
for all ¢t € R. Note that we can write t = nT +t, withn € Zand 0 < ¢, < T.
It follows from the translation property (lemma 2.1) that if ¢(¢) is a solution with
@(t1) =z, also ¢p(t —nT) is a solution with ¢(¢; +nT") = z,. So ¢(t;) = ¢(t, +nT)
and as t; can be any value in (0,7") we have that ¢(t) is T-periodic. i

We have seen already a linear example where closed orbits exist: the equation of
the harmonic oscillator. We now give some nonlinear examples.

Example 2.8.
The mathematical pendulum can be described by the equation

Z+sinz=0

The phase-plane contains a family of closed orbits corresponding with periodic
solutions, see figure 2.7.
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4

§

Figure 2.7.

Example 2.9.
The van der Pol-equation, describing self-excited oscillations, is

itz =p(l -2, p>0.

Figure 2.8. Triode-circuit of the van der Pol-equation

The Dutch fysicist Balthasar van der Pol formulated this equation around 1920 to
describe oscillations in a triode-circuit. The phase-plane contains one closed orbit
corresponding with a periodic solution (see chapter 4.4). Apart from describing
these triode oscillations, the van der Pol-equation plays an important part in the
theory of relaxation oscillations (u > 1, chapter 12) and in bifurcation theory
(chapter 13).

Figure 2.9. Phase-plane of the van der Pol-equation, p = 1.

Of course the definition of a periodic solution also applies to solutions of non-
autonomous equations of the form & = f(¢,z). However, closed orbits of such a
system do not necessarily correspond with periodic solutions as the translation
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property is not valid anymore. Consider for example the system

= 2ty
= -2z

with solution of the form z(t) = acost? + Bsint? y(t) = —asint? + Bcos %
In the z,y phase-plane we have closed orbits, the solutions are not periodic.

2.4 First integrals and integral manifolds

Equations 2.3, in which time has been eliminated, can be integrated in a number
of cases, producing a relation between the components of the solution vector. For
instance in the case of the harmonic oscillator & + x = 0, example 2.2, we have
found l(x)z N 112 .

2 2 '

E > 0 a constant, determined by the initial conditions. We call this expression
a first integral of the harmonic oscillator equation. In phase-space, this relation
corresponds for £ > 0 with a manifold, a circle around the origin. To verify that
z(t) and z(t) satisfy this relation we differentiate it

@i+ 1 =2(i+1) =0,

where we used that z(t) solves the equation.
To define more generally "first integral”, we introduce the concept of orbital deriva-
tive.

Definition

Consider the differentiable function F' : R® — R and the vector function z : R —
R"™. The derivative L; of the function F' along the vector function z, parameterised
by t, is

LF—B—F;'E—QEi: +8Fi7+ +8Fi
L ¥ oz, "
where 1, ..., T, are the components of z. L, is called the orbital derivative.

Now we choose for z solutions of the differential equation 2.1 to compute the
orbital derivative.

Definition
Consider the equation & = f(z),z € D C R™; the function F(z) is called first
integral of the equation if in D holds

LtF:O

with respect to the vector function z(t).

It follows from the definition that the first integral F'(z) is constant along a solu-
tion. This is why first integrals are called sometimes ”constants of motion”. On
the other hand, taking F'(z) = constant we are considering the level sets of the
function F'(z) and these level sets contain orbits of the equation. Such a level set
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defined by F(z)=constant which consists of a family of orbits is called an integral
manifold. It will be clear that if we can find integral manifolds of an equation it
helps us in understanding the build-up of phase-space of this equation.

Closely related to the concept of integral manifold is the concept of invariant set,
which turns out to be very useful in the development of the theory.

Definition

Consider the equation z = f(z) in D C R". The set M C D is invariant if the
solution z(t) with z(0) € M is contained in M for —oco < t < +oo. If this property
is valid only for t > 0(t < 0) then M is called a positive (negative) invariant set.

It will be clear that equilibrium points and in general solutions which exist for all
time are (trivial) examples of invariant sets. Important examples are the integral
manifolds which we discussed earlier.

Example 2.10
The harmonic equation Z + z = 0 has a first integral F(z, &) = 3(i)? + 322 The
family of circles F(z, &) = E, E > 0, is the corresponding set of integral manifolds.

Example 2.11
The second order equation Z + f(z) = 0 with f(z) sufficiently smooth.
After multiplication with £ we can write the resulting equation as

d 1,

a3

. d (e
T )+%/ f(r)dr =o0.

Figure 2.10 Phase plane if f(z) = z — 3z

So F(xz,&) = 3@* 4+ [* f(7)dr is a first integral of the equation. The orbits cor-
respond with the level curves F(z,&) = constant. For example if f(z) = sinz
(mathematical pendulum) we have

1
F(z, &) = 5:%2 —COST.
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If we take f(z) = = — 32% we find

1 1 1
F(il:, I) = 51‘2 + §$2 — 63:3.

The reader should analyse the critical points in the last case by linear analysis.

Example 2.12
The equation of example 2.11 can be considered as a particular case of Hamilton’s

equations

. 0H . OH .

Di = _-(E’qi = a—pi,z= 1,...,n
in which H is a C? function of the 2n variables p;, ¢;; H is a first integral of
Hamilton’s equations as

BH. (9H

H is often called the energy integral, which applies to the cases where H is the
energy of a mechanical system, the dynamics of which is described by Hamilton’s
equations of motion. In many fields of application, the relevant equations can be
written in this form.

In example 2.11 we have n = 1, p; = &, ¢; = = and F(z, %) is written as H(py,q).
In the case n = 1, the analysis of the level sets H(p, q) = constant yields a complete
picture of the orbits in the phase-plane. In the case n > 2, phase space has
dimension 2n > 4. A study of the family of integral manifolds H(p, q) = constant
tells us something about the behaviour of the orbits. On such an integral manifold
we still have (2n — 1)-dimensional motion with 2n —1 > 3; we shall return to these
problems in chapter 15.

The analysis of level sets H = constant is in general not so simple even in the
two-dimensional case (n = 1). Often we are interested in local behaviour of the
level sets for instance in the neighbourhood of critical points. The Morse lemma
is a useful tool for this.

We start with the concept of a non-degenerate critical point of a function.

Definition

Consider F' : R® — R which is supposed to be C*; for z = a we have 0F/dz(a) = 0
and z = a is called a critical point. The point z = a is called non-degenerate critical
point of the function F(z) if we have for the determinant

2
T 40

Note that 0F/0z = (0F/0x,,0F/0x,,...,0F/0x,) is a vector function, the so-
called gradient of the function F(z); in agreement with the notation of section 1.1,
0?F/0z? is a matrix. The requirement of non-degeneracy we can interpret as the
requirement that the vector function 0F/0x has a ”"non-degenerate linearisation”
in a neighbourhood of z = a.




2.4 First integrals and integral manifolds 19

Example 2.13 (n = 2)
The origin is non-degenerate critical point of the functions

2?7 +25 and 2% — 2123
The origin is degenerate critical point of the functions

zizd and =i+ 7.
Definition
If £ = a is a non-degenerate critical point of the C* function F(z), then F(z) is
called a Morse-function in a neighbourhood of z = a.

We shall discuss now the remarkable result, that the behaviour of a Morse-function
in a neighbourhood of the critical point = a is determined by the quadratic part
of the Taylor expansion of the function. Suppose that z = 0 is a non-degenerate
critical point of the Morse-function F'(z) with expansion

F(z)=Fy— ¢z} —cord — ... — ez + Ck+1x2+1 + ...+ c,22 + higher order terms

with positive coefficients cy, . . ., ¢,; k is called the index of the critical point. There
exists a transformation z — ¥y in a neighbourhood of the critical point such that
F(z) — G(y) where G(y) is a Morse-function with critical point z = 0, the same
index k, and apart from G(0) only quadratic terms.

Lemma 2.3 (Morse).

Consider the C* function F' : R®* — R with non-degenerate critical point z = 0,
index k. In a neighbourhood of z = 0 there exists a diffeomorphism (abbreviation
for transformation which is one-to-one, unique, C' and of which the inverse exists
and is also C') which transforms F(z) to the form

Gly)=GO0)—yi —vs— ... — Yo+ yp +... + U2

Proof
See appendix 1. a

If we have k = 0, this implies that the level sets in a neighbourhood of the critical
point correspond with a positive definite quadratic form; the level sets are locally
diffeomorphic to a sphere. In the case of dimension n = 2 we have in this case
closed orbits around the critical point.

Example 2.14.
The equation & + f(z) = 0 with f(z) a C*® function. With z = z,, & = z,, the
corresponding vector equation is

i‘1=$2

i‘z = —f(l‘l).
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If f(a) =0, (a,0) is a critical point; we translate a to zero so we take f(0) = 0.
Linearisation produces

i‘1=.’1ﬁ2

Zo = —f(0)z; + higher order terms

with eigenvalues of the linear part

ALQ = :i:\/ —fI(O)

So (0,0) is a centre (f;(0) > 0) or a saddle point (f;(0) < 0) for the linearised
equations; we do not consider here the degenerate case f,(0) = 0 (see section 13.4).
Compare for the names of these critical points also the examples 2.2 and 2.3 in
section 2.1; we shall return to this in a systematic way in chapter 3.

A nonlinear characterisation of the critical point can be given with the Morse-
lemma. In example 2.11 we found the first integral

1 1
Flayz) = 2+ [ f(r)dr.
F(x),x2) is in a neighbourhood of (0,0) a Morse-function with the expansion

F(z),20) = %z% + %fx(O)mf + higher order terms.
If f,(0) > 0, there exists a C? transformation to the quadratic form 332 +? (index
k = 0) so we have also in the nonlinear system closed orbits (nonlinear centre);
if f2(0) < 0, the transformation according to Morse produces y2 — y? (index 1,
saddle).

The reader should apply these results to the equation for the mathematical pen-
dulum & + sinz = 0.

Example 2.15.
The Volterra-Lotka equations.
Consider again the system in example 2.7

T =az — bxy

y=bry—cy

with z,y > 0 and positive parameters a,b and c¢. The equation for the orbits in
the phase-plane is

dr  za-—by

dy ybr—c

We can integrate this equation by separation of variables; we find for z,y > 0
bz — clnx + by — alny = C
where the constant C' is determined by the initial conditions. The expression

F(z,y) = bz — clnz + by — alny
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is a first integral of the Volterra-Lotka equations. In example 2.7 linearisation
produced periodic solutions in a neighbourhood of the critical point (¢/b,a/b),
corresponding with closed orbits around the critical point. Using the first integral
F(z,y) we can see whether this result is also valid for the complete, nonlinear
equations. F(z,y) is a Morse-function in a neighbourhood of (¢/b,a/b) with ex-
pansion

2 2
F(z.y) = F(c/b.a/b) + 52)—0(1 -5yt %(y S .

The critical point has index zero and using the Morse-lemma it follows that the
orbits are closed.

It is interesting to note that the Volterra-Lotka equations can be put into Hamil-
tonian formulation as follows.

Putting p = Ilnz , q¢ = Iny the Volterra-Lotka equations becomes

o _ o phed
T =a—be

%% =be? —c
Transforming the first integral we have
H(p,q) = be? — cp + be? — aq

so that p = —0H/dq , ¢ = 0H/0p.

2.5 Evolution of a volume element, Liouville’s theorem

We conclude this chapter by characterising the change of the volume of an element
in phase space, where this change is caused by the flow of an autonomous differ-
ential equation.

Lemma 2.4

Consider the equation # = f(z) in R” and a domain D(0) in R" which is supposed
to have a volume v(0). The flow defines a mapping g of D(0) into R™, g : R® — R,
D(t) = ¢"D(0). For the volume v(t) of the domain D(t) we have

dv
Flieo= [ o Vfda

(V.f = 0f1/0x1 + 0f2/0zs + ... + Ofn/On).

Proof
It follows from the definition of the Jacobian of a transformation that

v(t) =/D(0) |8—gt(i)|dz

Oz
We expand ¢'(z) = z + f(z)t + O(t?) for t — 0. It follows that
¢
99(@) _ + ﬂt + O(t?)

oz oz
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with I the n x n-identity matrix and

99'(z), _ of
| o |_“+8xt|+0(t2)
= 1+TT(Z—£)t + O(#%).

The last step follows from the expansion of the determinant. As Tr(%ﬁ) =V.f we
have
t)=v(0 / tV.f dz+ O(t?
o(t) =0(0)+ [ 19.f do+0()

from which follows the lemma. O

Lemma 2.4 is useful to obtain global insight in the phase flow corresponding with
an autonomous equation.
In the case of example 2.4 £ = —z, where we have attraction towards z = 0,

lemma 2.4 yields

dv

EIt:O =— dz = —v(0)

D(0)

The volume element shrinks exponentially.
In example 2.6, the mathematical pendulum, we find

dv

=0
3z =0
and as t = 0 is taken arbitrarily, phase volume is constant under the flow. The
case of the Volterra-Lotka equations, examples 2.7 and 2.15 yields

dv

'(—izh:() = - (o) (a —C— by + bfl?)d.’l] d’y

From the analysis of the equations in this case, we know that a volume element
periodically shrinks and expands.

An important application of lemma 2.4 is to Hamilton’s equations which have been
introduced in example 2.12.

Theorem 2.1 (Liouville)
The flow generated by a time-independent hamiltonian system is volume preserv-
ing.

Proof
We find V.f =0, so that 9(¢y) = 0 for ¢, = 0 and for all ¢y € R. a



2.6 Exercises 23

2.6 Exercises

2-1. Consider the equation
Z-X—-—(A=-1)A=2)z=0
with A a real parameter.

Find the critical points and characterise these points. Sketch the flow in the
phase-plane and indicate the direction of the flow.

2-2. An extension of the Volterra-Lotka model of examples 2.7 and 2.15 is ob-
tained by taking into account the saturation affect which is caused by a large
number of prey. The equations become

Yy
1+ sz

T=azx—0b

i—b zy
1+ sz

with z,y > 0; the parameters are all positive.
Determine the equilibrium solutions and their attraction properties by lin-
earisation.

2-3. We are studying the three-dimensional system

=1 — 31Ty — T3 + 23(x? + 25 — 1 — ) + 3179 + T3)
Ty = xy — x3(T1 — T + 22125)
i3 = (x3 — 1)(T3 + 2T372 + 73)

a. Determine the critical points of this system.
b. Show that the planes 3 = 0 and 3 = 1 are invariant sets.

¢. Consider the invariant set 3 = 1. Does this set contain periodic
solutions?

2-4. Suppose that a very long conductor has been fixed in a vertical straight
line; a constant current I passes through the conductor. A small conductor,
length [ and mass m, has also been placed in a vertical straight line; it has
been fixed to a spring which can move horizontally. A constant current %
passes through the small conductor. See the figure:

A
Q
Y




24

2-5.

2-6.

2-7.

2 Autonomous equations

The small conductor will be put into motion in the z-direction but it remains
parallel to the long conductor; without deformation of the spring, its position
is z = 0. The fixed position of the long conductor is given by z = a. The
equation of motion of the small conductor is
211l
mi + kz — Y —o

with k positive and z < a.
a. Show that, putting A = 2Iil/k, the equation can be written as

o kzt—az+ )
e g
m a—z

0

b. Put the equation in the frame-work of Hamiltonian systems.

c. Compute the critical points and characterise them. Does the result
agree with the Hamiltonian nature of the problem?

d. Sketch the phase-plane for various values of A.
Find the critical points of the system
T=y
=1z — 225

Characterise the critical points by linear analysis and determine their attrac-
tion properties.

Consider the system

a. Find a first integral.
b. Can we derive the equations from a Hamilton function?

Consider in R™ the system ¢ = f(z) with divergence V.f(z) = 0. So the
phase-flow is volume-preserving. Does this mean that a first integral exists;
solve this question for n = 2.

. Determine the critical points of the system

i ::E2 _y3
y = 2x(z* — y).

Are there attractors in the system? Determine a first integral. Do periodic
solutions exist?



3 Ceritical points

In section 2.2 we saw that linearisation in a neighbourhood of a critical point of
an autonomous system ¢ = f(z) leads to the equation

(3.1) §= Ay

with A a constant n X n-matrix; in this formulation the critical point has been
translated to the origin. We exclude in this chapter the case of a singular matrix
A, so

det A # 0.

Put in a different way, we assume that the critical point is non-degenerate.
In analysing the critical point of the linear system we first determine the eigenval-
ues of A from the characteristic equation

det(A— M) =0.

The eigenvalues are Ay, ..., \,.

There exists a real, non-singular matrix 7" such that T-'AT is in so-called Jor-
dan form; for a detailed description in the context of differential equations see
the books of Coddington and Levinson (1955), Hale (1969) or Walter (1976). We
summarise the results.

If the n eigenvalues are different, then 77! AT is in diagonal form with the eigen-
values as diagonal elements. If there are some equal eigenvalues, the linear trans-
formation y = T'z still leads to a serious simplification. We find

Tz= ATz or

(3.2) 2 =T ATz

As the Jordan normal form T'Az is so simple, we can integrate equation (3.2)
immediately, from which y = Tz follows. In characterising the critical point and
the corresponding phase flow, we shall assume that we have already obtained
equation 3.2 by a linear transformation.

3.1 Two-dimensional linear systems

We shall give the location of the eigenvalues by a diagram which consists of the
complex plane (real axis horizontally, imaginary axis vertically), where the eigen-
values have been indicated by dots. In this section the dimension is two so the
eigenvalues A; and Ay are both real or complex conjugate. If Ay # Ay (real or
complex) then T7'AT is of the form

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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A1 0
0 X
We find for z(t) the general solution

(33) (1) = ( e )

Co€

with ¢ and ¢, arbitrary constants. The behaviour of the solutions represented by
3.3 is for all kind of choices of A\; and Ay very different. We have the following
cases.

Figure 3.1 Eigenvalue diagram.

a. The node.

The eigenvalues are real and have the same sign. If A; # Ay we have with
2z = (21, 22) the real solutions 2i(t) = e’ and 25(t) = cpe*?'. Elimination of
t produces |z)| = c|2|*/** with c a constant. So in the phase-plane we find orbits

which are parabolas, see figure 3.2.

Figure 3.2

We call this critical point a node. If A;, Ao < 0 then (0,0) is a positive attractor,
if A1, A2 > 0 then (0, 0) is a negative attractor.
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If A\ = A\, = A\, the normal form is in general
Al
0 A

creM + cotet

cpeMt

so that
zZy (t

Zg(t

NN
It

Z4

Figure 3.3

with ¢; and ¢y constants; see figure 3.3. In this case the normal form can also be

a diagonal matrix
A0
0 A

It is easy to verify that in the phase-plane the orbits are straight lines through the
origin.
b. The saddle point.

The eigenvalues A; and A, are real and have different sign. The solutions are again
of the form given by equation 3.3. In the phase-plane the orbits are given by

Izll = CIZ2I_I/\1/A2|

Figure 3.4 Eigenvalue diagram

with ¢ a constant. The behaviour of the orbits is hyperbolic, the critical point
(0,0) is not an attractor; we shall call this a saddle point. It should be noted
that the coordinate axes correspond with five different solutions: the critical point
(0,0) and the four half axes.

Furthermore we note that there exist two solutions with the property (2, (t), 29(t)) —
(0,0) for t — oo and two solutions with this property for t — —co. The first two
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Z4

Z2

N\

ZANS
Z

/

Figure 3.5 Saddle point

are called the stable manifolds of the saddle point, the other two the unstable
manifolds.

p>0 n<0

Figure 3.6 Eigenvalue diagram

c. The focus

The eigenvalues A\; and A, are complex conjugate, A\jo = p + wi with pw # 0.
The complex solutions are of the form ezp.((¢ £ wi)t). Linear combination of
the complex solutions produces real independent solutions of the form e*cos(wt),
ekt sin(wt).

(e
)

Figure 3.7 Focus

The orbits are spiralling in or out with respect to (0,0) and we call (0,0) a focus.
In the case of spiralling in as in figure 3.7, u < 0, the critical point is a positive
attractor; if 4 > 0 then (0,0) is a negative attractor.
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Figure 3.8 Eigenvalue diagram.

d. The centre

The special case that the eigenvalues are purely imaginary occurs quite often in
applications. If A\; o = twi, w real, then (0, 0) is called a centre. The solutions can
be written as a combination of cos(wt) and sin(wt), the orbits in the phase-plane
are circles. It is clear that (0,0) is not an attractor.

// //\\ \\

Figure 3.9 Centre

3.2 Remarks on three-dimensional linear systems

Increasing the dimension n of equation 3.1 adds quickly to the number of possible
cases. To illustrate such discussions we shall make some introductory remarks
about the case n = 3. The eigenvalues A\;, A2 and A3 can be real or one real and
two complex conjugate.

Figure 3.10 Eigenvalue diagrams

If the eigenvalues are all different, as in the case of one real and two complex
conjugate eigenvalues, then T~'AT is a diagonal matrix and we have
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2(t) = (c1 exp.(Mt), ca exp.(Aat), c3 exp.(Ast))

with ¢y, co and c3 arbitrary constants. We consider the following cases:

a. Three real eigenvalues. If the eigenvalues have all the same sign (1a — b) then
we call this a three-dimensional node.

The cases 1c — d are of type saddle-node.

Figure 3.11 Phase space in the case 1d.

Figure 3.11 shows phase space in the case 1d, where the positive eigenvalue corre-
sponds with the vertical direction.

Identical eigenvalues produce various Jordan normal forms.

Two identical eigenvalues Ay = A3 = A. There are two possibilities for the matrix

T~'AT in equation 3.2
AM 0O M 0O
0 A0 Jand] O X 1
0 0 X 0 0 X
Three identical eigenvalues A\; = Ay = A3 = X corresponds with the cases

A 00 A 00 A 10
0 X0 1],{]0 X1 fandf 0 X 1
00 A 00 X 00 X

The analysis of the phase flow in these cases is left to the reader.

2a 2b

Figure 3.12 Eigenvalue diagram

b. Two complex eigenvalues Ay, A3 with A; and Re Ay, A3 the same sign. In the
case 2a the critical point (0,0) is a negative attractor, in the case 2b a positive
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attractor. In figure 3.13 we give two orbits in the case 2b; it is instructive to
analyse also the case where Re Ay, A3 < A; < 0 and case 2a.

Figure 3.14 Eigenvalue diagram
c. Two complex eigenvalues Ay and A3 with A\; and Re Ay, A3 a different sign. In

the case 3a we have attraction in one direction and negative attraction (expansion)
in the other two directions; the case 3b shows complementary behaviour.

B
1 1

Figure 3.15 FEigenvalue diagram

d. Two eigenvalues purely imaginary. There is only in one direction positive (4b)
or negative (4a) attraction.

3.3 Ciritical points of nonlinear equations

Up till now we have analysed critical points of autonomous equations & = f(z) by
linear analysis. We assume that the critical point has been translated to z = 0
and that we can write the equation in the form

(3.4) i = Az + g(z)
with A a non-singular n x n-matrix and that

o lo@)) _

im =0.
lzl—=o0 |||
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The last assumption holds under rather general conditions, for instance when the
vector function f(z) is continuously differentiable in a neighbourhood of z = 0.
The analysis of nonlinear equations usually starts with a linear analysis as de-
scribed here, after which one tries to draw conclusions about the original, nonlin-
ear system. It turns out that some properties of the linearised system also hold for
the nonlinear system, other properties do not carry over from linear to nonlinear
systems. Here we shall give some examples of the relation linear-nonlinear; most
of these discussions will be repeated and extended in the subsequent chapters.

At first we have the problem of the nomenclature node, saddle, focus, centre for
the nonlinear equation. For plane systems (n = 2) we can still extend this termi-
nology to the nonlinear case. For instance: a node is a critical point at which all
orbits arrive with a certain tangent for ¢ — 400 or —o0; a centre is a critical point
for which a neighbourhood exists where all orbits are closed around the critical
point. In considering systems with dimension n > 2 this nomenclature meets with
many problems and so we characterise a critical point in that case with properties
as attraction, eigenvalues, existence of (un)stable manifolds etc.

Preambling to chapter 7 we formulate two theorems.

Theorem 3.1.
Consider equation 3.4; if = 0 is a positive (negative) attractor for the linearised

equation, than x = 0 is a positive (negative) attractor for the non-linear equation
3.4.

At the other hand, if the critical point is a saddle, than the critical point cannot
be an attractor for the nonlinear equation. More in general:

Theorem 3.2.

Consider equation 3.4; if the matrix A has an eigenvalue with positive real part,
then the critical point £ = 0 is not a positive attractor for the nonlinear equation
3.4.

The two theorems will be proved in chapter 7.
Another important result concerns the existence of stable and unstable manifolds
as we found them for the saddle point in section 3.1.

First we present the formulation for linear systems in R™

y = Ay.

Suppose that E(A) is the generalized eigenspace of the n x n-matrix A for its
eigenvalue A. Now R™ is equal to the direct sum of the F()) over the eigenvalues
of A in the sense that we take

EQA)NR™ if A is real
(EA)+EMN)NR™ if ImA#0

Now the stable manifold of the linear system ¢ = Ay is defined as the linear
subspace E; of R™ which is equal to the sum over the generalized eigenspaces with
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eigenvalues A which have negative real part (with the modification indicated if
Im\ #0).

Similarly, for the unstable manifold E, of the linear system ¢ = Ay we sum over
the eigenvalues with Re(A) > 0.

It is clear that E; and E, are invariant sets of the linear system. Solutions are
bounded for ¢ — oo only if y(to) € Fs. Solutions starting in the complement of
E; U E, “come from infinity and run away to infinity”. In the case of absence of
purely imaginary eigenvalues of A we have

R"=E;® E,.

The following theorem contains a very important generalization to the nonlinear
case.

Theorem 3.3 (existence of stable and unstable manifolds).
Consider the equation

(3.5) t=Az+g(z), z€R"

in which the constant n x n-matrix A has n eigenvalues with nonzero real part;
g(x) is C* in a neighbourhood of z = 0 and

el

=0.
lali—o0 |||

Then there exists a C* manifold Wj, called the stable manifold of z = 0, with the
following properties:

al. 0 € Wy, W, has the same dimension as E; and the tangent space of W
at o = 0 is equal to Fj.

a2. If we have z(to) € W, for a solution z(t), then z(t) € W, for all
t > to and tlirglo z(t) = 0 (in chapter 7 we shall see, the convergence is
exponentially).

a3. If z(to)EWs; for a solution z(t), then ||z(t)|| > & for some real, positive
6, suitable t; >ty and t > ;.

Similarly, there exists a C* manifold W,,, called the unstable manifold of z = 0,
with the properties:

bl. 0 € W,, W, has the same dimension as E, and the tangent space of
W, at x = 0 is equal to E,,.

b2. If we have z(ty) € W, for a solution z(t), then z(t) € W, for all t < ¢,
and lim z(t) = 0.

b3. If z(tg)gW, for a solution z(t), then ||z(t)|| > & for some real, positive
6, suitable t; < tg and t < t;.
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Proof

See Hartman (1964), chapter 9 or Knobloch and Koppel (1974), chapter 5. Essen-
tial parts of the proof are due to Hadamard (1901) and Cotton (1911). We give
an idea of Cotton’s proof in appendix 4. ]

In the literature one finds many extensions and related theorems; see also chapter
13.4 for the case where one has eigenvalues with real part zero.

An interesting result is that, under the conditions of theorem 3.3, the phase-flows
of the linear and the nonlinear equations are homeomorph in a neighbourhood of
xz = 0 (a homeomorphism is an abbreviation for a continuous mapping which has
a continuous inverse). It turns out that to have a diffeomorphism between the flow
of the linear and the nonlinear equation, one has to put heavier requirements on
equation 3.4.

Example 3.1 Consider the system in R?
T = -z
g o= 11—z~

with critical points (0,1) and (0, —1). We have

0 - A
o(z,v) ( 1—22—9% ) ( —2z —2y )

In (0,1) the eigenvalues are —1 and —2, so by linear analysis we have a node
which is a positive attractor. In (0,—1) the eigenvalues are —1 and +2, so by
linear analysis we have a saddle. In figure 3.16 the phase-flow is presented. It
is easy to see that the conditions of theorem 3.3 for the existence of stable and
unstable manifolds have been satisfied.

Figure 3.16

Remarks
The stable manifolds of the saddle separate the phase-plane into two domains,
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where the behaviour of the orbits is qualitatively different. Such a manifold we
call a separatrix.

In numerical calculations of stable and unstable manifolds it is convenient to start
in a neighbourhood of the saddle in points of Es and E,, which have been obtained
from the linear analysis (in the special case of example 3.1 we have £, = W,,). In
the case of a stable manifold we are integrating of course for ¢t < .

Example 3.2

If linear analysis leads to finding a centre, we need in general additional information
to establish the character of the critical point for the full, non-linear equation.
Examples of a type of additional information, existence of integral manifolds, have
been given in section 2.4. Another type of behaviour is illustrated as follows.
Consider in R? the system

i = —y—az(z?+y*)"? aconstant

g = z—ay(z® +4°)"2

The critical point (0,0) is a centre by linear analysis. We transform to polar
coordinates z,y — 7,0 by = rcos# ,y = rsin# to find the system 7 = —ar? 0=
1. Solutions: r(t) = (r(0)~! +at)™!, 6(t) = 0(0) +t. If a # 0, the critical point
(0,0) is not a centre of the nonlinear system. If for instance a > 0, (0,0) is a
positive attractor.

Example 3.3 (degenerate critical point).
Consider in R? the system
i = —z+y°
g = -y +a’
The critical points are (0,0) and (1,1) of which (1,1) is a saddle; (0,0) has one

eigenvalue zero and in the beginning of this chapter we called such a critical point
degenerate. The phase flow has been depicted in figure 3.17.

Figure 3.17

It is also interesting to compare the flow in the neighbourhood of the saddle with
the saddle of figure 3.5. It appears that in the case of figure 3.17 there is a lot
of difference in flow velocities in the two directions. One can illustrate this by
calculating the eigenvalues.
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3.4
3-1.

3-2.

3-4.

3 Critical points

Exercises

Consider the two-dimensional system in R?
i=y(l+z—1y?
y=z(l+y— 1%

Determine the critical points and characterise the linearised flow in a neigh-
bourhood of these points.

We are studying the geometrical properties of the critical point (0,0) of the
autonomous system
t=az+by+ f(z,y)

y=cz+dy+g(z,y)
with f(z,y) = 0(r),g(z,y) = 0(r) as r = /22 + 32 — 0.

a. Suppose that (0,0) is a focus in the linearised system. Show that
in the full system, the orbits are also spiralling near (0,0) i.e. for
each orbit near (0,0) the polar angle 6(t) takes all values in [0, 27)
for t > a and each a € R.

b. Can we prove a similar statement for node-like behaviour. Analyse
the case
a=-1b=0c=0d=-1 f(z;y) = —y/log(z® + y*)'/2,
9(z,y) = z/log(z® +y*)"/2

3. Consider the system

& = 162% + 9y* — 25
¥y = 1622 — 16y?
a. Determine the critical points and characterise them by linearisa-
tion.
b. Sketch the phase-flow.

Consider the system
&= —y+ z(x? + y?) sin /22 + 32
y=1+y(@®+y?)sin /a7 + 32
a. Determine the number of critical points. Characterise (0,0) by
linear analysis.
b. Is (0,0) an attractor?

5. In certain applications one studies the equation

T+ct—z(l—2)=0
with a special interest in solutions with the properties:
lim z(t) =0, lim z(t)=1, 2(t) >0for —oo <t < +o0.
t——00 t—+4-00

Derive a necessary condition for the parameter c for such solutions to exist.



3.4 Exercises

3-6. Establish the attraction properties of the solutions (0, 0) of

T=ax3 4y
y=(2*+y" -2y

3-7. Determine the critical points of the system
i=xz(l - 2% - 6y?)

g =yl - 32— 3y°)

and characterise them by linear analysis.

37



4 Periodic solutions

The concept of a periodic solution of a differential equation was introduced in
section 2.3. We have shown that in the case of an autonomous equation the
periodic solutions correspond with closed orbits in phase-space.

Autonomous two-dimensional systems with phase-space R? are called plane (or
planar) systems. Closed orbits in R?, corresponding with periodic solutions, do
not intersect because of uniqueness. According to the Jordan separation theorem
they split R? into two parts, the interior and the exterior of the closed orbit. This
topological property leads to a number of special results named after Poincaré and
Bendixson. In preparing for the main theorem, section 4.3, we have collected a
number of concepts and results in section 4.2 which are important in the more
general setting of R™. These ideas turn out to be very useful in later chapters, in
particular in the theory of dynamical systems in the chapters 14 and 15.

Periodic solutions of autonomous systems with dimension larger than two or of
non-autonomous systems are more difficult to analyse. In section 4.5 we shall
formulate some results about systems in R"; also we shall return to the subject of
periodic solutions in most of the subsequent chapters.

4.1 Bendixson’s criterion

Consider the plane autonomous system

(4.1) &= f(z,9), ¥ = g(z,y)
in a domain D C R2.

Theorem 4.1 (criterion of Bendixson)

Suppose that the domain D C R? is simply connected (there are no ’holes’ or
'separate parts’ in the domain); (f, g) is continuously differentiable in D. Equation
4.1 can only have periodic solutions if V.(f, g) changes sign in D or if V.(f,g) =0
in D.

Proof
Suppose that we have a closed orbit C' in D, corresponding with a solution of
equation 4.1; the interior of C' is G. We shall apply the Gauss theorem in the form

/G/V.(f,g)d0=L(fdy—gdx):L(f%_g%)ds.

The integrand in the last integral is zero as the closed orbit C' corresponds with
a solution of equation 4.1. So the integral vanishes, but this means that the
divergence of (f, g) cannot be sign definite. ]

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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Example 4.1

We know that the damped linear oscillator contains no periodic solutions. We
shall consider now a nonlinear oscillator with nonlinear damping represented by
the equation

(4.2) t+p(x)z+q(z) =0

We assume that p(z) and ¢(z) are smooth and that p(z) > 0, z € R (damping).
With z = x;, £ = xo we have the equivalent vector equation

Ty = Ty
iy = —q(z1) — p(z1)72-

The divergence of the vector function is —p(z;) which is negative definite. It
follows from Bendixson’s criterion that equation 4.2 has no periodic solutions.

Example 4.2
Consider in R? the van der Pol equation

i+x=p(l -2t paconstant
With x = xz,, £ = 2, we have the vector equation

Ztl = T2
ii?g —I +/,L(1—I%)ZL'2

The divergence of the vector function is (1 — z?). A periodic solution, if it exists,
has to intersect with z; = +1, z; = —1 or both (see figure 2.9 in section 2.3).

Example 4.3

Consider in R? the system of example 3.3
&=-z+y
y=—y"+°

We have seen that there are two critical points, (0,0) which is degenerate and
(1,1) which is a saddle. The divergence of the vector function is —1 — 3y?; as this
expression is negative definite, the system has no periodic solutions.

Remark

The theorem has been formulated and proved for vector functions in R?. One
might wonder whether the theorem can be generalised to systems with dimension
larger that 2. Unfortunately this is not the case; it is easy to find a counterexample
for n = 3 and the reader is invited to construct such an example.

The requirements for the domain D to be simple and connected are essential. If
necessary, the reader should consult here an introductory text to higher dimen-
sional integration.
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4.2 Geometric auxiliaries, preparation for the
Poincaré-Bendixson theorem

In this section we shall introduce a number of concepts which are necessary in
formulating and proving the Poincaré-Bendixson theorem. This theorem holds for
plane, autonomous systems. The concepts which we are introducing here, however,
are meaningful in the more general setting of R™ and they will play a part again
in subsequent chapters.

Consider the autonomous equation

(4.3) i = f(z)

withz e D C R*, t € R.

In section 2.4 we introduced the concept of an invariant set M: a set in R™ such
that if 2(0) is contained in M, z(t) is contained in M for t € R. We reformulate
some of the contents of section 2.1.

A solution z(t) of equation 4.3 with initial value z(0) = zo, corresponds in phase
space with an orbit which we indicate by 7(z¢). So if z(¢,) = z,, than we have
(1) = 7(xo). Sometimes we shall distinguish between the behaviour of the so-
lution for ¢ > 0, corresponding with the positive orbit y*(zo), and behaviour for
t < 0, corresponding with the negative orbit v~ (zo); v(zo) = 7 (z0) Uy (x0). In
the case of periodic solutions we have v (zo) = v~ (o).

Definition
A point p in R™ is called positive limitpoint of the orbit v(x¢) corresponding with
the solution z(¢) if an increasing sequence of numbers ¢;, to, -+ — 0o exists such

that the points of y(xo) corresponding with z(¢;), z(t2), - have limitpoint p. In
the same way we define negative limitpoint using a decreasing sequence of num-
bers.

Example 4.4

Figure 4.1

Consider in R? the system &; = —x, o = —21z,. The origin is a node for the phase
flow and a positive attractor. It is clear that the origin is a positive attractor and
positive limitpoint for all orbits, see figure 4.1.
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Example 4.5

N

Figure 4.2

20
e
|

X4

S

Consider in R? the system &, = z, £ = —z; (harmonic oscillator). The origin
is a centre, all orbits are closed. Consider an orbit 7. It is clear that each point p
of v is both positive and negative limitpoint of . Choose for instance p = (1,0).
The orbit v has the parametrisation (cost, —sint); choose for a positive limitpoint
the sequence t, = 2mn — m/n, n=1,2,--- so (z1(ts), z2(tn)) — (1,0).

Sometimes it is useful to study the set of all positive limitpoints of an orbit v; this
set is called the w-limitset of «v. The set of all negative limitpoints of vy is called
the a-limitset. These sets are indicated with w(7y) and a(y).

In example 4.4 the w-limitset of all orbits is the origin; the a-limitset is empty for
all orbits except when starting in the origin.

In example 4.5 we have for each orbit v:

w(y) =a(y) =1
We shall formulate and discuss some properties of limitsets.

Theorem 4.2

The sets o(y) and w(v) are closed and invariant. Furthermore we have that if the
positive orbit v is bounded, the w-limitset is compact, connected and not empty.
If 2(t; o) corresponds with y*(zo) for ¢ > 0, we have that the distance d(z(t; zo),
w(y)) — 0 for t — oo (the analogous property holds for the o-limitset if v~ is
bounded).

Proof

It follows from the definition that a(7y) and w(y) are closed. We shall prove first
that w(7y) is positive invariant. Suppose the limitpoint p is contained in w(7y), so
there is a sequence t, — 0o as n — oo so that z(t;zo), which corresponds with
v(zo), tends to p as n — oo for these values of t. It follows from the translation
property in lemma 2.1 that

z(t + t; To) = z(t; z(ty; T0)).
Taking the limit for n — oo with t fixed we have

Tt + tn; z0) — x(t;p).
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We conclude that the orbit which contains p lies in w(v), so w(7y) is positive
invariant.

If v* is bounded, w(+y) is bounded and not empty as each bounded set in R” with
an infinite number of points has at least one point of accumulation. We noted
already that w(y) is closed so w(v) is compact. We have proved that for each
t z(t + tn; o) — z(t, p) where y(p) C w(y(xo)). It follows that

d(z(t; o), w(vy)) — 0ast — oo,

s0 w(7y) is connected.
An analogous reasoning holds for a(7). ]

Figure 4.3

Theorem 4.2 does not seem to be very concrete but the theorem has important
practical consequences. Obviously the limitsets a(7y) and w(v) do contain complete
orbits only (if p € w(y), then z(t;p) C w(v)). We have seen this in the examples
4.4 and 4.5. At the same time this gives insight in the way an orbit 7, which does
not correspond with a periodic solution, can approach a closed orbit. The orbit
~ cannot end up in one point of the closed orbit as this has to be a solution, in
this case a critical point. This, however, contradicts with the assumption that we
have one closed orbit. The orbit v approaches the closed orbit arbitrarily close
but will keep on moving around the closed orbit (figure 4.3). This property will
be illustrated again quantitatively in the theory of stability, chapters 5 and 7.
We conclude this section with another auxiliary concept and a theorem.

Definition
A set M C R" is called a minimal set of equation 4.3 £ = f(z) if M is closed,
invariant, not empty and if M has no smaller subsets with these three properties.

Theorem 4.3
Suppose that A is a nonempty, compact (bounded and closed), invariant set of
equation 4.3 (¢ = f(z) in R™) then there exists a minimal set M C A.

Proof
See Hale (1969), section 1.8. a
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In the examples 4.4 and 4.5 the w-limitsets are all minimal (the reader should
check this). We shall consider another two examples of autonomous systems in R?
where polar coordinates, r, 8 are introduced by

x=rcosf, y=rsinb.

Example 4.6
y = y+z—y(z?+y?), & = z—y—=z(z?+y?) which transforms to7 = r(1-r?) , § =
1.

Figure 4.4

All circular domains with centre (0,0) and radius larger than 1 are positive in-
variant. Moreover, (0,0) and the circle {r = 1} are invariant sets. The origin
is a-limitset for each orbit which starts with r(0) < 1. The circle {r = 1}, cor-
responding with the periodic solution (z1,z9) = (cost,sint) is w-limitset for all
orbits except the critical point in the origin. Both the a- and the w-limitset are
minimal.

Example 4.7 (see fig. 4.5)
(Hale (1969), section 1.8).

r = r(l-r)
6 = sin?6+(1—7)°

The origin and the circle {r = 1} are invariant sets. The invariant set {r = 1}
consists of 4 orbits, givenby # = 0,0 = m and thearcs 0 < 8 < 7, 7 < 6 < 27. The
set {r = 1} has two minimal sets, the points {r =1,0 =0} and {r = 1,6 = 7}.

It will be clear that, to understand the general behaviour of solutions of au-
tonomous equations of the form 4.3, a classification of the possible minimal sets is
essential. We have the beginning of a classification for dimension n = 2, for n > 3
this classification is very difficult and incomplete.

4.3 The Poincaré-Bendixson theorem

We shall restrict ourselves now to planar systems. Consider the equation

(4.4) &= ()
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Figure 4.5 (ex. 4.7)

with z € R?; f : R? — R? has continuous first partial derivatives and we assume
that the solutions we are considering, exist for —oo < t < +4-o00.

The Poincaré-Bendixson theorem consists of the nice result that, having a positive
orbit 4 of equation 4.4, which is bounded but does not correspond with a periodic
solution, the w-limitset w(y*) contains a critical point or it consists of a closed
orbit.

In the proof the following topological property is essential: a sectionally smooth,
closed orbit C in R?, a cycle, separates the plane into two parts S, and S;. The
sets S, and S; are disjunct and open, C is the boundary of both S, and S;; we can
write

R?/C = S, US; (Jordan).

Two simple tools will be useful. First we shall talk of phase points which are not
critical points of equation 4.4; such a point we shall call an ordinary point.
Secondly the concept of transversal. The smooth curve [ will be called a transver-
sal of the orbits of equation 4.4 if [ contains ordinary points only and if [ is nowhere
tangent to an orbit; see figure 4.6

There exist several, related proofs for the Poincaré-Bendixson theorem; see for
instance Coddington and Levinson (1955). Here we are using basically the formu-
lation given by Hale (1969). We shall construct the proof out of several lemmas.

Figure 4.6
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Consider the transversal [ which is supposed to be a closed set, the interior of [
is lp. We consider now in particular the set V' C Iy which consists of the points p,
mapped by the planar phase flow into ly. So we assume that there exists a time
tp) such that the solution which starts in p; € [y : z(t;p)) has the property that
z(t;p1) is contained in R?/[ for 0 < t < t,,, while z(t,,;p1) = p2 € lo.

P2

Figure 4.7

This mapping of V into [y is called a Poincaré-mapping. We shall analyse this
mapping of V into [y by the construction of a homeomorphism (one-to-one map-
ping which is continuous in both directions) h : [-1,1] — [ with W = h=}(V).
The mapping g : W — (—1,1) arises by using h to map w on p, € Iy, p; is
mapped by the Poincaré-mapping (phase flow) on ps, py is mapped in its turn on
g(w) by h™'; altogether we have g(w) = h™'z(tp(w), h(w)). The properties of g tell
us something about the Poincaré-mapping of V' into Iy, in particular about the
monotonical character of this mapping,.

Lemma 4.1.
The set W is open; the function g(w) is continuous and non-decreasing in W; the
sequence {g*(w)}7_, is monotonic (¢°(w) = w, g'(w) = g(g°(w)) etc.).

Figure 4.8

Proof

Using the implicit function theorem, we note that an open neighbourhood of
p1 = h(w) is mapped on an open neighbourhood of p, in Iy, so W is open. The
continuity follows from the fact that the solutions x(tn(w), h(w)) depend continu-
ously on the initial values h(w).
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Consider now the curve C which consists of the orbit connecting p; and py and
the curve p,p, lying in lo. If p; = ps then y(p;) corresponds with a periodic orbit;
py is in that case a fixed point of the mapping of V into ly. The sequence {g*}
consists of one point. Now suppose p; # p, and for instance h=!(p;) < h™!(p).
C; is the interior part of C, C. the exterior part. As the transversal [ is nowhere
tangent to the orbits, [ can be intersected in one direction only. It follows that
h[g(w), 1] C Iy must be contained in Ce. If g?(w) is defined, this point must be in
(g(w), +1). Induction yields the monotonicity of the sequence.

Remark
The reader will find it useful to give a more detailed presentation of the assertion
in the first sequence of the proof.

Using lemma 4.1 and the various mappings involved, will give us insight in the
possible w-limitsets in R2.

Lemma 4.2.

The w-limitset of an orbit v(p) can intersect the interior / of a transversal / in one
point only. If there exists such a point py, we have w(y) = v with v a cycle cor-
responding with a periodic solution, or there exists a sequence {tx} with ¢, — oo
such that z(tg,p) tends to py monotonically in lo.

Proof

Suppose that w(7) intersects lp in po. If p = po, the orbit is periodic. If not, w(7y)
being the limitset of y(p) means that there exists a sequence {t;}, t — oo as
k — oo, with z(t}, p) — po as k — oco. Then, there exists a sequence {¢x}, tx — oo
as k — o0, in a neighbourhood of py such that z(tx, p) — po in ly. From lemma 4.1
we have that this sequence is monotonic in /. Now suppose that w(7) intersects
in /o in the point p}; with the same reasoning we can find a sequence z (7, p) in Iy
which tends to p§. So we can construct a sequence {g¥(w)} in the sense of lemma
4.1 which is not monotonic unless py = py. The existence of such a sequence which
is not monotonic is prohibited by lemma 4.1. O

It is now possible to prove an important result for minimal sets in IR2.

Theorem 4.4.
If M is a bounded, minimal set of equation 4.4 & = f(z) in R%, then M is a critical
point or a periodic orbit.

Proof.

The set M is not empty, bounded and invariant and so contains at least one orbit
7. The limitsets a(y) and w(y) are also contained in M.

If M contains a critical point, the minimal character of M means that M has to
be identified with this critical point.

If M contains no critical points, v and w(<y) consist of ordinary points. Because
of the minimal character of M we have that v C w(7). Choose a point p € v and
a transversal [y of v in p. It follows from lemma 4.2 that either v = w(y) and v
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is periodic or there exists a sequence in ly which tends monotonically to p. The
latter alternative is prohibited by lemma 4.1 so +y is periodic. O

At this point we still need one lemma.

Lemma 4.3.
If w(y*) contains both ordinary points and a periodic orbit 7, then we have

w(r*) = 7.

Proof

Suppose that w(y")\7o is not empty.

Choose pg € vy and an open transversal [y which contains pg. It follows from lemma
4.2 that w(y")Nlp = {po}. Moreover there exists a sequence {p, } in w(y*)\o such
that p, — po as n — oo. For n sufficiently large y(p,) will intersect the transversal
lp. According to lemma 4.2 however, this can happen in one point only. This is a
contradiction. O

The theorems which we have proved lead to the following result.

Theorem 4.5 (Poincaré-Bendixson)

Consider equation 4.4 # = f(z) in R? and assume that 7+ is a bounded, positive
orbit and that w(y*) contains ordinary points only. Then w(y") is a periodic orbit.
If w(y*) # v the periodic orbit is called a limit cycle. An analogous result is
valid for a bounded, negative orbit.

Proof

It follows from theorem 4.2 that w(y") is compact, connected and not empty.
Then theorem 4.3 yields that there exists a bounded, minimal set M C w(y*); M
contains ordinary points only. Because of theorem 4.4 M is a periodic orbit which
has, using lemma 4.3, the properties formulated in the theorem. 0O

The idea of the Poincaré-Bendixson theorem is intuitively clear, its proof is actually
quite complicated because of the topological statements involved.

4.4 Applications of the Poincaré-Bendixson theorem

To apply the theorem one has to find a domain D in R? which contains ordinary
points only and one has to find at least one orbit which for ¢ > 0 enters the domain
D without leaving it. Then D must contain at least one periodic orbit.
The prototype example is again example 4.6 in section 4.2. There we considered
the system

y=y+z -y +y°)

i =z—y—z(z*+9?).

The only critical point is (0,0); this is a spiral point with negative attraction. We
construct an annular domain with centre in (0,0) and inner radius r; < 1 and
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Figure 4.9

outer radius ro > 1. Because of the negative attraction of the origin, the orbits
which are starting inside the smallest circle will enter the annulus. One can anal-
yse the isoclines of the system to conclude that orbits which are starting outside
the largest circle will also enter the annulus. As the annulus contains no critical
points, according to the Poincaré-Bendixson theorem the annulus must contain at
least one periodic orbit.

This analysis is confirmed, in a rather trivial way, by transforming to polar coor-
dinates:

F=r(l-7r%),0=1
There exists one periodic solution: 7(t) = 1, 6(t) = 6y + t. In the phase plane this

is a limit cycle.
Somewhat less trivial is the following problem.

Example 4.8
Consider the system
t=z(z*+9y*—22-3) —y
y=y(z®+y*—22-3)+z
The only critical point is (0,0); this is a spiral point with positive attraction. To
see whether closed orbits are possible we apply the criterion of Bendixson, theorem
4.1. We find for the divergence of the vector function on the righthand-side

3 33
4x2+4y2—6x—6=4[(:c——)2+y2—1—6.

4
Inside the (Bendixson-) circle with centre (2,0) and radius v/33/4 the expression
is sign definite and no closed orbits can be contained in the interior of this circle.

Closed orbits are possible which enclose or which intersect this Bendixson-circle.
We transform the system to polar coordinates by « = rcosé, y = rsinf to find

7 = r(r’—2rcosf - 3)
0 = 1.
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Figure 4.10 - - - Bendixson circle

If r <1 we have 7 < 0, if » > 3 we have 7 > 0. According to the Poincaré-
Bendixson theorem the annulus 1 < 7 < 3 must contain one or more limit cycles.
For a more detailed analysis we have to use quantitative, for instance numerical,
methods which are not discussed here.

Example 4.9 (the equations of Liénard and van der Pol)
Consider the equation of Liénard

(4.5) g+ f(x)t+2=0

with f(z) Lipschitz-continuous in R. We assume that

a. F(z) = [y f(s)ds is an odd function.

b. F(z) — +00 as z — oo and there exists a constant § > 0 such that for z > 3,
F(z) > 0 and monotonically increasing.

c. There exists a constant a > 0 such that for 0 < z < «, F(z) < 0.

Flx)

Figure 4.11

In the figure the typical behaviour of F(z) has been sketched where the number of
oscillations of F(z) between —f3 and ( has been chosen at random. In analysing
equation 4.5 it turns out to be convenient to transform z,& — z,y(= ¢ + F(z))
so that

(4.6) & = y—F(2)

j o= o

We shall show that equation 4.5 (or system 4.6) has at least one periodic solution:
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Theorem 4.6

Consider the equation of Liénard 4.5 or the equivalent system 4.6. If the conditions
a—c have been satisfied, the equation has at least one periodic solution. If moreover
a = (3, there exists only one periodic solution and the corresponding orbit is w-
limitset for all orbits except the critical point (0,0).

Proof
First we remark that system 4.6 has only one critical point: (0,0). By expansion
in a neighbourhood of (0,0) we find

T = y—F0)z+---
y = -—I.

With F'(0) = f(0) the eigenvalues are

1

Ma= =3 (0) £ 3(£2(0) - 4.

It follows from the assumptions that if F'(0) does not vanish, F’(0) is negative, so
(0,0) is a negative attractor.

To apply the Poincaré-Bendixson theorem we prove also for this system, that there
exists an annular domain which is positive invariant. We shall use again the polar
coordinate r, or to simplify the expressions

1 1
R= 57‘2 = §(x2+y2).

For the solutions of system 4.6 we find

R=uai+yy=az(y— Fz)) +y(-2)

or

R=—zF(z).

We note that for —a < z < o we have R > 0; this is in agreement with the
negative attraction of (0,0). Orbits starting on the boundary of a circular domain
with radius smaller than @, cannot enter this circular domain. We shall show now,
that if orbits are starting far away from the origin, the orbits will decrease the
distance from the origin. First we remark that on replacing (z,y) in system 4.6 by
(=, —y) the system does not change as F'(z) is odd. This means that if (z(¢), y(t))
is a solution, reflection through the origin yields again a solution: (—z(t), —y(t)).
We investigate the behaviour of the orbit which starts in (0, yo) with yo > 0; from
system 4.6 we find the equation for the orbits

dy T
4.7 —_— =
47 dz y— F(z)
The tangent to the orbit is horizontal if = 0, vertical if y = F(z). We shall show
that on choosing yo large enough, the behaviour of the solution starting in (0, yo)
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F(x)

Figure 4.12

is like the behaviour sketched in figure 4.12 where [y;| < yo. If this is the case, the
proof is complete as reflection of the orbit produces an invariant set, bounded by
the two orbits and the segments [—y1, ¥ol, [—Yo, Y1)-

To prove that [y| < yo we consider R(z,y), in particular

RO.3) - ROw) = [ dR=

—zF(x)
o ) [ an
(/AB CD)y — F(z) BEC
F(z) is bounded for 0 < z < 3 so the first expression tends to zero as yo — oc;
note that we assumed that y; — —oo as yp — oo, if not, the proof would be
finished.
Using equation 4.7 we write the second expression in a different way.

dR = F(z)dy.
/BEC BEC (z)dy

If x > 3 we have F(z) > 0; the integration is carried out from positive values
of y to negative values so the integral is negative. The integral approaches —oco
as Yo — o0 because of the unbounded increase of length of the curve BEC. We
conclude that if y, is large enough

R(0,41) — R(0,y0) = /ABECD dR < 0.

The Poincaré-Bendixson theorem guarantees the existence of at least one periodic
solution.

The case a = £3.
If one chooses y, sufficiently small, the orbits behave like C;. We estimate Rp, —

Ra, = [a,p,p, F(z)dy >0 as F(z) < 0 for 0 < z < . So no periodic orbit can
start in (z9,0) with 0 < z¢ < a.

Now consider a curve C, intersecting the z-axis in Fs, to the right of («, 0).

I = Rp, — Ra, =/AED F(z)dy.
28202
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Figure 4.13

For £ > «, F(z) is monotonically increasing from 0 to +oo. We know already
that this integral tends to —oo as yo — o0o. Because of the monotonicity of F(z),
the integral I has one zero, i.e. one y such that R4, = Rp, and so one periodic
solution. O

This proof is typical for the ’calculus with hands and feet’ which one uses for a
nontrivial application of the Poincaré-Bendixson theorem. The theorem is based
on profound ideas, the applications are often complicated but elementary.
Another remark is that theorem 4.6 provides us with the proof of the existence of
a unique periodic solution of the van der Pol equation (cf. section 2.3)

4z =pl—2>)i,pu>0.

In this case we have f(z) = u(z? — 1), F(z) = p(2z® — z). The conditions a, b and
¢ of theorem 4.6 have been satlsﬁed a=pf= \/j

Other applications of the Poincaré-Bendixson theorem are concerned with gener-
alisations of the Liénard equation

Z+ f(z)z+ g(z) =0.

Assuming certain properties of g(x) we can give an analogous proof of theorem
4.6 for this equation. See for instance the books by Sansone and Conti (1964) and
Cesari (1971).

Remark on the number of limit cycles of plane systems.
An extensive literature exists for polynomial equations of the form

&= P(z,y), = Q(z,v)

with P and @) polynomials in z and y. The van der Pol-equation is a special case
but there are many other applications. A survey for equations in which the polyno-
mials are quadratic has been presented by Reyn (1987); the paper contains many
phase portraits referring to various cases.

A classical problem in this respect has been posed by Hilbert as part of his so-
called ”sixteenth problem”. The problem is that, when given the set of polynomial
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second-order equations of degree n, one wants to put an upperbound on the number
of possible limit cycles. This turns out to be a very difficult and, as yet, unsolved
problem. For quadratic systems it has been shown that there cannot be infinitely
many limit cycles and examples have been constructed with four limit cycles. For
a survey of methods and literature the reader is referred to Ye Yan-Qian (1986),
where important work of Chinese mathematicians has been discussed, and Lloyd
(1987) .

4.5 Periodic solutions in R"

There are many results in the literature for periodic solutions of systems with
dimension larger than two, but the theory is far from complete. A summary of
results and methods can be found in the books of Sansone and Conti (1964) and
Cesari (1971) regarding the older literature. Apart from these, one can consult the
book by Hale (1969), especially for applications of the implicit function theorem,
and the book by Amann (1983), where the concept of degree of a mapping and
Brouwer’s fixed point theorem have been used.

We note that the theory of periodic solutions will be discussed again in the sections
10.4 and 11.6, the Poincaré continuation method and the method of averaging,
which are tied in with the implicit function theorem. Also periodic solutions play
an important part in the theory of Hamiltonian systems, chapter 15.

Modern research in the theory of periodic solutions uses functional analytic and
topological methods. To illustrate the ideas we discuss some results.

In section 2.3 we saw that because of the translation property of solutions of
autonomous equations, periodic solutions of these equations correspond with closed
orbits in phase space. Considering, more generally, non-autonomous equations it
is useful to study the so-called T-mapping ar.

Consider the equation & = f(t,z) in R™. The solution z(t;zo) starts at t = t, in
Tp; such a point zo yields the point z(to + T; o) with T a constant, chosen such
that the solution exists for 0 <t —ty < T. The set D C R™ of points z, to which
we can assign such a point z(to+ T; zo) is mapped by this T-mapping ar into R™:
ar: D — R" The mapping ar is parameterised by T. The point z, is a fixed
point of ar if ar(to, To) = zo or z(to + T; o) = To.

Example 4.10
Consider in R™ the system
T = 2z +sint
y = -y
The solutions are known explicitly so it is easy to construct the mapping ar(to, o, yo)-
For the set D we choose for instance a square in the first quadrant, see figure 4.14.

The mapping a;(0, zo,yo) produces a rectangle in the first quadrant. Applying
the mapping as,(0, zo, yo) the picture is qualitatively the same, quantitatively of
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Figure 4.14

course not. There are no fixed points in these two cases. Next we choose for D
a square with side length 1, centred in (0,0). The mapping a;(0, o, %) produces
a contraction in the y-direction and an asymmetric expansion in the z-direction.
There are no fixed points, see figure 4.15.

Figure 4.15

Finally we apply the mapping as, (0, zo.yo) to the set D of figure 4.16. The result
looks roughly the same, but there is a qualitative difference as a fixed point (—%, 0)
exists. For reasons of comparison we give the solutions starting for t = 0

z(t) = (xo+3)e* — Zsint — ;cost

y(t) = yoe™*

There exists clearly one periodic solution which starts in (—é, 0), period 2.

> 92n
_ S = =y
I__] X ———

Figure 4.16

In a number of cases a fixed point of the mapping ar corresponds with a T-periodic
solution of the equation.

Lemma 4.4

Counsider in R" the equation ¢ = f(¢, x) with a righthand side which is T-periodic
ft+T,z) = f(t,z), t € R, € R" The equation has a T-periodic solution if and
only if the T-mapping ar has a fixed point.

Proof

It is clear that a T-periodic solution produces a fixed point of ar. Suppose now
that ar has a fixed point zo. Then we have z(to+T'; z0) = zo for a certain solution
z(t; o) starting at ¢ = to. The vector function z(t + T'; z) will also be a solution
as

= f(t,x) = f(t + T, x).



4.5 Periodic solutions in R™ 55

As g is a fixed point of ar, z(t + T;2o) has the same initial value o as z(t; o).
Because of uniqueness we then have z(t + T;x¢) = z(t;z0), t € R, so z(t;zo) is
T-periodic. O

The difficulty in applying these ideas is of course to show the existence of a fixed
point without explicit knowledge of the solutions. In some cases one can apply the
following fixed point theorem.

Theorem 4.7 (Brouwer)
Consider a compact, convex set V' C R™ which is not empty. Each continuous
mapping of V into itself has at least one fixed point.

Proof
The proof is difficult; see for instance Amann (1983). O

This fixed point theorem was generalized by Schauder for Banach spaces; other
extensions are associated with the names of Tychonov and Browder. In the sections
4.3 and 4.4 we met positive invariant sets, annular regions, containing a periodic
solution but no critical point. In the following application of Brouwer’s fixed point
theorem we shall show that a positive invariant set, which is convex, contains at
least one critical point.

Theorem 4.8
Consider the equation & = f(z), £ € R™ with positive invariant, compact, convex
set V' C R™. The equation has at least one critical point in V.

Remark
In section 2.3 we mentioned that T-periodic solutions will have a fixed period
T > 0 unless explicitly stated. Here we have such a case. In the proof of theorem

4.8 a critical point will be interpreted as a periodic solution with arbitrary period
T >0.

Proof

Consider for each T' > 0 the T-mapping ar : V — V. It follows from Brouwer’s
theorem that for any T° > 0 the mapping ar has at least one fixed point and so
the equation contains a T-periodic solution by lemma 4.4. We choose a sequence
1Ty, Ty, -~ — 0 as m — oo with corresponding fixed points p,, of ar,,:
(T Pm) = Pm. A subsequence of fixed points converges towards the fixed point
p and we indicate the points of this subsequence again by p,,,m = 1,2, -- with
periods T,. We estimate

lz(t;p) = pll < llz(t;p) — 2(t; pm )| + l|2(t; Pm) — Pral|+

+lpm — |

where we have used the triangle inequality twice. Consider the righthand side.
The last term becomes arbitrary small as m — oo because of the convergence of



56 4 Periodic solutions

the subsequence; the first term becomes arbitrary small as m — oo because of this
convergence and continuity. The second term is estimated as follows; z(t; py,) is
Tn-periodic, so for any t > 0 we can find N € IN such that

x(t;pm) = z(N'Tm + qu;pm),O <g<l1
z(qTn; Pm)-

By definition we have p,, = z(0;p,,). Also T, — 0 as m — oo so that ||z(t; pm) —
Ppm|| — 0 for any t. So z(t;p) = p for any t. O

In a number of cases one can prove the existence of a T-periodic solution of certain
T-periodic equations by using Brouwer’s theorem (4.7) and lemma 4.4. This is
important as it is often very difficult to obtain this knowledge without explicit
constructions of solutions.

The qualitative methods of this section have, on the other hand, rather serious
limitations: in most cases these methods provide us with a lower bound only of
the number of periodic solutions; this can be a lower bound far removed from the
actual number of periodic solutions. These theorems, moreover, do not lead us to
a localisation of the periodic solutions so that we still have to carry out explicit
calculations.

To conclude and also to illustrate this discussion, we give another example of a
theorem which has been based on the Brouwer fixed point theorem.

Theorem 4.9

Consider the equation © = A(t)z + g(t,z), t € R,z € R". The matrix A(t) is
continuous in ¢, the vector function g(¢,z) is continuous in t and z, Lipschitz-
continuous in z; A(t) and ¢(t,z) are T-periodic in ¢. Moreover

9(t,z) = o|z]]) as |lz] — oo

uniformly in ¢ (the terms in the equation are dominated by the linear part as
llz]] = o0). Finally we assume that the equation § = A(t)y has no T-periodic
solutions except the solution y =y = 0.

With these assumptions, the equation for x has at least one T-periodic solution.

Proof
See Amann (1983), chapter 5, section 22. m]

Example 4.11
Consider the scalar equation

Theorem 4.9 guarantees the existence of at least one 27-periodic solution if w? # 1.
Interesting questions are: where is this periodic solution located, are there more
periodic solutions, what is the behaviour of a periodic solution if one varies w,
what happens if w =17
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er applications of Brouwer’s theorem are concerned with the forced Liénard

equation

Z+ f(z) + g(z) = F(¢)

with F(t) T-periodic. For references and a discussion see Cesari (1971), chapter

9.6.

4.6
4-1

4-2.

4-3.

4-4.

4-5.

4-6

Exercises

. In exercise 2.3 of chapter 2 we analysed the existence of periodic solutions in
an invariant set of a three-dimensional system. Obtain this result in a more
straightforward manner.

Consider the Liénard equation
Z+f(z)z+z=0

with f(z) = a + bx + cz? + da®.
Determine the parameters a...d such that the phase-plane contains limit
cycles. How many are there?

In the system & = f(y),y = g(z) + v* are f and g C! functions, k € N.

a. Give sufficient conditions for k so that the system contains no
periodic solutions.

b. Choose f(y) = —y,g(z) = z,k = 2. Does the system contain
periodic solutions, cycles or limit cycles?

An equation arising in applications has been called after Rayleigh

i+z=p(1—3"%, p>0.

Show that the equation has a unique periodic solution by relating it to the
van der Pol-equation.

Consider again the system from excercise 3.1
i = y(l+z—19?)
y = z(l+y—2?)

but suppose that the equations model an experimental situation such that
z > 0,y > 0 (for instance because z and y are quantities in chemical reac-
tions). Do periodic solutions exist?

. Consider the system

y—a3 + px
y = —x
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4 Periodic solutions

a. For which values of the parameter u does a periodic solution exist?

b. Describe what happens as p | 0.

In R™ we consider the equation & = f(z) and a point a; f(z) is continuously
differentiable. Suppose that a solution ¢(t) of the equation exists such that

lim ¢(t) = a.

t—o0

Show that a is a critical point of the equation.

. In this exercise we show that the w-limitset of an orbit of a plane system is

not necessarily a critical point or a closed orbit. Consider

_ OE OFE
L % e

with A € R, E(z,y) = y* — 202 4+ 2.

a. Put A = 0. Determine the critical points and their character by
linear analysis. What happens in the nonlinear system; sketch the
phase-plane.

b. What happens to the critical points of a if A # 0.

c. Choose A < 0; the orbit 7, starts at ¢ = 0 in (3,0),75 in (—3,0),
7¥ in (1,2). Determine the w-limit sets of these orbits.



5 Introduction to the theory of stability

5.1 Simple examples

In the chapters three and four we have seen equilibrium solutions and periodic
solutions. These are solutions which exist for all time. In applications one is often
interested also in the question whether solutions which at ¢ = ¢, are starting in
a neighbourhood of such a special solution, will stay in this neighbourhood for
t > to. If this is the case, the special solution is called stable and one expects that
this solution can be realised in the practice of the field of application: a small
perturbation does not cause the solutions to move away from this special solution.
In mathematics these ideas pose difficult questions. In defining stability, this
concept turns out to have many aspects. Also there is of course the problem
that in investigating the stability of a special solution, one has to characterise the
behaviour of a set of solutions. One solution is often difficult enough.

Example 5.1

|

X

Figure 5.1.

Consider the harmonic oscillator with damping
T4+pz+z=0, p>0.

The critical point £ = & = 0 corresponds with an equilibrium solution. From the
behaviour of the solutions and of the orbits in the phase plane we conclude, that
(0,0) is a positive attractor. It seems natural to call (0,0) stable.

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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Figure 5.2

Example 5.2
Consider again the mathematical pendulum, described by the equation

T +sinz = 0.

The equilibrium solutions (7, 0) and (—,0) are called unstable as solutions start-
ing in a neighbourhood of (7, 0) or (—m, 0) will generally leave this neighbourhood.
Solutions in a neighbourhood of the equilibrium point (0,0) behave differently from
the solutions of example 5.1 near (0,0). Still, also in this example it seems natural
to call (0,0) stable.

Consider now a periodic solution starting in £(0) = a, 2(0) = 0 with 0 < a < 7. So-
lutions starting in a neighbourhood are also periodic and they are staying nearby.
Is the periodic solution starting in (a,0) stable?

To answer this question, we have to decide first how to define stability. Note that
solutions starting in a neighbourhood of (a,0) have various periods. This means
that phase points starting near each other are not necessarily staying close. We
consider this in more detail.

The equation has the integral %3’32 —cosT = — cosa (compare for instance example
2.11 in section 2.4). It follows that
dz
i +(2cosz — 2cosa)?.
-
0 n
QqQ ——
Figure 5.3
Because of the symmetry of the periodic solutions we have for the period

T=4/a dz .
0 (2cosz — 2cosa)?
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T can be written in terms of Jacobian elliptic functions.
It is clear that the period T depends non-trivially on z(0) = a; see figure 5.3.

It will become clear in the subsequent sections that the solutions in the examples
5.1-2, which we labeled stable in an intuitive way, are indeed stable but in different
meanings of the word.

5.2 Stability of equilibrium solutions

We are considering the equation
(5.1) = f(t,z), ze R teR

with f(t,z) continuous in t and z, Lipschitz-continuous in z. Assume that z = 0
is a critical point of the vector function f(t,x), so f(t,0) = 0, t € R. Critical
points of non-autonomous equations are fairly rare, often the equation will be au-
tonomous. The assumption z = 0 for the critical point is of course no restriction
as we can translate any critical point to the origin of phase space; cf. section 2.2.

Definition (stability in the sense of Lyapunov).

Consider the equation 5.1 and a neighbourhood D C R™ of z = 0; the solution
starting at ¢t = to in z = xo € D is indicated by z(¢; to, zo). The solution z = 0 is
called stable in the sense of Lyapunov (or Lyapunov-stable) if for each ¢ > 0 and
to a 6(e, to) > 0 can be found such that ||zo|| < & yields ||z(t; to, o)|| < € for t > to.

It is easy to see that the equilibrium solution (0,0) of the equation for the mathe-
matical pendulum (example 5.2 in section 5.1) is stable in the sense of Lyapunov;
the same result holds for the equilibrium solution of the harmonic oscillator and
of the harmonic oscillator with damping (example 5.1).
The property does not hold for the solutions (£, 0) of the equation for the math-
ematical pendulum. Such solutions are called unstable.

Definition
Consider the equilibrium solution z = 0 of equation 5.1. If this solution is not
stable in the sense of Lyapunov, it is called unstable.

In the case of the harmonic oscillator with damping, the solutions do not only stay
in a neigbhourhood of the equilibrium solution, they approach it with time. This
is an example of a stronger type of stability:

Definition
The equilibrium solution z = 0 of equation 5.1 is called asymptotically stable if
z = 0 is stable and if there exists a d(tp) > 0 such that

[[zoll < 6(to) = lim |l(£; to, zo)|| = 0.
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The examples of linear systems in the sections 2.2 and 3.1-2 with £ = 0 a positive
attractor, are examples of equations with asymptotically stable solution z = 0.
However, it should be noted that on the other hand, positive attraction is not
sufficient for asymptotic stability. We shall illustrate this as follows.

Example 5.3
Consider the two-dimensional system which in polar coordinates (z = rcosf,y =
7sin #) looks like

T = r(l-r)

6 = sin(6/2).

SN
=

There are two critical points, (r,6) = (0,0) and (1,0). The point (1,0) is positive
attractor (w-limitset) for each orbit which starts outside (0,0). However, both the
solutions (0,0) and (1,0) are unstable. For in each neighbourhood of (1,0) one can
find solutions which are leaving this neighbourhood, although only temporarily.
This is a disquieting example, but it should directly be made clear that the example
is rather pathological; more examples demonstrating unusual behaviour can be
found in Bhatia and Szegd (1970). In chapter 7 we shall see, that for critical
points which are non-degenerate (cf. section 3.1) this behaviour cannot occur:
a critical point which, after linearisation, corresponds with a positive attractor,
turns out to be asymptotically stable.

.

Figure 5.4

5.3 Stability of periodic solutions

Consider again equation 5.1
z = f(t, )

which is assumed to satisfy the conditions of the theorem of uniqueness and ex-
istence of solutions. It is a straightforward affair to extend the definitions of
Lyapunov-stability in section 5.2.

Definition (Stability in the sense of Lyapunov for periodic solutions).
Consider equation 5.1 with periodic solution ¢(t). The periodic solution is Lyapunov-
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stable if for each to and € > 0 we can find (¢, to) > 0 such that
lzo — d(to)|| < & = ||z(t;to, o) — P(t)|| < € for t > to.

We remark immediately that a periodic solution being Lyapunov-stable will be an
exceptional case. For this implies that orbits, starting in a neighbourhood of the
periodic solution, remain in a neighbourhood, but in the sense that phase points
which start out being close, stay near each other. This has for example been re-
alised for the harmonic oscillator equation, the solutions of which are synchronous
(all solutions have the same period). For the periodic solutions of the mathemati-
cal pendulum equation th is is not the case, as we have seen in example 5.2, section
5.1. So these solutions are not Lyapunov-stable.

More complications arise if one turns to the concept of asymptotic stability. In
the discussion of theorem 4.2 in section 4.2 we remarked, that an orbit v in a
neighbourhood of a periodic solution of an autonomous equation can never end up
in a point of the periodic orbit. The orbit vy continues to move around the periodic
orbit.

These considerations will lead to definitions of stability, which require some geo-
metric ideas. In the subsequent section we shall discuss linear perturbation equa-
tions of periodic solutions.

First consider the autonomous equation in R™

(5.2) &= f(z)

with periodic solution ¢(t), corresponding with a closed orbit in n-dimensional
phase-space. Now, we construct a (n — 1)-dimensional transversal V' to the closed
orbit. With the transversal V we denote a manifold, punctured by the closed orbit
and nowhere tangent to it.

Plxq)
0 Yixg)

Figure 5.5

The closed orbit intersects the transversal in the point a. Consider now an orbit
v(zo) starting in zo € V; we follow the orbit until it returns in V. If this is not the
case, we choose zy nearer to a. Because of continuous dependence of the solution
on the initial value (theorem 1.4), we may conclude that the phase-flow in a certain
neighbourhood of the closed orbit will return to V.
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Suppose the point zo € V is mapped into V' by the phase-flow. This mapping
is called the return-map or Poincaré-map P. The point P(zo) € V which we
have found, can be mapped again: P?(zy) € V etc. The point a € V is a fixed
point of P. In section 4.3 we already saw an example of a Poincaré-map in a
two-dimensional phase-space; the transversal is then one-dimensional.

The concept of stability of the periodic solution shall now be re-phrased as stability
of the Poincaré-map in the neighbourhood of the fixed point a.

Definition

Given is the autonomous equation 5.2 with periodic solution ¢(t), transversal V
and Poincaré-map P with fixed point a. The solution ¢(t) is stable if for each
€ > 0 we can find §(¢) such that

lzo —al| < 6,x0 €V = ||P*(x0) —al| <e,n=1,2,3,---

Remark
In some books, a periodic solution which is stable in this sense, is called orbitally
stable.

It will be clear that the periodic solutions of the mathematical pendulum equation
are stable. Consider the equation & + sin z = 0 with periodic solution starting in
z(0) = a, £(0) =0, 0 < a < . Take for V a segment I C (0,7) which has a as
interior point. The corresponding Poincaré-map is the identity mapping.

The concept of asymptotic stability of a periodic solution shall now be connected
with the attraction properties of the fixed point a, when applying the Poincaré-
map in a neighbourhood.

Definition

Given is the autonomous equation 5.2 with periodic solution ¢(t), transversal V
and Poincaré-map P with fixed point a. The solution ¢(t) is asymptotically stable
if it is stable and if there exists a 6 > 0 such that

lzo —all < 6,20 € V = lim P"(z0) = a.

We have introduced the concepts of stability and of asymptotic stability by using
a mapping, which is for the equation £ = f(z) in R* a mapping of a (n — 1)-
dimensional transversal manifold into itself. How shall we treat now periodic
solutions of non-autonomous equations? Consider in particular the equation

(5.3) z=f(t,z),r€R"teR,

f(t,z) is T-periodic in ¢t. Equation 5.3 is equivalent with the (n + 1)-dimensional
autonomous system

5.4 :

(54) 0 = 1,600 =0.
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with (,z) € St x R™ (S! is the circle R mod T).

We can apply the previous definitions to system 5.4; a T-periodic solution (6, z)
of 5.4 corresponds with a T-periodic solution z of 5.3. The transversal V is now
n-dimensional; a natural choice is to use the mapping R™ — R™ which arises by
taking the value of solutions at time T, 2T, etc. We clarify this by an example.

Example 5.4 (linear oscillations with damping and forcing).
Consider the equation
(5.5) &+ 2ut + war = hcoswt

with 0 < g < wg, i denotes the damping rate; h and w are positive, h is the
amplitude of the periodic forcing; wq is the (positive) frequency of the free (u =
h = 0) oscillating system. Without restriction of generality we may choose wy = 1
(or transform wot = 7) but to see the influence of the parameters it is more
transparent to leave them as they are.

Written in the form of system 5.4, equation 5.5 becomes

Itl = T2
(5.6) Ty = —wiz) — 2ux9 + hcoswh
6 = 1,000 =0,

The solutions of equation 5.5 are of the form

5.7 z(t) = cre " cos yJwg — 2t + coe M sin y/wd — pt + acoswt
0

+0sinwt

where ) )
Wy —w 2w

a = h,B= h.
4p?w? + (wg — w?)? g 4p20? + (W — w?)?
We have excluded the case of resonance u = 0, w = wy. The constants ¢, and ¢y
are determined by the initial values z(0) and £(0). Substitution into 5.7 yields

a = z(0)—«a
co = [£(0) + pz(0) — pa — wh/\JwE — u?.

Equation 5.5 (and system 5.6) has one periodic solution, period 2m/w; the initial
values are determined by ¢; = ¢o = 0. It follows that for this periodic solution

z(0) = a, 2(0) = wp.

We shall construct now a Poincaré-mapping P by considering at time ¢ = 0, 27 /w,
4m/w, - - - the intersection of the orbit with the z;,zo-plane. The point (o, wf3) is
fixed point of P. In this case, where we have the solutions in terms of elementary
functions, it is possible to give the mapping P explicitly.

Substitution of t = 27 /w produces with vy = /w3 — p22r

w

P(do)-r(20)-

8
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(=
=)

Figure 5.6. Poincaré-map of system 5.6 at intervals of time 27 /w; the origin
has been shifted to the fixed point (o, wf) which corresponds with the periodic
solution.

X

< c1e 2™/ cos 7y + coe PPV siny + >

e™H2m/@ cos y(—crp + coy/wi — p2) — e FA Y siny (e Jwi — p? + pcy) 4+ wpP

Applying P again and again we find

. o T(0)) [ «
(50 )= ()

which means that the periodic solution is asymptotically stable. In this example
it is of course simpler to draw this conclusion directly from the expression 5.7.
In figure 5.6 we have indicated P*(z(0),£(0)) for various values of n and several
initial values.

5.4 Linearisation.

In section 2.2 we saw how to obtain linear equations by linearisation of the vector
function in a neighbourhood of a critical point. For non-autonomous equations we
have the same procedure. Suppose that © = a is a critical point of equation 5.1

T = f(t,x).
In a neighbourhood of £ = a we consider the linear equation
af
5.8 )= —(t .
( ) y 6.'1: ( ) a‘)y

We shall now give a similar formulation for periodic solutions. Suppose that ¢(t)
is a periodic solution of equation 5.1. We put

T=¢(t)+y
and after substitution and expansion we obtain

f(tw ¢(t) + y)
Ft,ot) + Lt (t))y + -

We have assumed here that f(t,z) has a Taylor expansion to degree two. As ¢(t)
satisfies the equation we have

B(t) +9

(5.9) U= %(t,¢(t))y+...
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Linearisation means that we omit the higher order terms (- - -).

The equation which arises by linearisation of 5.9 is in general difficult to solve. If
f(t,x) and ¢(t) are both T-periodic, with as a special case that f(t,z) does not
depend explicitly on ¢, the lincarised equation has coefficients which are T-periodic.
In this case the so-called theory of Flocquet applies which will be described in the
next chapter.

The equation obtained by linearisation of 5.9 has n independent solutions. If
f(t,x) does not depend explicitly on ¢, the equation is autonomous,

&= f(x)

and we immediately know one of the solutions of the linearised equation. Suppose
that ¢(t) is a T-periodic solution, so

and
30 = L gunie.
Oz
So the derivative ¢(t) satisfies the linearised equation! One of the implications is
that, if the dimension of the vectorfunction f(z) is 2, we can solve the linearised
equation by explicitly constructing the second independent solution (see Walter,
1976 or any elementary textbook on ordinary differential equations).

Apart from linearisation of the equation in a neighbourhood of a periodic solution,
one can study the linearisation of the Poincaré-mapping P in the corresponding
fixed point £ = a. This means that for the mapping P of zy we linearise in a
neighbourhood of z = a so that we have to calculate

S—mexo ~a).

In the case of the autonomous equation & = f(z) in R, the square matrix of co-
efficients has dimension n — 1. In the example of section 5.3 with non-autonomous
terms (forced oscillation) the matrix has dimension 2.

In the subsequent chapter 6, we shall summarise the information on linear equa-
tions which we are needing. In chapter 7 we shall discuss the important question
of the relation between the nonlinear and the linearised equation.

5.5 Exercises

5-1. Determine the stability properties of the following solutions:

—y(a® +y?)" 2
— a:(:z2 + y2)—1/2

b. (0,0) of i+ ai +z=0,a €R.

a. (cost,sint) of v
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5-3.

5-4.

5-5.

5 Introduction to the theory of stability

i=a-y— o +y)

c. the periodic solution of g=o+y—yl®+1?)

. Consider the system

T=y

flx,y) = ysin® (75), (2,) # (0,0)
f(0,0) =0

Determine the stability of (0,0)

¥y = f(z,y) — x with

In example 5.2 we discussed the nontrivial dependence of the period of the
mathematical pendulum on the initial value (z, &) = (a, 0). Demonstrate this
dependence more explicitly for small values of a.

Consider the second-order equation
i+ 2 +br+c=0.

a. Determine the critical points and their stability.

b. Give a condition for periodic solutions to exist. Are they in this
case Lyapunov-stable, stable?

Determine the stability of the solution (0, 0) of

I —az+y+ay*,a R
y = (1—a)z+2zy.
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There is an abundance of theorems for linear equations but still there are many
difficult and unsolved problems left. This chapter contains a summary of a number
of important results. The reader who is not familiar with some of the results may
consult Coddington and Levinson (1955), Arnold (1978) or Walter (1976).

6.1 Equations with constant coefficients

Consider the equation

(6.1) = Az

with A a constant n x n-matrix. The eigenvalues Aj,-- -, A, are solutions of the
characteristic equation

(6.2) det(A — M) = 0.

If n > 4, the calculation of the solutions of the characteristic equation can amount
already to a lot of work.
Suppose that the eigenvalues Ay, are distinct with corresponding eigenvectors ¢, k =
1,---,n. In this case

™ k=1,---,n

are n independent solutions of equation 6.1.
Suppose now that not all eigenvalues are distinct, for instance the eigenvalue A
has multiplicity m > 1. This eigenvalue A generates m independent solutions of
the form

P()G'\t, P1 (t)e’\‘, Pg(t)e)‘t, ey Pm_l(t)e)‘t

where Pi(t) ,k =0,1,---,m — 1 are polynomial vectors of degree k or smaller.
For the development of the theory it is useful to compose n independent solutions
z1(t),- -+, zn(t) of equation 6.1 to a matrix ®(t) with these solutions as columns:

B(t) = (21(t)z2(t) . . . (t)).

®(t) is called a fundamental matrix of equation 6.1. Each solution of equation 6.1
can be written as

z(t) = B(t)c

with ¢ a constant vector. Adding the initial value condition z(ts) = z, to equation
6.1 we have as solution of the initial value problem

(6.3) z(t) = ®(t)® " (to)zo.
Often one chooses the fundamental matrix ®(t) such that ®(¢y) = I, the n x n

identity matrix.

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996



70 6 Linear Equations

When studying the stability of the solution z = 0, it is clear this is mainly deter-
mined by the real part of the eigenvalues. From 6.3 and the explicit form of the
independent solutions we have immediately the following result:

Theorem 6.1.
Consider equation 6.1 , £ = Az, with A a constant n x n-matrix, eigenvalues
ALy A

a. If Re\, <0, k=1,---,n, then for each z(tg) = zy € R™ and suitably
chosen positive constants C' and p we have

l=(®) < Clzolle™* and Jim a(t) = 0.

b. If Redy < 0,k = 1,---,n, where the eigenvalues with Re); = 0 are
distinct, then z(t) is bounded for ¢ > . Explicitly

lz®)] < Cllzoll
with C a positive constant.

c. If there exists an eigenvalue A\ with Re); > 0, then in each neighbour-
hood of z = 0 there are initial values such that for the corresponding
solutions we have

lim [[2(6)]] = +oc.

In the case a, the solution z = 0 is asymptotically stable, in the case b z = 0 is
Lyapunov-stable and in the case ¢ unstable.

Remark 1

There are a number of criteria to determine whether the roots of the characteristic
equation have negative real parts or not. Well-known is the Routh-Hurwitz crite-
rion; for details on these criteria the reader should consult Cesari (1971), section
2.4 and Hahn (1967), chapter 2.

Example 6.1.
The equation & = Az with

1 —a
A—<4 _3) ,a €R

is studied which involves the calculation of the eigenvalues of the matrix A. We
find for the eigenvalues —1+24/1 — a so the real part is negative if a > %. We have
asymptotic stability of the trivial solution z = 0 from theorem 6.1a for a > %; the
matrix A is singular if a = %, the trivial solution is unstable if a < %. The reader
will find that if a > 1, z = 0 is a spiral, for % < a <1 we find a node, for a < %
the solution z = 0 represents a saddle.
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Remark 2
The solutions of equation 6.1 & = Az can be written in a different way, using the
concept of exponential or exponential matrix

z(t) = ette.
The exponential function of a matrix is defined by the series expansion
o0
1
eAt — 3
n=0

See for instance the introductory books by Walter (1976) and Arnold (1978). The
concept of exponential is convenient for developing the theory. The fundamental
matrix ®(t) of equation 6.1 and its inverse can be written as

®(t) = e™ LT () = e M

n o__ 1 242
(A" =T+ At + S A% 4

6.2 Equations with coefficients which have a limit

Consider now the equation

(6.4) i = Az + B(t)z

with A a non-singular, constant n x n-matrix, B(t) a continuous n X n-matrix. An
intuitive idea would be: if
lim [|B()]j =0

then the solutions of equation 6.4 will tend to the solutions of equation 6.1
i = Az.

The idea to impose this condition on the matrix B(t) is correct but in general not
sufficient. We demonstrate this for a scalar equation.

Example 6.2

2
i—;:i:+:c=0 ,t> 1.
We might expect, that for t — oo the solutions tend to the solutions of the equation
Z4+z=0

which has bounded solutions only. However, the non-autonomous equation has
the two independent solutions sint —tcost and cost+tsint. These solutions have
no upperbound if ¢ tends to infinity.

It turns out that, in the case of bounded solutions of the equation with constant
coefficiénts 6.1, we have to require a little bit more of B(t).

Theorem 6.2.

Consider equation 6.4 ¢ = Az + B(t)z, B(t) continuous for t > t; with the
properties that
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a. the eigenvalues Ay of A,k = 1,---,n have Re); < 0, the eigenvalues
corresponding with Rel, = 0 are distinct;

b. [ ||Bl|dt is bounded,

then the solutions of equation 6.4 are bounded and x = 0 is stable in the sense of
Lyapunov.

Proof

We shall use the method of 'variation of constants’.

The fundamental matrix ®(¢) of the equation £ = Az can be written as ®(t) =
exp (A(t — tp)). We substitute £ = ®(t)z into equation 6.4 to obtain

Edicb(t)z +B(t)2 = AD(t)z + B(t)D(t)z

and as £®(t) = A®(t) we find
5= 0 N t)B(t)®(t)z.

Integration of this expression and multiplication with ®(¢) produces for the solu-
tions of equation 6.4 the integral equation

(6.5) () = B(t)z0 + /tt Bt — 7+ to) B(r)z(r)dr-

Note that we have used that

‘P(t)@_l(T) — eA(l—to)e—A(T—to)
= M) = Bt — 7+ tp).

Equation 6.5 yields the inequality
¢
(6.6) llzll < [[@(@)lloll + /to 12(t =7 + to)ll BTl [|z(7) | dr.
It follows from assumption a and theorem 6.1 that
@@ <C  ,t>to,

so the inequality 6.6 becomes

t

el < Cliaoll + | ClIBE el
0

Applying Gronwall’s inequality, theorem 1.2 with 8, = 1, 63 = C||xo||, we find

t
Izl < Cllzoll exp. (C [ [1B()llr)

It follows from assumption b that the righthand side and so ||z|| is bounded,
moreover it follows from the inequality that = 0 is stable in the sense of Lya-
punov. ]
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If the real parts of the eigenvalues are all negative, a weaker assumption for the

matrix B(t) suffices.

Theorem 6.3
Consider equation 6.4 & = Az + B(t)z, B(t) continuous for ¢ > t, with
a. A is a constant matrix with eigenvalues \t,k = 1,---,n such that
Re), < 0;

b. lim; . [|B(t)]| =0
then for all solutions of equation 6.4 we have
Jlim z(t) =0

and z = 0 is asymptotically stable.

Proof
As in the proof of theorem 6.2 we find inequality 6.6

lzll < @@ Hlzoll + /tt 9@t =7+ to) I B(T)ll|z(7)l|dr.

We apply the estimate in theorem 6.1a for the fundamental matrix ®(t)

[@(t)]| < Cremrit=t)

with suitable positive constants C, and pu. It follows from assumption b, that for

each £ > 0 there exists a time t(¢) > t( such that
B <e ,t=>tie)
Both estimates will be used in inequality 6.6. for t > ¢;:

|l Cre gyl + [, Cre D B(r)|[la(r)lldr

Cre =) (llzol| +  [it et B(7)||||z(7)||dT+
Jiy e a(r) ).

ININA

(6.7)

We now fix £ > 0 (and so t,(¢)) such that

(6.8) eCy < p

Because of the linearity of equation 6.4 the solutions z(t) exist for ¢ > ¢, and so

for ty <t < ty. It follows that

th
laoll + [ B o) ldr < o
0
with Cy a positive constant. We find with 6.7

t
e -jg]| < C\Cy + Cre [ HT 0 fa(r) dr
Jty
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and with Gronwall’s inequality, theorem 1.2 with §, = Cie and 83 = C,C;

1) z|| < CyCy exp. ((Che(t — 1))

or
llz|]] < C1Cy exp. ((Cre — )t + utg — Chety).

Application of 6.8 completes the proof. O

Example 6.3

To illustrate theorem 6.2 and 6.3 we consider some first order equations.

Consider & = —z + 7z 2,t > 0.

Theorem 6.2 applies, so z = 0 is stable; theorem 6.3 provides us with a stronger
result: z =0 is asymptotically stable.

Consider equation & = —z + 1= tz t > 0. Theorem 6.2 does not apply, theorem 6.3
provides us with asymptotlc stablhty of the solution z = 0.
Consider equation £ = —z + 5 +:I a > 0,t > 0. The time-dependent coefficient

is such that theorems 6.2 and 6.3 donot apply. By explicit integration we find
asymptotic stability of x = 0 if 0 < a < 1, instability if a > 1.

If the equation £ = Az + B(t)z has a matrix A with some eigenvalues which have
a positive, real part, then we expect the trivial solution to be unstable.

Example 6.4
Consider the first order equation

z=Ax+b(t)z, A>0

where the continuous function b(¢) has the property that tlirg b(t) = 0. The solutions
are given by

t
2(t) = z(to) exp. (At — to) + /t b(r)dr).
0
For some t; > to we have [b(t)] < A, t > ;. So if z(¢y) # 0 we find

lim z(t) = 4o00.

t—oo

In general the following theorem is useful.

Theorem 6.4
Consider equation 6.4 ¢ = Az + B(t)z with B(t) continuous for ¢ > ¢, and the
property that Jim IIB(t)|| = 0. If at least one eigenvalue of the matrix A has a

positive real part, there exist in each neighbourhood of z = 0 solutions z(t) such
that

i [|z(#)]] = 400

The solution z = 0 is unstable.
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Proof

See Roseau (1966), chapter 3. We shall not give the proof as it has much in com-
mon with the proof of theorem 7.3 in chapter 7; theorem 7.3 discusses equation
6.4 with nonlinearities added. O

To develop some feeling for the quantitative behaviour of solutions in a neigh-
bourhood of an asymptotically stable equilibrium solution, we shall consider some
elementary examples:

= —z,z(0)=1

U= (l41)y,y0) =1
7 = (=1+2eYz,2(0)=1.

The reader should verify that the requirements of theorem 6.3 have been satisfied
in these three cases: the trivial solution is asymptotically stable. The solutions
are respectivily (see figure 6.1)

z(t) = et
y(t) = (1+t)e
2(t) = e(~t—2e7t+2)

Figure 6.1

6.3 Equations with periodic coefficients

We shall consider the equation
(6.9) T = A(t)x ,teR

with A(t) a continuous T-periodic n X n-matrix; so A(t +T) = A(t), t € R.
An equation like 6.9 can obtain both periodic and non-periodic solutions. Think for
instance of the first order equation @ = a(t)z with a(t) = 1, ¢ € R or a(t) = sin®¢.
In both cases we have non-periodic, even unbounded solutions if z(ty) # 0.
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The Floquet theorem contains the fundamental result for equations with periodic
coeflicients, that the fundamental matrix of equation 6.9 can be written as the
product of a T-periodic matrix and a (generally) non-periodic matrix.

Theorem 6.5 (Floquet).

Consider equation 6.9 & = A(t)z with A(t) a continuous T-periodic n X n-matrix.
BEach fundamental matrix ®(t) of equation 6.9 can be written as the product of
two n x n-matrices

®(t) = P(t)e?!

with P(t) T-periodic and B a constant n x n-matrix.

Proof
The fundamental matrix ®(t) is composed of n independent solutions; ®(¢ + T') is
also a fundamental matrix. To show this, put 7 =t + T, then

% = A(r-T)z
= A(r)z

So ®(7) is also fundamental matrix. The fundamental matrices ®(¢) and ®(r) =
®(t + T) are linearly dependent, which means that there exists a nonsingular
n X n-matrix C such that

O(t+T)=d(t)C.

There exists a constant matrix B such that
C=ePT

(if the reader is not familiar with these exponential formulations one should analyse
the case of C' a diagonal matrix). We shall prove now that ¢(t) exp. (—Bt) is T-
periodic. Put

d(t)e B = P(t).

Then
P{t+T) = ®(t+T)e BED
= ®(t)Ce BTe B
= O(t)e B
= P(t).
O
Remark 1

The matrix C' which has been introduced is called the monodromy-matrix of equa-
tion 6.9. The eigenvalues p of C are called the characteristic multipliers. Each

complex number A such that

p=eT

is called a characteristic exponent. Sometimes the word ’characteristic’ is replaced
by 'Floquet’. The imaginary parts of the characteristic exponents are not deter-
mined uniquely, we can add 27i/T to them. The characteristic multipliers are
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determined uniquely. We can choose the exponents A such, that they coincide
with the eigenvalues of the matrix B.

Remark 2

The Floquet theorem implies that the solutions of equation 6.9 consist of a product
of polynomials in ¢, exp. (At) and T-periodic terms. One way of using this result
goes as follows. The equation

T =A(t)x
can be transformed by
z = P(t)y
so that )
P(t)y+P(t)y = A@)P(t)y
or y = P7YAP - P)y.

On the other hand, differentiation of

P(t) = ®(t)e Bt
produces
p

ol
-
NS
[
N+
SSRY
ml
oy
0
=

So we find
y = By.

In other words, the transformation z = P(t)y carries equation 6.9 over into an
equation with constant coefficients, the solutions of which are vector- polynomials
in ¢ multiplied with exp.(At).

This possibility of reduction of the linear part of the system to the case of constant
coefficients will play a part in the theory of chapter 7.

Remark 3.

It will be clear that the existence of periodic solutions of equation 6.9 and the sta-
bility of the trivial solution are both determined by the eigenvalues of the matrix
B. A necessary condition for the existence of T-periodic solutions is, that one or
more of the characteristic exponents are purely imaginary (multiplier has modulus
1).

A necessary and sufficient condition for asymptotic stability of the trivial solution
of equation 6.9 is, that all characteristic exponents have a negative real part (mul-
tipliers have modulus smaller than 1).

A necessary and sufficient condition for stability of the trivial solution is, that all
characteristic exponents have real part < 0 while the exponents with real part zero
have multiplicity one.

A serious problem of equations with periodic coefficients is, that there are no gen-
eral methods available to calculate the matrix P(t) or the characteristic exponents
or multipliers. Each equation requires a special study and whole books have been
devoted to some of them.
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However, the following general theorem can be useful.

Theorem 6.6.
Equation 6.9 £ = A(t)z has characteristic multipliers p; and exponents \;,i =
1,--+,n, p; = exp. (;T). Then we have the following expressions for the product

of the multipliers and the sum of the exponents

P1P2" " Pn exp. (ff TrA(t)dt)
X = 3§ TrA(t)dt(modZs).

Proof
Consider the fundamental matrix ®(t) of equation 6.9 with ®(0) = I. For the
determinant of ®(t), the Wronskian, we have for small §

Det [®(t) + 6]

Det. [®(t) + §A(t)®(t) + O(6%)]
Det. [(I + §A(t) + O(6%)] Det ®(2)
(1 + 86TTA(t) + O(6%)) Det ®(t)

Taking the limit § — 0 we find

d

= Det ®(t) = TrA(t) Det ®(t),

so that we have ,
Det ®(t) = exp(/O TrA(t)dr),

with TrA(7) the trace of the matrix A(7) (the sum of the diagonal elements).
Substituting ¢ = T, equating the expressions for the Wronskian and using the
T-periodicity of P(t) we have

Det. (¢BT) = exp. (/OT TrA(t)dt).

Using the definitions of multipliers and exponents, we immediately find the re-
quired result.

It is clear that if on calculating the sum of the characteristic exponents, we find a
positive number, the trivial solution is unstable. When finding a negative number
or zero for this sum, we have not enough information to draw a conclusion about
the stability of the trivial solution.

We have seen in section 5.4, when linearising in a neighbourhood of a periodic
solution ¢(t) of an autonomous equation, that one of the solutions of the linear
system is ¢(t). This means, that in this case, if the equation has order 2, we can
construct the other independent solution. For the characteristic exponents we have

1 T
M=0 A= ':F/o TrA(t)dt.
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The calculation of A, suffices if we are only interested in the problem of stability.
We demonstrate this for the generalised Liénard equation of section 4.4.

Application (generalised Liénard equation)
Suppose, the equation

I+ f(z)z+g(z)=0
has a T-periodic solution z = ¢(t). Translating z = ¢(t) + vy and substitution
produces ) .
¢+i+ fo+y)(o+y) +9(6+y)=0
We expand f and ¢ in a neighbourhood of y = 0 while indicating the nonlinear
terms in y and y by dots:

. ) d
it 10+ Ligwi v 1@+ +o0) + Lo+ =0
Three terms cancel as ¢(t) satisfies the original equation. We are left with

df

i+ fe)y+ I ww+ <@w=~-

Writing this equation in vector form by putting y = y;, ¥ = y» we find

ho=
g = —[E(D)d+ E @Dy — f(S)ye +--

The trace of the linearized equation is

TrA(t) = —f(o(t)).

As we have seen in section 5.4 qb(t) is a solution of the linearised equation. So we
can put A; = 0. Theorem 6.6 yields

/ (6 27rz).

We find stability of the periodic solution in the linear approximation if Ay < 0,
instability if Ay > 0.

One should note, that the stability of the periodic solution in the linear approxi-
mation is determined only by the term f(z); the existence of the periodic solution
is of course dependent also on g(z).

It was mentioned earlier on, that the treatment of linear, periodic equations is not
easy and the temptation is there to use heuristic methods. To discourage this for
these problems we have the following example.

Example 6.5 (Markus and Yamabe).
Consider equation 6.9 & = A(t)z with n = 2 and

A —1+ 3 cos?t 1—3sintcost
(t): 1 3 . 3 .9 .
—1—$5sintcost —1+ 5sin“¢
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Theorem 6.6 yields

1 g2 3 3 1
A+ A= %/0 (—2+§c052t+§sin2t)dt= —5

So we have no immediate conclusion about the stability of the trivial solution.
As in the theory of equations with constant coefficients, one could calculate the
time-dependent eigenvalues of A(t) although it is not clear what the meaning
is of such quantities. We find in this case for the eigenvalues (—1 % i1/7)/4,
which surprisingly are time- independent. This suggests that the equation has
characteristic exponents with negative real part and stability of the trivial solution.
However, it can easily be checked, that a solution exists of the form

(gt )
sint

The characteristic exponents are A\ = %, A9 = —1, the trivial solution is unstable.
Using this solution one can calculate a second independent solution; the funda-
mental matrix has the structure as given in the Floquet theorem.

Remark on the literature
A lot of research has been put into Hill’s equation
Z+ (a+b(t))x = 0,b(t + 7) = b(t);

see for instance Magnus and Winkler (1966). A rich source of old and new results
is the book by Jakubovi¢ and Starzinskij (1975).
In appendix 2 we present some results on equations with small periodic coefficients.

6.4 Exercises

6-1. Consider the equation & = AX + B(t)z with z € R? and

-3 0 0 e 0 0
A=| 0 -1 1 |,Bit)=]| te® 2% 0
0 0 -1 0 0 et

Determine the stability of = 0.

6-2. We are studying the equation & = A(t)z with z € R®

et t2+1 et
. t2
A(t) = St 0 l+et |,t>0a€eR.
e-a(F) -1 o

For which values of a is the solution z = 0 asymptotically stable or unstable
(ignore the cases with real parts of eigenvalues zero).

6-3. ¢ = Az + B(t)z + C(t)
with z € R", A is a constant, non-singular n x n-matrix, B(t) is a continuous
n x n-matrix, C(t) a continuous vector function in R®. Moreover we have:
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6-5.

6-6.
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- the eigenvalues A;,7 = 1,...,n of the matrix A have the property
Re (X)) < 0,7 = 1,...,n; eigenvalues with real part zero have mul-
tiplicity one;

- P IB@)|dt = c1, [57 |C(t)||dt = co with ¢; and ¢y positive constants.

a. Prove that the solution z(t) with z(0) = z, is bounded for all time.

b. Do we reach another conclusion on replacing z(0) = zo by z(tg) =
.’L'()?

c. Can we reach the result of a with a weaker assumption on C(t)?

Prove the following theorem:

For the equation & = Az + B(t)z we have z € R™, B(t) is continuous for
t > 0, A is a constant n x n-matrix with eigenvalues \;,k = 1,...,n such
that ReAr < 0. There exists a constant b such that if ||B(t)|| < b for t > 0,
it follows that tlirglo z(t) = 0 and = = 0 is asymptotically stable.

The solution (0, 0) of the system

i
Y

2z 4+ Y+ xcost — ysint
—x + 2y —xcost+ysint

is unstable as (e?*sint, e* cost) is a solution of the system. Explain this. Do
nontrivial solutions exist with the property tlim (z(t),y(t)) =07
—00

Consider the equation © = A(¢)z with € R? and

1
= —cost b
A= 2 3
a §+s1nt

and a, b constants. Show that there exists at least a one-parameter family of
solutions which becomes unbounded as ¢t — oo.

. Consider the equation ¢ = A(t)z with A(t) a smooth T-periodic nxn-matrix,

z € R, f(t) a smooth scalar T- periodic function.

a. n=1,A(t) = f(t). Determine P(t) and B in the Floquet theorem
6.5.

b. n =1, A(t) = f(t). Give necessary and sufficient conditions for the
solutions to be bounded as t — +00 or to be periodic.
Now we take n = 2 and

a b
aty=ro (7).

the matrix is constant.

¢. Determine again P(t) and B in the Floquet theorem 6.5.
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d. Give necessary and sufficient conditions for the solutions to be

bounded as t — 00 or to be periodic.
e. Consider now the case n = 2 and

cost sint
Alt)y=1{ .
(t) ( sint  —cost )
Note that not only TrA(t) = 0 but all terms of A(t) have average
zero. Are the solutions bounded?



7 Stability by linearisation

The stability of equilibrium solutions or of periodic solutions can be studied often
by analysing the system, linearised in a neighbourhood of these special solutions.
In section 5.4 we have discussed linearisation and we have given a summary of the
analysis of linear systems. These methods have been in use for a long time but
only since around 1900 the justification of linearisation methods has been started
by Poincaré and Lyapunov.

A more recent result is the ”stable and unstable manifold theorem” 3.3. This
theorem is concerned with autonomous equations of the form

= Az + g(x)

with A a constant n x n-matrix of which all eigenvalues have nonzero real part.
Theorem 3.3 establishes that the stable and unstable manifolds E; and E, of the
linearised equation § = Ay can be continued on adding the nonlinearity g(z); the
manifolds of the nonlinear equation W, and W, emanating from the origin, are
tangent to Fs and E,. See again figure 3.15.

A natural question is what theorem 3.3 implies for the stability of the trivial
solution. Note in this respect, that in the formulation of theorem 3.3 one only
discusses the existence of invariant manifolds and not very explicitly the behaviour
with time of individual solutions. In this chapter we shall add this quantitative
element to the theory. Also, in the formulation of our theorems, we shall obtain
more general results as we shall consider the stability of the trivial solution for
nonautonomous equations.

7.1 Asymptotic stability of the trivial solution

Theorem 7.1 (Poincaré-Lyapunov)
Consider the equation in R™

(7.1) & = Az + B(t)z + f(t,z),z(to) = 2o ,t € R.

A is a constant n x n-matrix with eigenvalues which have all negative real part;
B(t) is a continuous n x n-matrix with the property

Jim IB®)] = 0.

The vector function f(t,z) is continuous in ¢ and z and Lipschitz- continuous in
z in a neighbourhood of z = 0; moreover we have

t
lim M = 0 uniformly in ¢
lell—o |||

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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(this last condition also implies that = 0 is a solution of equation 7.1).
Then there exist positive constants C, to, 8, u such that ||zo|| < 6 implies

lz(®)l < Cllzolle™*, ¢ > t,.

The solution = 0 is asymptotically stable and the attraction is exponential in a
é-neighbourhood of z = 0.

Proof
From theorem 6.1 we have an estimate for the fundamental matrix of the equation

D= AD, D(ty) = 1.

As the eigenvalues of A have all nonzero real part, there exist positive constants
C and pg such that
[®(t)]| < Cerolt=to) ¢ > ¢,

It follows from the assumptions on f and B that, for §; > 0 sufficiently small,
there exists a constant b(8) such that if ||z]| < 8, we have

It z)l < b(o)llzll , t > to
and if ¢, is sufficiently large
1B < b(bo) » t = to-

The existence and uniqueness theorem 1.1 yields that, in a neighbourhood of z = 0,
the solution of the initial value problem 7.1 exists for to < t < t,. It turns out
that this solution can be continued for all £ > ¢,.

The initial value problem 7.1 is equivalent with the integral equation (cf. the proof
of theorem 6.2)

(12)  alt)= O+ [ Bt~ s+ 1) Bls)a(s) + f(5,2(5)))ds.
Using the estimates for ®, B and f we have for to < ¢ < t, < #,
@l < [1@@)llllzoll + ]t: 192 = s + o) Il B(s)lllz(s) |+
+1f (s, 2(s))ll)ds

t
< CemHot=to)||z |l +/ Ce Hot=9)9p||z(s)||ds
to

so that t
gholt=to) lz®)|| < Clizol| +/ Ce—uo(s—to)lelcv(s)Hds
to

for tg <t < to; to is determined by the condition ||z|| < &. We shall use now
Gronwall’s inequality in the form of theorem 1.2 (¢(s) = 2Cb) to obtain

e’“"(t_t")llx(t)|| < C||:U0||620b(t_t°)
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or
(7.3) lz(®)l| < Cllzolle®-Hot=t),

If § and consequently b are small enough, the quantity u = g — 2Cb is positive
and we have the required estimate for to < t < t,.

Now we shall choose ||zo|| such that ||zo|| < do; then ||z(¢)|| decreases and the
estimate can be repeated on a longer time-interval etc.

So the estimate 7.3 holds for ¢t > ¢, if § = min(éo, do/C).

Example 7.1 (oscillator with damping)

Figure 7.1. Phase-plane for equation 7.4, 0 < p < 2

An important application is that, if one has a harmonic oscillator with linear
damping, the stability of the equilibrium point does not change on adding nonlinear
terms. Of course the domain of attraction changes. Consider for instance the
mathematical pendulum with linear damping

(7.4) T+ pt+sine=0,u>0.

We may consider the equation for the harmonic oscillator with damping in example
5.1 as the linearisation of equation 7.4 in a neighbourhood of (0,0). We can write
the equation in vector form by transforming x = z;, £ = z5; we have

.’i?l = T2

7. . .
(7.5) Ty = —Iy— pxe+ (z1 —sinz,)

We find for the eigenvalues of the linearised equation

1 1
Alg = —iﬂi 5\/#2 —4

so ReMg < 0. System 7.5 satisfies the requirements of the Poincaré-Lyapunov
theorem so the equilibrium solution (0,0) is asymptotically stable. Of course we
reach the same conclusion on generalising equation 7.4 to

(7.6) E+pt+ f(z)=0,p>0
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with f(z) = + higher order terms in a neighbourhood of z = 0.

In the case that the linear part of the equation has periodic coefficients, we can
apply the theory of Flocquet from section 6.3.

Theorem 7.2
Consider the equation in R"™

(7.7) &= A(t)z + f(t, z)

with A(t) a T-periodic, continuous matrix; the vector function f(t, ) is continuous
in ¢ and z and Lipschitz-continuous in z for ¢ € R, z in a neighbourhood of z = 0.
Moreover we have

/(¢ )l

lim ————— = 0 uniformly in £.
el |iz] Y

If the real parts of the characteristic exponents of the linear periodic equation
(7.8) y=Alt)y

are negative, the solution z = 0 of equation 7.7 is asymptotically stable. Also the
attraction is exponential in a §-neighbourhood of z = 0.

Proof
We shall use remark 1 from section 6.3 by transforming

z = P(t)z

with P(t) a periodic matrix belonging to the fundamental matrix solution of equa~
tion 7.8. We find
(7.9) = Bz+ P7'(t)f(t, P(t)z2).

The constant matrix B has only eigenvalues with negative real parts. The solution
z = 0 of equation 7.9 satisfies the requirements of the Poincaré-Lyapunov theorem
from which follws the result. |

Remark 1

Anticipating to the Poincaré-Lyapunov theorem we have formulated theorem 3.1
on the relation between linear and nonlinear equations in the case of attraction.
Theorem 3.1 is a special case of theorem 7.1.

Remark 2

In example 5.3 we have shown that positive attraction by a critical point does not
always imply stability. Theorem 7.1 tells us that if, within the conditions of the
theorem, we find positive attraction in the linear approximation, the solution of
the nonlinear problem is asymptotically stable.



7.1 Asymptotic stability of the trivial solution 87

The formulation of theorem 7.1 contains conditions which are sharp with respect
to the result required. One could think for instance that if y = 0 is a positive
attractor of the linear equation

y= Ay + B(t)y

that on adding a smooth nonlinear term, the trivial solution of the nonlinear
equation is asymptotically stable. The following ingenious counter example shows
that the condition

lim [[B(t)]| = 0

is essential.

Example 7.2 (Perron)
Consider for ¢t > 1 the system

T
T

—ary
[—2a + sin(Int) + cos(Int)|zy + x2

with constant a > % The conditions of the theorem of Poincaré and Lyapunov
have not been satisfied. On linearising in a neighbourhood of the trivial solution
we find )

Hh = —alh

Yo = [—2a+sin(Int) + cos(Int)]ys

with independent solutions

n(t) = e
yg(t) — etsin(lnt)—Qat.

These solutions tend to zero as t — oco. Substitution of the solution z;(¢) into the
second equation yields a linear inhomogeneous equation.

Using the method of variation of constants we can compute the solution z(t). We
find, with ¢; and ¢, constants

zi(t) = e ™
CL’Q(t) — etsin(lnt)ﬂQat(c2 +C% fé eﬁrsin(lm')d.r)'
Consider the sequence t, = exp ((2n + %)71’), n=1,2,---. We estimate
tne_2"/3

/t e"TSin(lnT)dT > / e—rsin(lnT)dT >
0

the~™

> tn(e—Qw/Ii _ e—w)e%e“ﬂ'tn.
Choosing a such that
1
1<2a< 1+ 56“”

we find that the solutions are not bounded as ¢t — oo unless ¢; = 0.
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7.2 Instability of the trivial solution

When analysing a system linearised in a neighbourhood of an equilibrium solution,
one can also conclude under certain circumstances that the solution is unstable.
Theorem 3.2 has been formulated to deal with this case and we shall now formulate
and prove a more general version of this result.

Theorem 7.3
Consider the equation in R™

(7.10) &= Az + B(t)z + f(t,z) t > to.

A is a constant n X n-matrix with eigenvalues of which at least one has positive
real part; B(t) is a continuous n x n-matrix with the property

lim [|B(t)] = 0.

The vector function f(¢, ) is continuous in ¢ and z, Lipschitz- continuous in z in
a neighbourhood of z = 0; if moreover we have
o)l

m ———— =0 uniformly in ¢.
o o Y

the trivial solution of equation 7.10 is unstable.

Proof
First we shall transform equation 7.10 using a non-singular constant n x n-matrix
S .z = Sy. Equation 7.10 becomes

(7.11) y=S"T"ASy+ ST'B(t)Sy + ST f(¢t, Sy).

The solution z(t) is real-valued, y(t) will generally be a complex function. Instabil-
ity of the trivial solution of equation 7.11 implies instability of the trivial solution
of equation 7.10. For simplicity we assume that S can be chosen such that S~1AS
is in diagonal form, i.e. the eigenvalues \; of the matrix A can be found on the
main diagonal of S7'AS and the other matrix elements are zero. For the more
general case see Coddington and Levinson (1955), chapter 13.1. We put

Re(/\l) > o>0 ,i=1,"',k
Re(N)) <0 di=k+1,--- n.

We introduce furthermore the quantities

k n
R?= Z |v:|? and 72 = Z i)
i=1

i=k+1
Using equation 7.11 we compute the derivatives of R? and r2; we shall use

L |y | %(yig) = Ui + il

2ReXilysl” + (S7'B(t)Sy)idi + ui(ST' B(8)Sy)i+



7.2 Instability of the trivial solution 89

+(STHF(t, SY))imi + wi(ST f(t, Sy))s.
Now we may choose € > 0, § and ¢ such that for ¢ > ¢y and ||y|| < 6 we have

'SﬂlB(t)Syll < 5|yi| ) 'S#lf(tssy)ll S 8|yi|~

So we find
1d u 2 $ 2
_Q_E(RQ —r?) > Z(Re)\i —&)|ul* — Z (ReAi +¢)|uil*
i=1 i=k+1

If we choose 0 < € < %0 we have

(Rehi —¢) > o—e>e =1,k
(Rexi+e) < ¢ i=k+1,--- n
It follows that
ld, » 2 2
(7.12) (R2=1%) > (R =17, t > to, [lyll < 6.

2dt
If we choose the initial values such that
(R2 — TQ)t:tO =a>0

we find with 7.12
“y“2 > R2 _ 7“2 > ae%(t_t").

So this solution leaves the domain determined by ||y|| < 8; the trivial solution is
unstable. a

We can relate the result of theorem 7.3 with theorem 3.3 in the autonomous case
B(t) =0, 6f/6t = 0, t > to. In this case theorem 3.3 guarantees the existence of
unstable manifolds corresponding with the eigenvalves with positive real part. The
solutions which are leaving a neighbourhood of the trivial solution can be found in
these unstable manifolds. In the more general non-autonomous case of equation
7.10 the solutions which are leaving a neighbourhood of the trivial solution have
not such a convenient and nice geometric characterisation.

The results of theorems 7.1 and 7.3 will be illustrated with a population model of
mathematical biology; a general reference in this field is Murray (1989).

Example 7.3 (competing species)

Suppose that two animal species are living in a certain territory; the population
densities are x and y, z,y > 0. The growth rate of the two species (difference
between birth rate and death rate) is 1. If the population densities increase there
are natural limits to their growth and if there is no interaction (competition)
between the species the equations are

i=xz—az’, y=y—by*, a,b>0.
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These are the logistic equations or Verhulst equations, called after the 19 century
Belgian mathematician P.F. Verhulst.

We shall now add the following assumption: although the species with density y is
not actually predating on the other species (z), encounters between the two species
are always to the advantage of y. One can think for instance of the coexistence in
a territory of birds of prey which are of different size like the tawny owl (y) and
the long-eared owl (z) or the long-eared owl (y) and the little owl (z).

The equations become with this assumption added

t=z—ar’—cxy ,z>0

(713) y:y—by2+d$y ,yZO,ayb:Cad>0'

There are the following critical points corresponding with equilibrium solutions:

b—c a+d
ab+cd ab+cd)”

(0,0), (0,1/b), (1/a,0), (

If b > ¢, the fourth critical point is also found in the domain which interests us. In
characterising critical points on the boundary, we treat them formally as interior
points. Analysis by linearisation, cf. sections 2.3 and 3.1, of the critical points
produces the following results: If b > ¢

(0,0) =1 =1 node unstable
(0,1/b) Ai=1-—¢/bjxy=—1 saddle unstable
(1/a,0) A =-1,A=1+d/a saddle unstable
(algfzd, a‘;if d) Red, A <0 node or focus stable

Ifb<e
(0,0) M=1LXx=1 node unstable

(0,1/b) A\ =1—c¢/b,A\y=—1 node stable
(1/a,0) X\ =-1,A9=1+d/a saddle unstable

b<c

Figure 7.2, strong interaction

In this list we have omitted some transition cases like b = c. From the theorems
7.1 and 7.3 we conclude that in this list the stability by linear analysis carries
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over to the full nonlinear system. We also conclude that this model can describe
two rather different situations. If b < ¢ the species z dies out, we shall call
this strong interaction between the species. If b > ¢ then there exists a positive
equilibrium solution with coexistence of the two species; we shall call this the case
of weak interaction. In this second case there are, on approaching the equilibrium
solution, qualitatively two possibilities: node or focus.

0% N0 ) (K] 1.60 2.7
X ————

Figure 7.3, weak interaction

Note that this behaviour of the solutions for different values of the parameters is
apriori or intuitively not obvious. We can add to this discussion a quantitative
characterisation of the stable and unstable manifolds of the saddle points which
arise, see also theorem 3.3. This is left to the reader.

7.3 Stability of periodic solutions of autonomous equations

We have shown in section 5.4 how, by a shifting procedure, we can reduce the
problem of stability of a periodic solution to the problem of stability of the trivial
solution. The equation which arises after this shifting prodecure, will in many
cases be of the form 7.7, so that, in the case of suspected stability, we shall try to
apply theorem 7.2. If we want to demonstrate instability, the idea of transforming
in the proof of theorem 7.2 in combination with theorem 7.3 would be the advised
thing to do.

A new problem arises when studying a periodic solution of the autonomous equa-
tion

(7.14) & = f(z).

We have shown in section 5.4, that if ¢(¢) is a T-periodic solution of the au-
tonomous equation 7.14, linearisation in a neighbourhood of the periodic solution
produces a linear periodic system with as one of its solutions ¢>(t) This implies
that at least one of the real parts of the characteristic exponents is zero, so that
theorem 7.2 does not apply.

This situation happens quite often and to deal with it we can formulate the fol-
lowing result.
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Theorem 7.4

Consider equation 7.14 which has a T-periodic solution ¢(t); f(z) is continuously
differentiable in a domain in R™, n > 1, containing ¢(¢). Suppose that linearisation
of equation 7.14 in a neighbourhood of ¢(t) yields the equation

i =L

with characteristic exponents of which one has real part zero and n — 1 exponents
have real parts negative. Then there exists a constant € > 0 such that on starting
a solution z(t) of equation 7.14 in a neighbourhood of ¢(t) with

lz(t1) — ¢(to)]| < € for certain t and ¢,

we have
Jim [l2(t) - ¢(t +60)]| = 0

in which 6y is a certain constant, the asymptotic phase.

Proof

It is possible to demonstrate the existence of a (n — 1)-dimensional manifold in
a neighbourhood of ¢(¢) which has the property that on starting the solutions in
this manifold, these solutions all tend to ¢(¢). The proof is not difficult but rather
lenghty; we refer the reader to Coddington and Levinson (1955), chapter 13.2,
theorem 2.2. O

Remark

A shorter and more elegant approach is to consider a (n — 1)-dimensional transver-
sal V to the periodic orbit and the Poincaré-map P of V into itself. In the case of
theorem 7.4, the map P has all its n— 1 eigenvalues at the fixed point (correspond-
ing wiht the periodic orbit) located within the unit circle in the complex plane.
Iteration of the map P for various initial values yields sequences which approach
the fixed point. We shall return to these ideas in chapter 14.

In some books, a periodic solution which is stable in the sense of theorem 7.4, has
been called orbitally stable.

The theorems which we discussed in this chapter are the basic results of the theory
of stability by linearisation. The literature in this field is very extensive and we
refer to Coddington and Levinson (1955), Hale (1969), Sansone and Conti (1964),
Cesari (1971), Roseau (1966) and Hahn (1967).

We conclude with some examples.

Example 7.4 (generalised Liénard equation)
In an application of theorem 6.6 we considered the equation
Z+ f(x)z+g9(z) =0.

Suppose this equation has a T-periodic solution = ¢(t). Using the calculation in
this application together with theorem 7.4 we conclude that the periodic solution
is stable if

/0 " He(t)dt > 0.



7.4 Exercises 93

Example 7.5
Consider the two-dimensional system
&= f(z,y)
7.15 .
(7.15) y=g(z.y)

with T-periodic solution z = ¢(t), y = ¥(t). We use the shifting procedure by
transforming z = @(t) + u, y = ¥(t) + v to obtain after expansion

u= fo(d(t),Y())u+ fy (), P(E))v + - -
= g:($(8), Y(8))u + gy (6(2), ()0 + - --

where - - - is short for the nonlinear terms in u and v. Using theorems 6.6 and 7.4
we conclude that this periodic solution of system 7.15 is stable if

[ 12800, 906 + ay(000), 900t < 0.

One can check that this result applies to the problem of example 7.4.

7.4 Exercises

7-1. We extend the model for competing species in example 7.3 by adding a third
species. Think for instance of the coexistence in a territory of the tawny owl
(2), the long-eared owl (y) and the little owl (z).
The equations are for z,y,z > 0

= T — a7 — ayzy — asr2
Y — biy® + byzy — byyz
= z—c122 + w2z + c3yz

we L8
Il

The coefficients are all positive. Study the equilibrium solutions of this
system by linear analysis and also with respect to their nonlinear stability.

7-2. The equation
i-(1-2*—d)i+z=0
has a critical point and a limit cycle solution.
a. Determine the critical point and characterise it; determine the
limit cycle.
b. Establish the stability of the periodic solution.
7-3. Consider the system
T = 14+y—x2—y?
y = 1—z—22—9y%

a. Determine the critical points and characterise them.
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Stability by linearisation

b. Show that if a periodic solution exists, its corresponding cycle
intersects the line y = —x in the phase-plane.

c. Show that the system has a periodic solution (use polar coordi-
nates).

d. Linearise the system near this periodic solution and determine the
characteristic exponents.

e. Determine the stability of the periodic solution found in c.

7-4. The model for competing species in example 7.3 can be changed by assuming
that the interaction is to the disadvantage of both species. We have

z z—z*—ary ,z>0
Y = y—y*—azy ,y>0

with a a positive constant.

a. Determine the critical points and characterise them by linear anal-
ysis.

b. What are the attraction properties of the critical points in the full
nonlinear system?

c. Show that a solution starting in the domain = > 0,y > 0 remains
in this domain.

d. Sketch the phase-flow for the cases 0 < a < 1l,a=1,a > 1.

e. Determine the conditions for extinction (as ¢ — o00) of one of the
species, extinction of both species, coexistence of both species;
assume in all these cases z(0) > 0, y(0) > 0.

7-5. Consider the three-dimensional system

& (1-2)[(4-2°)(2*+y* -2z +y) — 4(-22 +y) — 4]
Y (1-2)[(4 = 2*)(zy — 7 — 2y) — 4(—z — zy) — 22]
3 = 224-29)(2*+ )

Determine the equilibrium solutions and their stability properties.

7-6. We are interested in the stability properties of the solution (0,0) of the
system

z az +y"
y = ay—a"

with a € R,n € N.

a. What are these properties if o # 07
b. What happens if a = 07
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7-7. An extension of the Volterra-Lotka equations involves one prey (population
density z) and two predators (y, z).

I = ar—2TY— 22
y = —“by+uzy
z = —cz+zz , x>0,y >0,z >0,a,b,c positive parameters.

a. Characterise the equilibrium solutions by linear analysis.
b. Do periodic solutions exist with y(¢)z(¢) > 07

c. Is it possible that, starting with y(0)z(0) > 0, one of the predators
becomes extinct?



8 Stability analysis by the direct method

8.1 Introduction

In this chapter we shall discuss a method for studying the stability of a solution,
which is very different from the method of linearisation of the preceding chapter.
When linearising one starts off with small perturbations of the equilibrium or
periodic solution and one studies the effect of these local perturbations. In the
so-called direct method one characterises the solution in a way with respect to
stability which is not necessarily local.

The method originates from the field of classical mechanics where this non-local
characterisation arises from the laws of statics and dynamics. A basic idea can be
found in the work of Torricelli (1608-1647), a student of Galilei. From Torricelli we
have the following ”axiom”, as he calls it: ”Connected heavy bodies cannot start
moving by themselves if their common centre of gravity does not move downward.”
Torricelli’s axiom finds its application in statics; Huygens (1629-1695) developed
this idea, together with other insights, for the dynamics of particles, bodies and
fluids. Later this was taken up by Lagrange (1736-1813) who formulated his well-
known principle for the stability of a mechanical system:

” A mechanical system which is in a state where its potential energy has an isotated
minimum, is in a state of stable equilibrium.”

We shall prove the validity of the principle of Lagrange in section 8.3; we shall also
illustrate the concept of potential energy there. The reader who is interested in
the historical development of mechanics should consult the classic by Dijksterhuis
(1950).

Around 1900 these ideas of stability in mechanics were generalised strongly by
Lyapunov. In his work differential equations are studied which have not been
characterised apriori by a potential energy or a quantity energy in general. To
introduce Lyapunov’s ideas we discuss an example in which also the geometric
aspects of the method are transparent.

Consider the system of equations

(8.1) T az —y + kz(2? + y?)
' g = z—ay+ky(a®+y?)

with constants a and k, a > 0. We are interested in the stability of the trivial

solution.

Linearisation in a neighbourhood of (0,0) yields the eigenvalues

+(a® - 1)7,

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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50 in the linear approximation we find for the critical point (0,0)

a’>1 saddle
a*=1  degenerate case
0<a?<1 centre.

y —

/

k/ X —=

Figure 8.1.

We conclude with theorem 7.3 that if a® > 1, the trivial solution is unstable. If
0 < a® < 1 the method of linearisation of chapter 7 is not conclusive.
We now consider a one-parameter family of ellipses around (0, 0):

z? — 2azy +y* =c.

The parameter is ¢, a is fixed with 0 < a? < 1.
An orbit in the z, y-phaseplane, corresponding with a solution of system 8.1, will
intersect an ellipse with angle ¢ (this angle is taken between the tangent vector
of the orbit and the outward directed normal vector in the point of intersection).
If § < <35, cosyp <0, the orbit enters the interior of this particular ellipse. If
costp < 0 for all solutions and all ellipses in a neighbourhood of (0,0), the trivial
solution is asymptotically stable. We compute cos 1.
The tangent vector 7 of the orbit is given by 7 = (&,y). The gradient vector of
the function

V =z%— 2azy +9°

produces the normal vector field
ov oV
VV=|—,—] = (22— 2ay,-2 .
(81 8y> (2z — 2ay, —2az + 2y)
We compute cos v using the vector product

(VV.7)

CosY = ————
IVVILI7
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_wt 5
IVVILI7l
The sign of cost is determined by the numerator
10)% 1%
—i+—y=LV.
oz " + dy y ‘

In section 2.4 we have called L, the orbital derivative of the function V. Using
equations 8.1 we find in this case

LV (22 — 2ay)E + (—2az + 2y)y

2k(x? + y?)(2? + y? — 2azy).

So cosy <0 if k<O
cosy >0 if k>0.

The result holds for all ellipses and all orbits in a neighbourhood of (0, 0) so we
conclude that the trivial solution is asymptotically stable if £ < 0, unstable if
k > 0. The result holds for all orbits so that for £ < 0 and 0 < a? < 1 we have
even global stability of (0, 0).

The case a? = 1 is left to the reader.

In this chapter we shall present the most important results of the direct method
of Lyapunov; many more results can be found in Hahn (1967). The direct method
has also been applied and extended considerably in the theory of optimal control.

8.2 Lyapunov functions
Consider the equation
(8.2) = f(t,z), t>ts,z€ DCR"

and assume that the trivial solution satisfies the equation, so f(¢,0) = 0, t > t,,
0eD.

Definition V (¢, z)
In this chapter the scalar function V (¢, z) is defined and continuously differentiable
in [tp,00) x D, D C R™. Moreover z = 0 is an interior point of D and

V(t,0) = 0.

In some cases the function V' (¢, z) does not depend explicitly on ¢t and we write for
short V(z). The function V (¢, z) being positively definite or negatively definite is
introduced as follows.

Definition
The function V(z) (with V(0) = 0) is called positively (negatively) definite in D
if V(z) >0 (<0) forz e D, z#0.
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There are cases in which the function V(z) takes the value zero in a subset of D
but has otherwise a definite sign.

Definition
The function V(z) (with V(0) = 0) is called positively (negatively) semidefinite in
DifV(z)>0(<L0)forzeD.

If the function V(,z) depends explicitly on ¢, these definitions are adjusted as
follows.

Definition

The function V(¢,z) is called positively (negatively) definite in D if there exists a
function W (z) with the following properties: W(z) is defined and continuous in
D, W(0)=0,0< W(z) <V(t,z) (V(t,z) <W(z) <0) for z #0, t >t

To define semidefinite functions V (¢, ) we replace < (>) by < (>).

Example 8.1.
Definite functions which are used very often are quadratic functions with positive
coefficients. Consider in R® D = {(z,y,2) | 2> + v* + 22 < 1} and for t > 0 the

functions
22 + 29?4+ 322 + 23 positive definite

T2 + 2? positive semidefinite
—xz2sin?t — y® — 42 negative semidefinite
2 +y? + cosdt2? not sign definite

In the sequel we shall use a simple extension of the concept of orbital derivative,
cf. section 2.4.

Definition
The orbital derivative L; of the function V'(¢,z) in the direction of the vectorfield
f(t,x), where z is a solution of equation 8.2 z = f(t,z) is

Ltv—at+g‘;x éav gz( z)

o T Bxlfl(t )+ + gTann(tvx)
with = (z1,---,z,) and f = (f1, -, fa)-

Now we can formulate and prove the basic theorems.

Theorem 8.1.

Consider equation 8.2 ¢ = f(t,z) with f(¢,0) =0,z € D C R*, t > to. If a
function V (¢, ) can be found, defined in a neighbourhood of z = 0 and positively
definite for ¢t > ¢, with orbital derivative negatively semidefinite, the solution z = 0
is stable in the sense of Lyapunov.

Proof
In a neighbourhood of £ = 0 we have for certain R > 0 and ||z|| < R

Vit,z) >W(z) >0, 2#0,t>t
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Figure 8.2

LV <0.

Consider a spherical shell B, given by 0 < 7 < ||z|]| < R and put

m = min W(z).
T€B
Consider now a neighbourhood S of z = 0 with the property that if z € S,
V(t,z) < m. Such a neighbourhood exists as V (¢, z) is continuous and positively
definite while V' (¢,0) = 0. Starting a solution in S at ¢ = to, the solution can never
enter B, as we have for t > ¢,

vux@y44mdm»=£LmuJﬁmhgo

In other words, the function V'(¢,z(t)) cannot increase along a solution and this
would be necessary to enter B as initially V (to, z(to)) < m.

We can repeat the argument for arbitrary small R, from which follows the stability.
]

The scalar function V' (¢, ) which we employed in this theorem is called a Lyapunov-
function. Whether such functions exist and how one should construct them is
known in a number of cases but not in general. For each class of problems we have
to start again if we want to use the concept of Lyapunov-function.

Note that in the formulation of theorem 8.1 we have assumed that the orbital
derivative is semidefinite. This includes the case that L,V =0, t > ty, z € D, in
other words: V(t,z) is a first integral of the equation; see also section 2.4. We
shall return to the part played by first integrals in the applications of section 8.3.
In requiring more of the orbital derivative, we obtain a stronger form of stability.

Theorem 8.2.
Consider equation 8.2 ¢ = f(t,z) with f(¢,0) =0, x € D C R* t > t,. If a func-
tion V(¢,z) can be found, defined in a neighbourhood of z = 0, which for ¢ > ¢, is



8.2 Lyapunov functions 101

positively definite in this neighbourhood with negative definite orbital derivative,
the solution z = 0 is asymptotically stable.

Proof

It follows from theorem 8.1 that * = 0 is a stable solution. Is it possible that
for each R > 0 there exists a solution z(¢) which starts in the domain given by
lz|| < R and which does not tend to zero? Put differently: is there a solution x(t)
and a constant a > 0 such that ||z(¢)|| > a for t > t;, when starting arbitrarily
close to zero?

Suppose this is the case, the solution remains in the spherical shell B: a < ||z (t)|| <
R, t > t;. We have L,V (t,z) < W(z) < 0, z # 0. So we have in B

Ltv S —H, )u‘>0
so that

t
V(t,z(t)) — V(to,z(to)) = | L, V(r,z(7))dr < —p(t —to).
to
On the other hand, we know that V (¢,z) is positively sign definite, whereas it
follows from this estimate that after some time V (¢, z) becomes negative. This is
a contradiction. m]

In the proofs of theorems 8.1 and 8.2 we have developed, while using the Lyapunov-
function V' (¢, ), a picture of the behaviour of the solutions. In particular in the
proof of theorem 8.2 we have indicated when a solution has left the spherical shell
B and one can compute how long this will take at most.

If the trivial solution is asymptotically stable, we are interested of course in the
set of all initial values corresponding with solutions which go to zero. This set is
called the domain of attraction; we shall define this set for autonomous equations.

Definition
Consider the equation ¢ = f(z) and suppose that z = 0 is an asymptotically stable
solution. A set of points zy with the property that for the solution of

&= f(z), z(0) =z
we have z(t) — 0 for t — oo, is called a domain of attraction of z = 0.

Using a Lyapunov-function, we are now able to characterise domains of attraction.
The following result follows directly from the proof of theorem 8.2.

Corollary theorem 8.2.

Consider equation & = f(z) in R™ with f(0) = 0. The Lyapunov- function V (z) is
positively definite for |[z|| < R. S is a closed (n — 1)-dimensional manifold which
encloses z = 0 and which is contained in the ball with radius R. Suppose that
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LV <0, z in the interior of S

LV=0z€eS

LV > 0, x outside S.

The (n — 1)-dimensional manifold V(z) = ¢ (c a positive constant) is
entirely contained in the interior of S.

Then the set defined by V(z) < ¢ in the ball ||z|| < R is a domain of attraction of
z=0.

ao o

A more extensive treatment of results for domains of attraction can be found in
Hahn (1967), sections 4.26 and 4.33.
Using a Lyapunov-function one can also establish the instability of a solution.

Theorem 8.3.
Consider equation 8.2 £ = f(t,z) with f(¢,0) =0,z € D C R™, ¢t > ¢,. If there
exists a function V/(¢,z) in a neighbourhood of z = 0 such that:

a. V(t,z) — 0 for ||z|| — 0, uniformly in ¢;
b. L,V is positively definite in a neighbourhood of z = 0;

c. from a certain value t = t; > to, V(¢,z) takes positive values in each
sufficiently small neighbourhood of z = 0;

then the trivial solution is unstable.

Proof

For certain positive constants a and b we have with z # 0 and (|z|| < a: L,V (¢, z) >
W(z) > 0 and |V (¢,z)| < b; the last estimate follows from assumption a.
Suppose that = = 0 is a stable solution. Then there exists a € > 0 with 0 <& <a
such that when starting in zo with ||zo|| < €, we have ||z(t)|| < a for ¢ > ¢,. Using
assumption ¢ we can choose zy such that V(t1,z0) > 0. We find for the solution
z(t) which starts in zo at t = t:

V(t, 2(8) — V(t1, 20) = /t t LV(r,z(r)) > 0.

So V(t,z(t)) is non-decreasing. Consider now the set of points z with the property
that V' (t,z) > V(t1,z0) and ||z|| < a. This set is contained in the spherical shell
S given by 0 < r < ||lz|| < a. We have

p= igf W(z) >0
so that
V(t,.’l(t)) - V(tl, 1‘0) Z ,U,(t - tl).
So for ||z|| € a, V(t, ) can become arbitrarily large; this is a contradiction.
Theorem 8.3 has been generalized by Chetaev in such a way that its applicability

has increased; see again Hahn (1967).
In the next sections we study some applications and examples.



8.3 Hamiltonian systems and systems with first integrals 103

8.3 Hamiltonian systems and systems with first integrals
In example 2.12 we introduced Hamilton’s equations:

(8.3) S .
. pl_ aqivql_ ’ I v '

in which H is a twice continuously differentiable function of the 2n variables p;
and ¢;, H : R® — R. The Hamilton function H is a first integral of the equations,
i.e. the orbital derivative produces

LtHZO

Suppose that the trivial solution satisfies system 8.3 and that we are interested
in the stability of this equilibrium solution. Without loss of generality we may
assume H(0,0) = 0 for we can add a constant to H(p, ¢) without changing system
8.3. If now we require H(p,q) to be sign definite in a neighbourhood of z = 0, the
stability of the trivial solution follows by application of Lyapunov’s theorem 8.1.
The Hamilton function H is also a Lyapunov function. So we have the following
result.

Theorem 8.4.

Consider Hamilton’s equations 8.3, of which we assume that they admit the trivial
solution. If H(p,q) — H(0,0) is sign definite in a neighbourhood of (p, q) = (0, 0),
the trivial solution is stable in the sense of Lyapunov.

Remark

In section 2.4 we discussed special but frequently occurring Hamiltonian systems,
in which (0, 0) is a nondegenerate (Morse) critical point of the Hamilton function.
We made use of the Morse lemma (see appendix 1); this application leads off to the
existence of invariant, closed manifolds around the critical point in phase space.
From this geometric picture one can also deduce stability.

Mechanical systems in which the force field can be derived from a potential ¢(q)
are characterised in many cases by the Hamiltonian

(8.4)

l\.’)l'—‘

zf: + ¢(q).

The equations of motion 8.3 can be written as
(8.5) Gi=——=—,i=1,---,n.

Equilibrium solutions correspond with critical points determined by

5(15

=0,i=1,--,n
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It follows from theorem 8.4 that the equilibrium solution is stable if ¢(g) has for the
corresponding value of ¢ an isolated minimum. This is the principle of Lagrange.
We shall now discuss the stability of equilibrium solutions which correspond with
isolated maxima of the potential function ¢(q). It is clear, that in this case the
Hamiltonian is not a Lyapunov-function in the sense of theorem 8.1 or 8.3.
Assume again that the critical point is (p,q) = (0,0) and that H(0,0) = 0, so
¢(0) = 0. Also we assume that ¢(q) can be expanded in a Taylor series to degree
2m + 1 (m € IN) in a neighbourhood of ¢ = 0, with mixed terms of degree 2m
transformed away, so that

(8.6) #(q) = =Y ag?™ + Ollg|[*™** as |lq]| — 0,
i=1
with a; > 0,7 = 1,---,n. If m = 1 we can use linearisation and theorem 7.3

to show that the trivial solution is unstable. If m > 1 we have to proceed in a
different way.
We introduce the function

V(p,q) =) pits.
i=1

In each neighbourhood of (0, 0) the function V takes positive (and negative) values.
We compute the orbital derivative

LV(p,q) = Z?:l(i’i%i + pidi)
= ?:1(—57%(11‘ +P12)
= TL,(2mag?™ + p}) + Ollq|*™+!

For the last step we used the expansion 8.6. We conclude that L,V is positively
definite in a neighbourhood of (0,0) whereas V' takes positive values. Using theo-
rem 8.3 we conclude that (0, 0) is unstable.

We summarise as follows.

Theorem 8.5.
Consider the Hamilton function

1 n
H(p,q) = 521)? +¢(q), (p,q) €R™
i=1

with potential ¢(q) which can be expanded in a Taylor series in a neighbourhood
of each critical point. An isolated minimum of the potential corresponds with a
stable equilibrium solution, an isolated maximum corresponds with an unstable
equilibrium solution.

Remark

Of course one can weaken the assumption on the Taylor series of ¢(q); the ex-
pansion 8.6 is often met in applications but it has been used only to facilitate the
demonstration.
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Example 8.2.
In example 2.11 we studied the equation

Z+ f(z)=0

which can be viewed as the equation of motion corresponding to the Hamilton
function

H(p,q) = %pQ + /qf(f)df-

To obtain the equation of motion we put (p,q) = (&,z). The function [? f(r)dr
can be identified with the potential ¢(¢) in theorem 8.5. The isolated minima
and maxima of ¢(g) correspond with respectively stable and unstable equilibrium
solutions, see figure 8.3.

Nel

Figure 8.3. Potential ¢ and corresponding phase flow.

Example 8.3.
A potential problem which plays an important part in the modern theory of Hamil-

tonian systems was formulated and studied by Hénon and Heiles. The Hamilton
function is

H(p,q) = 5(p+p3)+ ¢(q1,42)
= 3P1+p) +3(af + &) + afax — 343

The potential function ¢(q) has the following critical points:
(0,0) isolated minimum
(0,1) and (:i:%\/g, —%) are points where no maximum or minimum value is as-
sumed.
Theorem 8.5, applied to this system, tells us that (py, p2, q1,42) = (0,0,0,0) is a sta-
ble equilibrium solution. In a neighbourhood of the three critical points (0,0,0,1)
and (0,0, i%\/ﬁ, —%) we perform linearisation after which we apply theorem 7.3
to conclude instability.

We shall now consider an example of a system with several first integrals. These
integrals will be used to construct a Lyapunov function. In this construction we



106 8 Stability analysis by the direct method

shall use the fact that a continuously differentiable function of a first integral is
again a first integral. To see this consider the equation

z = f(z) nR"

with k first integrals Iy,---, Iy (k < n), so LyI;(z) =0, i =1,---,k. The function
F : R* — R is continuously differentiable and F(I,(z),-- -, Iy(z)) is a first integral
of the equation:

5 OF
i=1 g

Example 8.4.

Consider a solid body rotating around a fixed point, which coincides with its centre
of gravity. One can think for instance of a triaxial homogeneous ellipsoid which
can rotate around its centre. A, B and C are the three moments of inertia; z, y
and z are the projections of the angular velocity vector on the three coordinate
axis. The equations of motion are

Az = (B - C)yz
(8.7) By=(C—A)zx
C:=(A—- B)zy

The axis corresponding with the moments of inertia concide with the coordinate
axis. This means that a critical point represents an equilibrium solution corre-
sponding with rotation of the solid body around one axis with a certain speed.
We shall study the stability of the equilibrium solution z = g > 0, y = 2 = 0
which corresponds with the smallest moment of inertia A as we shall assume
0 < A < B < C. The matrix arising after linearisation in (zg, 0, 0) is

0 0
0 0 5
0 4Bz 0

» O

Zo

i

It is clear that this matrix has one eigen-value zero so that the Poincaré-Lyapunov
theorems of chapter 7 do not apply. This is not unexpected as the critical points
of system 8.7 are not isolated.

We can find first integrals of system 8.7 by deriving equations for dz/dy and dy/dz
and by integrating these. We find the first integrals

Vi(z,y) = A(C - A)2®+B(C - By’
Va(y,2) = B(B-—A)y*+C(C - A)22.

Wi, or better Vi (z, y)—Vi(zo, 0), is not sign definite in a neighbourhood of (z, 0, 0),
V, is semidefinite. One can construct a Lyapunov function in various ways, for
instance

V(z,y,2) = [Vi(z,y) — Vi(0, 0)]* + Va(y, 2).
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The function V is positively definite in a neighbourhood of (zo, 0, 0) while L,V = 0.
So the equilibrium solution (zg, 0, 0) is Lyapunov stable.

The reader should study the stability of the critical points which are found on
the z-axis, corresponding with the largest moment of inertia C. With a similar
computation one finds again stability.

8.4 Applications and examples

We mentioned already that, generally speaking, we do not know much about the
existence and form of Lyapunov-functions. In each particular problem we shall
have to use our intuition and to trust our luck. It is however easy to indicate the
relation between the method of linearisation in chapter 7 and the direct method
of Lyapunov.

To demonstrate this relation we shall not consider the general case, but we shall
restrict ourselves to the system

T = Az + f(z)
with I I
f(l:) :07 ) l':(zlv"'»zn)‘
leli—o |l
The constant n x n-matrix A has the diagonal form, the eigenvalues Ay, ---, A, are

all real and negative. With the Poincaré-Lyapunov theorem 7.1 we conclude that
the trivial solution z = 0 is asymptotically stable.
Consider on the other hand the function

V(z)=a+a5+- +1.
This function is positively definite. We compute the orbital derivative

LV = 2%, mi;
20 haf + 250 i fi(x)
For sufficiently small ¢ > 0 we have: if ||z|| < é(¢) then ||f(z)|| < e||z|| where
6 — 0ife — 0. As the eigenvalues ); are all negative we find that L,V is negatively

definite in a neighbourhood of z = 0. V() is a Lyapunov-function and application
of theorem 8.2 yields the asymptotic stability of z = 0.

We shall consider some other examples.

Example 8.5.
In a neighbourhood of (0,0) we consider the system
it = a(t)y+blt)z(z* +v?)
y = —a(t)z+b(t)y(z? +v?).

The functions a(t) and b(t) are continuous for ¢ > ¢o. The trivial solution (0,0) is
stable if b(t) < 0, unstable if b(t) > 0 for t > ¢,. It is easy to demonstrate this;
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take
V(z,y) = 2* + 92

as a Lyapunov-function. V is positively definite whereas
LV = 2b(t)(2* + y*)%.

Application of the theorems 8.1 and 8.3 produces the required result.
The ideas which play a part in the proofs of Lyapunov’s theorems can also be used

to show the boundedness of solutions and attraction in a domain.

Example 8.6.
Consider the equation for a nonlinear oscillator with linear damping

F+pi+z+ar’+bd=0

with constants p,a,b;u > 0. The damping p@ causes the trivial solution to be
asymptotically stable, see also example 7.1. We introduce the energy of the non-
linear oscillator without damping:

1 1 1 1
Viz,z) = 5:&2 + —2-12 + gaz‘q’ + sz4'
We can find a neighbourhood D of (0, 0), dependent in size on a and b, in which
V is positively definite. Furthermore we have

LV = i%+zi+az’ + b2z
= —pi?

We can apply theorem 8.1 to find that (0,0) is Lyapunov-stable but we cannot
apply theorem 8.2 to obtain asymptotic stability as L;V < 0. As L;V < 0 in D,
the solutions cannot leave D (see the proof of theorem 8.1), also we have that the
equality LV = 0 is only valid if £ = 0. However, if z # 0, £ = 0 is a transversal
of the phase-flow so we conclude that D is a domain of attraction of the trivial
solution.

8.5 Exercises

8-1. Consider the two-dimensional system

x —y+ fz,y)
Yy = sinz

The function f(z,y) is smooth and nonlinear.
Give sufficient conditions for f(z,y) so that (0,0) is a stable equilibrium
solution.



8-2.

8-3.

8-6.

8-7.

8-9.

8.5 Exercises 109

Equations of the form §j + p(t)y + q(t)y = 0 with p(t), ¢(t) C' functions can
be put in the form

i+w(t)r =0 ,w(t)aC" function,
by the transformation of Liouville:
y(t) = x(t)e_% L prdr,
Does Lyapunov-stability of (z,%) = (0,0) imply the Lyapunov- stability of
(y,9) = (0,0)?

Determine the stability of the solution (z,z) = (0, 0) of the set of equations
t+z"=0 (n€eN).

. Consider the system

t=2y(z—1), y=—-2(z—1), z=uzy.
a. Show that the solution (0,0, 0) is stable
b. Is this solution asymptotically stable?

. Determine the stability of the solution (z,y) = (0,0) of the system & =

2y + 2%,y =121
Consider the equation
T+ ¢(t)z =0
with ¢ € C'(R), ¢(t) is monotonic and
Jim o) =c>0.
a. Can we apply theorem 6.2 to prove stability of (z,z) = (0,0).
Consider also the counter-example 6.2.
b. Prove that (0,0) is stable.

The system & = Az + f(z),z € R" has the following properties. We have

o @I
lell—o |||
and the constant n x m-matrix A has n distinct real eigenvalues Ay, ..., A,

with Ay,..., A, > 0 and Apjy,..., A < 0, 0 < p < n. Find a Lyapunov
function to prove the instability of z = 0.

. We are interested in conditions which quarantee that the following third-

order oscillator
T+f(2)+at+br=0
has a globally attracting trivial solution; a and b are positive constants.

Determine the stability of the trivial solution of

. 1, 1,4 1
t=wy’ =52’ y=—5y’+ 22’y



9 Introduction to perturbation theory

This chapter is intended as an introduction for those readers who are not aquainted
with the basics of perturbation theory. In that case it serves in preparing for the
subsequent chapters.

9.1 Background and elementary examples

The development of the theory of the influence of small perturbations on solutions
of differential equations started in the eighteenth century. Since Poincaré (around
1900) perturbation theory is flourishing again with important new fundamental
insights and applications. In the eighteenth century one of the most important
fields of application of perturbation theory is the theory describing the motion of
celestial bodies. The motion of the earth around the sun according to Newton’s
laws envisaged as the dynamics of two bodies, point masses, bound by gravity,
leads to periodic revolution in an elliptic orbit. However, with the accuracy of
measurement acquired in those times one could establish considerable deviations
of this motion in an elliptic orbit. Looking for causes of these deviations one con-
sidered the perturbational influence of the moon and the large planets like Jupiter
and Saturn. Such models are leading to equations of motion which, apart from
terms corresponding with the mutual attraction of the earth and the sun, contain
small perturbation terms. The study of these new equations turns out to be very
difficult, in fact the fundamental questions of this problem have not been solved
up till now, but it started off the development of perturbation theory.

Example 9.1.
A simple example of a perturbation arising in a natural way is the following prob-
lem. Consider a harmonic oscillation, described by the equation

(9.1) Z+z=0

In deriving this equation the effect of friction has been neglected; in practice
however, friction will always be present. If the oscillator is such that the friction
is small, an improved model for the oscillations is given by the equation

(9.2) i+ez+z=0.

The term 7 is called " friction term” or ”damping term” and this particular simple
form of the friction term has been based on certain assumptions concerning the
mechanics of friction. The parameter ¢ is small:

0<e<<1

as will always be the case, in this chapter and in subsequent chapters.

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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If one puts € = 0 in equation 9.2 one recovers the original equation 9.1; we call
equation 9.1 the " unperturbed problem”. We shall always proceed while assuming
that we have sufficient knowledge of the solutions of the unperturbed problem. If
this is not the case, it does not make much sense, generally speaking, to study the
more complicated problem with € > 0.

One of the interesting conclusions which we shall draw is, that in a great many
problems, the introduction of small perturbations triggers off qualitatively and
quantitatively behaviour of the solutions which diverges very much from the be-
haviour of the solutions of the unperturbed problem. One can observe this already
in the simple example of the damped oscillator described by equation 9.2. We
shall consider some other examples.

Example 9.2.

Figure 9.1. 0 <z < 1.

Consider the initial value problem
t=-z+4+¢e, z(0)=1.
The solution is z(t) = € + (1 — €)e™*. The unperturbed problem is
y=-y,y0)=1
The solution is y(t) = e™*. It is clear that
lz(t)—yt)|=e—eet<e, t>0.

The error, arising in approximating z(t) by y(t) is never bigger than ¢.
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Example 9.3.

t—»

Figure 9.2. 0 < x < 20.

The situation is very different for the problem
t=+4+z+e, z(0)=1.
The solution is z(¢) = — + (1 + €)e*. The unperturbed problem is
y=+y,y0)=1
with solution y(t) = e*. We find
|2(t) —y(t) [=e|l—¢"|.
On the interval 0 < t < 1, the error caused by approximating z(t) by y(t) is of

the order of magnitude e. This is not true anymore for ¢ > 0, where the difference
increases without bounds.

Example 9.4.

7

i1
Figure 9.3.
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In example 9.3 the solutions are not bounded for ¢ > 0. We shall show now that
also in the case of bounded solutions the difference between the solutions of the
perturbed and the unperturbed problem can be considerable. Consider the initial
value problem

+ (142 =0, 2(0) =0, 2(0) = 1.

The solution is

1
z(t) = e sin(1 +¢€)t.
The unperturbed problem is
j+y=0,y(0)=0,y(0)=1

with solution y(t) = sin ¢. The reader should analyse the difference z(t) —y(t). The
solutions are close for a long time, but if one waits long enough, take for example
t = 7/(2¢), the difference becomes considerable.

These examples do illustrate that in constructing approximations of solutions of
initial value problems, one has to indicate on what interval of time one is looking
for an approximation. In many cases we would like this interval of time to be as
large as possible.

We shall introduce now a number of concepts which enable us to estimate vector
functions in terms of a small parameter €.

9.2 Basic material

Consider the vector function f : R x R®™ x R — R™; the function f(¢,z,¢€) is
continuous in the variables t € R and x € D C R", ¢ is a small parameter. The
function f has to be expanded with respect to the small parameter €. In the simple
case that f has a Taylor expansion with respect to € near ¢ = 0 we have

flt,z,€) = f(t,x,0) +efi(t,z) + > folt, z) + - - " fult, ) + - -

with coefficients fi, fa, - - - which depend on t and z. The expressions €,&2,---,&", -
are called order functions.

More often than not we do not know the vector function f explicitly, for instance

as it has been defined implicitly as the solution of an equation with (initial) condi-

tions. In a number of cases we also do not know apriori which form the expansion
with respect to € will take. Very often we shall look for an expansion of the form

f(t,z,e) 25 ) fult, ) +

in which é,(¢),n = 0,1,2,- - - are order functions. We shall make this more precise.

Definition
The function 6(¢) is continuous and positive in (0,&0] and it has the property
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that linéé(s) exists whereas 6(¢) is monotonically decreasing as € tends to zero;
E—
6(e) is called an order function.

In the case that f has a Taylor expansion, the order functions which have been
used are
{e" 120
Other examples of order functions on (0, 1] are
e|lne|, sine, 2, e”'/¢

Very often we shall compare the magnitude of order functions with a characterisa-
tion like “e* goes faster to zero than £2”. What we mean is that we compare the
behaviour of these two order functions as ¢ tends to zero; for this comparison we
shall use the Landau O-symbols.

Definition

a. 61(e) = O(ba(€)) as € — 0 if there exists a constant k such that §,(¢) <
kby(g) as e — 0.

b. 81(g) = 0(bs(€)) as e — 0 if

G,
1 =0.
e by(€) !
Remark
In a number of cases the following limit exists
im M = k.
<=0 §y(e)

In this case we find with the definition 8; () = O(8(¢)).
So if this limit exists, we have in a simple way the O-estimate for order functions.
Examples are

g =0(*) ase — 0,sine = O(e) ase — 0, | Ine |= 0(1) as € — 0.

In perturbation theory we usually omit "as € — 0” as this is always the case to be
considered.

We are now able to compare functions of e, but this does not apply to vector
functions f(¢, z,€). Consider for instance the function

etsinz, 0<t<1,z€eR.

Intuitively we would estimate e¢sinz = O(e) on the domain [0, 1] x R; to do this
we have to extend our definitions.

Definition
Consider the vector function f(t,z,e),t€ ICR,z€ D CR"™ 0 < ¢ < €o;
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a. f(t,z,¢e) is O(8(¢)) if there exists a constant k such that || f|| < ké(¢)
as ¢ — 0 with §(g) an order function (||.|| is the sup norm on I x D,
see section 1.1).

b. f(t,z,¢€) is o(8(c)) as e — 0 if lli“('s'{”)

In the example given above we have now

0.

etsinz=0(e), 0<t<1,z€R.
Note however that the O(e) estimate does not hold for the functions

etsinz ,t>0 ,z€R
e2tsinz ,t>0 ,z€R.

As we are especially interested in initial value problems for differential equations,
the variable ¢ plays a special part. Often we shall study a solution or its approxi-
mation on an interval which we would like to take as large as possible. So in these
cases we shall not fix the interval of time apriori.

It turns out to be useful to characterise the size of the interval of time in terms of
the small parameter €.

Definition time-scale.

Consider the vector function f(¢,z,¢),t > 0,z € D C R", and the order functions
61(e) and ba(¢); f(t,z,e) = O(b:1(g)) as € — 0 on the time-scale 1/8;(¢) if the
estimate is valid for £ € D, 0 < 83(e)t < C with C a constant independent of ¢.
The formulation in the case of the o-symbol runs in an analogous way.

Example 9.5.

filt,z,e) =etsinz, t >0, z € R;

fi(t,z,€) = O(e) on the time-scale 1, fi(t,z,¢) = O(1) on the time-scale 1/e.
fo(t,z,€) = e’tsinz , t >0, z € R,

fa(t,z,€) = O(e) on the time-scale 1/¢,

fat,z,€) = O(e'/?) on the time-scale 1/%/2.

We are now able to introduce the concept of an asymptotic approximation of a
function.

Definition
Consider the functions f(t,z,¢), g(t,z,€), t > 0, z € D C R"; g(¢,z,¢) is an
asymptotic approximation of f(¢,z,¢) on the time-scale 1/6(¢) if

f(t,z,e) —g(t,z,e) = o(1) as € — 0 on the time-scale 1/6(¢).

Approximation of functions will take the form of asymptotic expansions like

ft,z,e) 25 (&) fal(t,z,) + 0 (bn(e))
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with 6,(¢),n = 0,---, N, order functions such that 8,.1(¢) = 0(6.(c)), n =
0,---, N — 1. The expansion coefficients f, (¢, , €) are bounded and O(1) as ¢ — 0
on the given ¢, z- domain.

Example 9.6.
filt,z,e) =zsin(t +¢t), t > 0,0 <z < 1.
The function z sint is an asymptotic approximation of fi(t,z,€) on the time-scale
1.
falt,z,€) = sine + 3ttt > 0.
The function ¢ is an asymptotic approximation of f5(¢, z,€) on the time-scale 1/.
9.3 Naive expansion
Consider the initial value problem
z = f(t,z,e), z(0) given

t >0,z € D CR"™ If we can expand f(¢,z,¢) in a Taylor series with respect to &
ft,z,€) = fot,z) + efilt,z) + €% -
then one might suppose that a similar expansion exists for the solution
z(t) = zo(t) + ez (t) + €% -

Substitution of the expansion in the equation, equating coefficients of correspond-
ing powers of £ and subsequently imposing the initial values produces a so-called
formal expansion of the solution. It seems natural to expect that the formal ex-
pansion represents an asymptotic approximation of the solution. We shall show
that this is correct, but only in a very restricted sense; first a simple example.

Example 9.7.
Consider the oscillator with damping

(9.3) T4+2z+1=0
with initial values z(0) = a, £(0) = 0. The solution of the initial value problem is

(9.4) z(t) = ae” cos(V1 — £2t) e tsin(v1 — €2t)

a
+Ee———
V1-¢?

Ignoring the explicit solution we substitute
z(t) = zo(t) + ey (t) + 2+ -

Equating coefficients of equal powers of €, we find

I

Zo + Zo 0
In+zTp, = —2T,,n=12---
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The initial values do not depend on ¢ so it is natural to put

Solving the equations and applying the initial conditions we obtain

zo(t) = acost
z1(t) = asint — at cost, etc.

The formal expansion is

z(t) = acost + ag(sint — tcost) +£*---

117

This expansion corresponds with an oscillation with increasing amplitude; it is
easy to see that on the time-scale 1/¢ the formal expansion does not represent an
asymptotic approximation of the solution (substitute for instance ¢ = 1/¢ in the

solution and in the formal expansion).
Formal expansion as in example 9.7 can be characterised as follows.

Theorem 9.1
Consider the initial value problem

= fo(t,z) +efi(t,x) + - + ™ finlt,z) + ™' R(t, 1, ¢)

with z(tg) = n and |t —to] < h, z € D C R*, 0 < € < g;. Assume that in this

domain we have

a. fi(t,z),i=0,---,m continuous in ¢ and z, (m + 1 — 1) times continu-

ously differentiable in z;
b. R(t,z,€) continuous in ¢,z and ¢, Lipschitz-continuous in z.

Substitution in the equation for = the formal expansion

To(t) + ez (t) + -+ + eMam(t),

Taylor expansion with respect to powers of ¢, equating corresponding coefficients
and applying the initial values zo(to) = 7, z;i(tp) = 0, i = 1,---,m produces an

approximation of z(t):
l2(t) = (zo(t) +ez1 () + - +e™zm(t))]| = O(e™H)
on the time-scale 1.

Proof
Substitution of the formal expansion in the equation produces

To+eiy + - = fo(t,zo+exy +--) +efi(t,zo +exy + ) -
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where the dots indicate terms starting with £, * etc. Expansion in a Taylor series
and equating coefficients of equal powers of € yields

2o = fo(t, zo) (unperturbed equation)
&1 = fit,z0) + G2 (t, zo)z1.

The equation for z;, i = 1,2, - - - is of the form

in which A;(t) and B;(t) depend on zo(t), - -+, x;_1(t), i.e. the unperturbed equation
is nonlinear, the subsequent equations are linear with variable coefficients. The
equivalent integral equation for the initial value problem is

oft) =+ [ folra(m)dr 4t e [ fulra(r))ars

t

+emtl / R(7,z(7),€)dr.
to

We start by choosing m = 0; we have

t
zo(t) =17 +/: fo(r, zo(7))dr
0
and .
2(t) = zo(t) = [ [folr,2(r) = folr,zo(r)ldr+
0
¢
5/ R(r,z(7),e)dr.

to
Using the Lipschitz-continuity of fo, Lipschitz-constant L, and the boundedness
of R, ||R|| < M, we find for ¢t > t,

le(®) - 2u(®) < | Lll(r) = zo(r)dr + Mt ~ o)

Application of theorem 3.1 (Gronwall) with §, = L, 6, = eM and 83 = 0 produces

M ;- M

l2(t) = zo())]] < e ) — e

We conclude that z(t) — zo(t) = O(e) on the time-scale 1.
It follows that we may put

z(t) = zo(t) + ep(t, €)

with ¢(t,e) bounded by a constant independent of € on the time-scale 1.

Now we choose m = 1 and the reader can check that we may use the same tech-
nique, integral equations and Gronwall, to prove that ¢(¢,e) —z,(t) = O(g) on the
time-scale 1. It is clear that, continuing in this way, the theorem follows. O

The expansion which we have obtained is an asymptotic approximation of the so-
lution. A natural question is whether, on taking the limit m — oo, while assuming
that the righthand side of the equation can be represented by a convergent power
series with respect to &, we obtain in this way a convergent series for z(¢). This
question has been answered in a positive way by Poincaré.
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9.4 The Poincaré expansion theorem

Consider the initial value problem

(9:5) &= f(t,z,€) , 2(to) =,

where we assume that f(t,z,€) can be expanded in a convergent Taylor series with
respect to € and z in a certain domain. The unperturbed problem is

i'O = f(tv Zo, 0)

In many applications, for instance if we are looking for periodic solutions, we do
not know precise initial conditions; we allow for this by admitting deviations of
order 1

.I(to) = l‘g(to) + 1

with 1 a constant, at this point independent of . We translate
T =Y+ To(t)

to find for y
(96) y = F(t’yy 5) ) y(tO) =p

with F(t,y,e) = f(t,y + zo(t),€) — f(t,zo(t),0).

The expansion properties of f(t,z,€) imply that F(¢,y, ) possesses a convergent
power expansion with respect to y and ¢ in a neighbourhood of y = 0, € = 0.
The proof of theorem 9.1, in making use of the Lipschitz-continuity of the deriva-
tives to order m, can be viewed as contraction in a C™-space. In the subsequent
proof we use contraction in a Banach space of analytic functions.

Theorem 9.2 (Poincaré).
Consider the initial value problem 9.6

y=F(ty,e), ylto) = p

with |t —to] < h,y € D C R",0 < e <£0,0 < pu < pg. If F(t,y,€) is continuous
with respect to ¢,y and ¢ and can be expanded in a convergent power series with
respect to y and ¢ for [jy|| < p, 0 < € < &, then y(t) can be expanded in a
convergent power series with respect to € and y in a neighbourhood of € = p = 0,
convergent on the time-scale 1. O

Proof

Starting with the function y®(¢) = p the usual contraction process produces a
sequence

t
Y (E) = +/ F(r, y(n)(T)’g)d'r ,n=0,1,2,---
to

which converges towards the solution of the initial value problem (see for instance
Walter (1976) section 6).

The sequence is uniformly convergent for |t — ¢y3] < h. We shall use now the
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expansion properties of F(t,y,€) to develop at each iteration step y™(t) with
respect to £ and p. Integration of the powerseries for y™(t) yields a power series
for y(®+1)(¢) which is convergent in the same domain.

We are intending now to use the theorem of (complex) analytic function theory
which tells us that the limiting function of a uniformly convergent series of analytic
functions is also analytic (Grauert and Fritzsche (1976), theorem 3.5 in chapter
1.3). To apply this theorem we perform the analytical continuation of the functions
{y™(£)}2, in the parameters € and p on a domain D C @* with positive measure;
the theorem uses integration in D for a certain Cauchy integral, in which ¢ plays
the part of a real parameter. So the limiting function y(¢) is analytic in £ and p.
Finally we take a closer look at the interval of time on which the expansion is
valid. On the domain of definition of F' we have

[ llsup = M.

The expansion properties which we have used, require that the solution remains
in a p-neighbourhood of y = p at each iteration. For n =1 we have

y® —ull <p

so that
lull + Mt = to] < p.

It is easy to see that on requiring

ly™ —pll <p

we have again
llull + Mt —to] < p

so that
|t — to] < p/M — |ull/M.

So the expansion of the solution holds for |t —¢o| < min(h, #) If ||ul| < p and
h is not o(1), the expansion is clearly valid on the time-scale 1. |

Remark
In the theorem we have assumed that F' (or f) depends on one parameter €. It is
easy to extend the theorem to the case of an arbitrary finite number of parameters.

9.5 Exercises

9-1. Approximate the periodic solution of the equation
i+r—ex®=0

starting in (0) = 1,£(0) = 0.
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9-2. In exercise 7.4 we considered two competing species; now we choose the
interaction to be small by putting a = ¢:

T = z—1%—exy
y = y—y’—ey

a. Starting with positive initial values z(0) = zo, y(0) = yo, compute
an expansion of the solution up till O(e).
1 1
b. We know that tgrglo(z(t),y(t)) = (m, m) (attracting node).
What is the limiting behaviour as ¢ — oo of the approximation?
May we conclude that in this case the approximation is valid for

all time?

9-3. We consider initial value problems satisfying the conditions of theorem 9.1.

a. efilt,x) +2fa(t,z), z(te) =7
g = ehlt,y), ylto) =n.
Give the error estimate ||z(t) — y(t)|| according to theorem 9.1.
Can we improve upon the time-scale?

b. The same questions for the problems

= e¥fy(t,x) +3fa(t, ), z(te) =7
e2fo(t,y), ylto) = 1.

Y

9-4. We are interested in the existence of periodic solutions of the perturbed
Hamiltonian system

itz - =¢e(l-2%)i, A>0.
a. Determine the location of the periodic solutions of the unperturbed
problem (¢ = 0).
b. Characterise the critical points if 0 < ¢ << 1.

c. Determine with a certain accuracy the domain where periodic so-
lutions might be found.

d. Apply the Bendixson criterion (theorem 4.1) to the problem; this
produces an upperbound for A.



10 The Poincaré-Lindstedt method

In this chapter we shall show how to find convergent series approximations of peri-
odic solutions by using the expansion theorem and the periodicity of the solution.
This method is usually called after Poincaré and Lindstedt, it is also called the
continuation method.

10.1 Periodic solutions of autonomous second-order equations

In this section we shall consider equations of the form
(10.1) i+z=c¢ef(z,1,¢), (z,2) € D C R

If e = 0, all nontrivial solutions are 2m-periodic. To start with we assume that
periodic solutions of equation 10.1 exist for small, positive values of €. See chapter
4 for theorems and examples; in section 10.4 we shall return to the question of
existence.

Furthermore we shall assume that in D and for 0 < £ < g, the requirements of
the Poincaré expansion theorem (section 9.4) have been satisfied. Both the period
T of the solution and the initial values (and so the location of the solution in the
phase-plane) will depend on the small parameter €. This is the reason to put

T=T(), z(0) =a(e), £(0) =0.

Note that putting £(0) = 0 for periodic solutions of equation 10.1 is no restriction.
The approximations which we shall construct concern solutions which exist for all
time. The time-scale of validity of the approximations will therefore play a part
in the discussion. The expansion theorem tells us that, on the time-scale 1,

lin()) z(t,€) = a(0) cost

with a(0) at this point unknown; moreover we have clearly T(0) = 27. In the
sequel we shall expand both the initial value and the period with respect to the
small parameter €. It is convenient to transform ¢ — 6 such that, in the new
time-like variable 6, the periodic solution is 2m-periodic. We transform

wt=60, w?=1-—en(e).
Equation 10.1 becomes after transforming and with notation z’ = dz/d6
(10.2) 2" +z =¢e[nz+ (1—en)flz, (1 —en) 2z’ e)),
initial values z(0) = a(e), 2'(0) = 0.

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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We shall abbreviate equation 10.2 by
" +z = ¢eg(z, 7', g,n).

The initial value a and the parameter 1, which determines the unknown period,
have to be chosen such that we obtain a 27-periodic solution in 6 of equation 10.2.
By variation of constants we find that the initial value problem for equation 10.2
is equivalent with the following integral equation

z(0) = acosf +¢ /09 sin(@ — 7)g(z(7), ' (1), &,m)dr

For the periodic solution we have z(§) = z(# + 2r) which yields the periodicity
condition

0+2m
/ sin(6 — 7)g(z(7),2 (1), &,m)dT = 0.
0
Expanding sin(@ — 7) in goniometric functions we find two independent conditions

fog” sinTg(z(7),2'(1),€,m)dT =0

(10.3) foz" cosTg(z(1), 2 (1), €,m)dT = 0.

The periodic solution depends on € but also on a and 7, so system 10.3 can be
viewed as a system of two equations with two unknowns, a and 7. According
to the implicit function theorem this system of equations 10.3 is uniquely solv-
able in a neighbourhood of € = 0 if the corresponding Jacobian does not vanish.
Writing system 10.3 in the form Fi(a,n) = 0, Fy(a,n) = 0 this means that in a
neighbourhood of € = 0

o(F, Fy)
(10.4) \ e, #0
If condition 10.4 has been satisfied, we have with the assumptions on the righthand-
side of equation 10.1, that a(e) and 7(e) can be expanded in a Taylorseries with
respect to €. From equation 10.2 we find for system 10.3 with € = 0

/021r sin 7 f(a(0) cos 7, —a(0) sin 7, 0)dT = 0
(10.5)
7 (0)a(0) + /021r cos 7 f(a(0) cos T, —a(0) sin 7, 0)dr = 0.

Applying 10.4 to system 10.5 we find the condition (notation : f = f(z,y,€))
2m 1

(10.6) a(0) A [5 sin QT%(G(O) cosT, —a(0) sin T, 0)+

— sin? Tg—i(a(()) cos 7, —a(0) sin 7, 0)]dT # 0.

Remark

If ¢ = 0, all solutions of equation 10.1 are periodic. Condition 10.4 and con-
sequently condition 10.6, is a condition for the existence of an isolated periodic
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solution which branches off for £ > 0; see also the discussion in section 10.4.
If, however, there exists for € > 0 a continuous family of periodic solutions, a
one-parameter family depending on a(e), then condition 10.4 or 10.6 will not be
satisfied. If we know apriori that this family of periodic solutions exists, then we
can of course still apply the Poincaré-Lindstedt method. In this respect the reader
should study the equation

Z+z=¢ef(z).

See also the examples 2.11 and 2.14.

We conclude that if condition 10.4 has been satisfied, the corresponding periodic
solution of equation 10.2 can be represented by the convergent series

(10.7) z(0) = a(0) cos 0 + i £, (0)

in which § =wt = (1 — En)“%t while using the convergent series

a—-Zean,n—Zenn,x(O =a(0 +Zs'yn , 0 < e <e,.

The expansions of T'(¢) and a(e) which we used in the beginning of the construction
have been validated in this way.

We shall now demonstrate the construction of the Poincaré-Lindstedt method for
an important example.

Example 10.1. (van der Pol equation)
We showed in section 4.4 that the equation

t+r=¢e(1-2)i

has one periodic solution for all positive values of €. We take £ small and we put
again
=0,w?=1-en(e)

so that the van der Pol equation transforms to
(10.8) " +x=enz+ (1 —en)/?(1 - z%)2]

with z(0) = a(e), 2’(0) = 0. We can determine a(0) and 7(0) with the system of
equations 10.5. We find -

0
0

30(0)(1 - 3a(0)?)
1(0)a(0)

with non-trivial solutions a(0) = 2, n(0) = 0 (putting a(0) = —2 does not yield a
new periodic solution). Condition 10.4 has been satisfied. To determine the terms
of the series 10.7 systematically, we substitute the series with its derivatives into
equation 10.8. Collecting terms which are coefficients of equal powers of € produces

Il
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equations for the coefficients 7, (). Then we apply the periodicity condition; this
is aequivalent to using system 10.3 where g has been expanded with respect to
powers of e. We write

z(0) = agcos+en(8) +e*n(f) +---,

7'(0) = —agsinf +evi(0) +e*v4(0) + - - - etc.
to find after substitution
1
(10.9) v + 7 = agno cos ) + aO(Za(Q, —1)sin 6+
1
Zag sin 36.

The solutions of equation 10.9 are periodic if ag = 2, 79 = 0. The general solution
of the equation is

3
1(0) = Ay cos@ + B, sinf — % sin 36.

From the initial conditions we have B, = %ag, Ay = ay; in the next step a; will
be determined.

In the literature this process of applying the periodicity condition is sometimes
called ”elimination of the secular terms”. The term ”secular” originates from
celestial mechanics and refers to terms which are unbounded with time; we have
met with such terms in section 9.3.

Putting ag = 2 we find
3 . 1.
1(0) = a; cosf + 1 sin@ — 1 sin 36.
The equation for 7, is

1
(10.10) Yo 472 = (2m + Z) cos 6 + 2a; sin 0 + 3a, sin 360+

—g cos 36 + g cos 56).
The periodicity condition yields (2m, + ;‘1) = 0,a, = 0, which determines ~,(0)

completely. The general solution of equation 10.10 is

¥2(68) = Az cos @ + By sin 6 +1—36c0830 - %00859.

From the initial conditions we have By = 0, A, + % = ay; in the next step ay will
be determined. The equation for v; is

’ 1 .
(10.11) Yy 4+ v3 = 2my cos § + (245 + Z)sm& + (34, — 3%) sin 36

35 . 7.
+§Z sin 50 — Tz sin 76.
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Note that the equations for «y, are all linear. This is in agreement with the proof
of theorem 9.1.
The periodicity condition produces 7o = 0, 24, + ;11 = 0 which determines a,.

Using the relation w™2 =1 — eny — €29, — €%y — - - - we find
1 15 . ( 3 2 53( 3 15 )
w=1+ + + + + + — 4.
gt 2™ 8770 2 47707’1 48"

For the period we have

21 1 1
T=—=on (1—56710—62( m+8770)—€( 7]2+4770771+

— 3 ...
48770) +0).

For the van der Pol equation we find with 7o = 0, 7, = —%, 7o

I
@

1
w—l—Ee + O(e")

T =2n(1 + 1—1652) +O(e").

The approximation of the periodic solution of the van der Pol equation to accuracy
O(e")

3 1
(10.12) z(0) = 2C059+E{Zsin6 - Zsin39}+

1 3
2 — —
€ { 8cos9+16cos36’

5 . 7 21
2 - £ in30
% cosbf} +¢e {AgCOSB 5651n«9-l~256$1n3
35

7 4
~576 sin 50 +—% sm7c9} + O(e%).

in which 6 = (1— %5215); the O(e*) estimate is valid for 0 < 6§ < 2 and 0 < € < €.
We note that ¢ is the radius of convergence of the power series with respect to
of the periodic solution. It is not so easy to compute this radius of convergence as
we need for this the explicit form of the coefficients for arbitrary n (or the ratio of
subsequent coefficients).

In expression 10.12 there is a still unknown coefficient As, which can be computed
when applying the periodicity condition to the solution of the equation for ~4.
Andersen and Geer (1982) used a computer program which formally manipulated

the expansions; they calculated the expansion of w to O(e'®). Their result to
O(£19) is
1 17 35 678899
10.13 =1-—¢? 4 6 8
(10.13) “ 16° T3072° 8847360 ~ 5006079360

28160413
2293235712000°
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The computations suggest a radius of convergence €9 = v/3.42 which is rather
large.

Remark
In example 7.4 we derived a criterion for the stability of the periodic solution of
equations like van der Pol. In the case of the van der Pol equation we have stability
if
T
/ (62(t) — 1)dt > 0.
0

The approximation given by 10.12 shows that the solution is stable.

Until now, the validity of the approximations obtained by expanding with respect
to the small parameter € has been restricted to 0 < 6 < 27. This is not very long.
In the next section we shall improve the validity of the approximations for periodic
solutions strongly.

10.2 Approximation of periodic solutions on arbitrary long time-
scales

When analysing a periodic solution of an equation with the Poincaré- Lindstedt
method, the period and the other characteristic quantities (amplitude, phase) can
be approximated with arbitrary good precision. One of the consequences is that
we can find approximations which are valid on an interval of time which is much
longer than the period. We shall illustrate the ideas again for equation 10.1 which
has been discussed in the preceding section. In other problems where the Poincaré-
Lindstedt method is being used, the reader can follow an analogous reasoning.

In the z, z-phaseplane of equation 10.1, the T-periodic solution corresponds with
a closed orbit; this also holds for the approximation to order ¥ which we have
constructed. During an interval of time of length T, the phase points corresponding
with the periodic solution and the approximation are eV-close, we have almost
synchronisation. After a longer period of time however, the phase points of the
periodic solution and the approximation will separate more and more. We shall
make this precise.

It follows from w2 = 1 — en(e) that w can be expanded in a power series, which
is convergent for 0 < € < gq:

o0
w=1+ Z e"wp.
n=1

We now introduce the quantities

On = (1+ew +52w2+...+erN)t
and
T (0) = agcosf + ey, (0) + %72(0) + . .. + My ().

Note that in the Poincaré-Lindstedt method one has M = N and the algorithm
produces zy (fy) which is an O(eV+!) approximation of the periodic solution on the
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time-scale 1. We shall demonstrate that the problem of ”almost synchronisation”
can be discussed on a longer time-scale by considering M # N. We shall use

z(0) — zpm(0n) = z(0) — z(On) + z(6N) — zpr(ON)
and by application of the triangle inequality
(10.14)  [Jo(6) — 2as (On)]| < [12(6) — (6] + [[£(6n) — zar(Ow)]|.

The function z () is continuously differentiable, so, for ¢ sufficiently small, z(6) is
Lipschitz-continuous in € with Lipschitz-constant L. So we have

o
2(8) — z(On)l| < LIO = Onl| =L | D c"walt.
n=N+1

Furthermore it follows from the expansion theorem that

[ee]

z(0y) —zm(On) = Y e"m(fn)

n=M+1

with bounded coefficients v,. Using these results, the estimate 10.14 becomes

(1015) o) e @I S L] Y Fwnltr] 3 alon) |
n=N+1 n=M+1

= O(eN*t) + O(eMH).

For M = N and 0 < t < T we recover the results of section 10.1 from 10.15.
However with M =N —1wefindfor0 <et <T

lz(0) — 2n_1(6n)]| = O(e™) on the time-scale 1/e.
We also find
z(8) — zn_2(On)]| = O(eN~") on the time-scale 1/¢”.

The approximations and their corresponding accuracy can be summarised in table
10.1.

Table 10.1.
time-scale \ accuracy | 0(¢) 0(¢?) 0(s%)
0<t<T agcosby | agcosfy 4+ eyi(61) | agcosba + 71 (62) + £2y2(6s)
0<et<T aocos By | agcosBy + ev,(0;) | agcos bz + ey1(03) + £2v2(63)
0<et<T agcosBy | agcosfs + ey1(603) | agcosby + £71(04) + £272(64)

In the table we have 6y = ¢, ) = (14w )t, 0y = (1+ew; +£2wy)t, ete. The first row
represents the convergent power series expansion which produces approximations,
valid on the time-scale 1. The subsequent rows in the table contain asymptotic
approximations which are valid on a longer time-scale.
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We shall substitute the expressions in the table which apply to the periodic solu-
tion of the van der Pol equation & + z = £(1 — z?)i:

Table 10.2. Periodic solution van der Pol equation.

time-scale \ accuracy | 0(¢) 0(g?) 0(?)
0<t<T 2cost | 2cost+em(t) | 2cosbs + ey (6a) + £2v2(6s)
0<et<T 2cost | 2cosfy +£v1(02) | 2cos by + 7 (02) + e2y2(62)
0<e®t<T 2c08 0, | 2c080y +£71(02) | 2c08 04 + €7, (64) + £2v2(64)
in which 1.2 V2, 17 4
0, =(1——1-é€)t,094=1—'1-é€ + 3072€
v1(0) = 3sinf— ;sin30
12(0) = —§c050+1—36c0s39—%c0359
T =2n(1+ % — 355¢").

Those approximations which are valid on the time-scale 1/¢, can also be obtained
by the averaging method which will be discussed in chapter 11.

Using the expansion, computed by Andersen and Geer (1982) which contains the
expansion coefficients of w to order £'®, we can approximate the periodic solution
on a very long time-scale. Take for instance N = 10. The function 2 cos 8, with

1, 17

LT 35 678899 28160413
16° " 3072

_ 10
884736°  5006070360° © 2203235712000° )

010 = (1 4 +
approximates the periodic solution of the van der Pol equation with accuracy O(¢)
on the time-scale e~!°. If for instance € = 0.1, the validity is on an interval of time
of the order 10'° periods.

10.3 Periodic solutions of equations with forcing terms

The theory of nonlinear differential equations with inhomogeneous time-dependent
terms, which represent oscillating systems with exciting forces, turns out to be
very rich in phenomena. Here we consider only an important prototype problem,
the forced Duffing-equation. This equation models many problems involving a
nonlinear oscillator with damping and forcing.

The forced Duffing-equation will be considered in the form

(10.16) i+ept +1z—ex® = ehcoswt

with constants ¢ > 0 and h > 0; we assume the forcing has a period which is near
to 27, so we may put

w?l=1-¢6

with £ a constant independent of e. We shall look for solutions of equation 10.16
which are periodic with the period 27 /w of the forcing term.

Note that when studying autonomous equations, the period is not determined apri-
ori (cf. section 10.1). Also, when studying autonomous equations, the translation
property from lemma 2.1 holds; this enables us to put 1 = 0 for the phase 1 in




130 10 The Poincaré-Lindstedt method

those cases without loss of generality. In the case of equation 10.16 we have not
the translation property so it is reasonable to introduce a phase 1. We put

wt=0—1
which, with dz/df = 2’, transforms equation 10.16 to

2+ eg(z,z',1,0,¢)
(10.17) = efz —ep(l —ef)2z’ + (1 — ef)z+
+e(1 —ef)hcos(6 — ).

We shall look for 27-periodic solutions of equation 10.17 with initial values z(0) =
a(e), 2’(0) = 0; this problem is equivalent with looking for 27-periodic solutions
of the integral equations

z(0) = acosf +¢ /09 sin(0 — 7)g(z(7),2' (1), ¥, 7, €)dr

z'(0) = —asinf +¢ /09 cos(0 — 1)g(z(7),2' (), %, T,€)dr.

The periodicity condition becomes

/027r sinTg(z(7),z'(7), 9,7, €)dT =0
(10.18)

/021r cos7g(z(r),z (1), ¥, T,€)dT = 0.

Apart from ¢, the periodic solution depends on a and . System 10.18 can be con-
sidered as a system of two equations with two unknowns, a and 1. According to
the implicit function theorem, this system is uniquely solvable in a neighbourhood
of ¢ = 0, if the corresponding determinant of Jacobi does not vanish. Rewrit-
ing system 10.18 as Fy(a, %) = 0, Fy(a,%) = 0 this means that we have unique
solvability if OF,, Fy)

1, 12
(10.19) B(a, ) # 0,
with € in a neighbourhood of 0.
According to the implicit function theorem we may expand

[o¢] o] [oo]
a(e) =Y €an, P(e) = > "y, z(0) = agcosf + > e"y(8).
n=0 n=0 n=1
Using these series, the expression for ¢ in 10.17 yields the expansion
9(z, 2’1, 0,€) = Bagcos b + pagsinf + aj cos® 6 + hcos(d — ) + €. ..

The periodicity condition 10.18 becomes at first order

pao + hsiny =0

(10.20) Bag + hcostpy + 2af = 0.
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System 10.20 is uniquely solvable if (10.19)

9
(10.21) usin o + [ cos gy + Zag cos g # 0.

The problem without damping, i = 0, is the simplest. We have in this case
1o = 0, m; the possible values of ay follow from the equations Baq £ h + %ag =0.
The requirement of uniqueness 10.21 becomes in this case § + %ag #0.

If, for given values of p, h and 3, we have determined the coefficients ag and )y,
we find for the periodic solution

z(t) = ag cos(wt + 1g) + O(g) on the time-scale 1.

From the discussion in the preceding section it is clear that, if we wish to construct
an approximation which is valid on a longer time-scale, we have to compute more
terms of the expansion.

Another remark is, that we have obtained an approximation of a periodic solution
but until now there is no simple criterion to determine its stability at the same
time. We shall return to this question in the next chapter.

10.4 The existence of periodic solutions

In section 10.1 we studied expansion with respect to the small parameter ¢ for
periodic solutions of the equation & +z = ef(x, £, €); in section 10.3 we considered
a problem where the righthand side is time-dependent.

In both cases we were able to apply the Poincaré expansion theorem of section 9.4.
The periodicity condition has the form F(a,n) = 0, Fy(a,n) = 0 (equations 10.3
or 10.18) with a and 7 two parameters, which still have to be determined. The
equations for a and 7 are uniquely solvable if

(10.22) ‘—O(F" F)

d(a,n)

This is the most important condition for application of the implicit function the-
orem, the other conditions of this theorem have been satisfied by the assumptions
of the Poincaré expansion theorem.

We note that in principle, condition 10.22 is difficult to verify as the unknown pe-
riodic solution is contained in the expressions for Fy and F,. However, verification
of condition 10.22 is possible by applying the expansion theorem to develop F,
and F, with respect to the small parameter. We summarise this as follows.

# 0.

Theorem 10.1.

Consider equation 10.1 Z 4+ = = ef(z,&,e) (or equation 10.16). If the conditions
of the Poincaré expansion theorem have been satisfied and simultaneously the pe-
riodicity condition 10.3 (or 10.18) and the uniqueness condition 10.22, then there

exists a periodic solution. This solution can be represented by a convergent power
series in € for 0 < € < g.
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The problem of the forced Duffing equation can be generalised as follows.
Consider in R™ the equation

(10.23) = f(t,z) +eg(t, z,€).
with (for instance) f and g T-periodic. The "unperturbed equation” is

(10.24) y=f(ty)

and this equation is assumed to have a T-periodic solution ¢(¢). Does there exist
a T-periodic solution (¢, €) which is close to ¢(t) with ¥(¢,0) = ¢(t)?
Consider equation 10.23 with initial condition

(10.25) Z Ji=o= ¢(0) + p.

The solution of this initial value problem will be z(¢,e, ). We assume that the
conditions of the expansion theorem have been satisfied so that

(10.26) gtew) =)+ Y. Ve kr(t)uh ke,
ki+...+kn+k>1

The series converges for |[u]] < p, 0 < € < g and ¢, € [0,T); wy,.. ., are
the components of u. The coefficients y can be determined by substitution of the
series 10.26 in equation 10.23 and by equating coefficients of equal powers of the
parameters on both sides of the equation. This process produces a system of linear
differential equations for the unknown expansion coefficients y which presumably
we can solve.

The periodicity condition is

(10.27) H(p, ..o pin€) = z(T e, p) — (0,6, ) = 0.
This system of n equations with n unknowns p, ..., i, is uniquely solvable for
near zero if for the Jacobian we have
OH
— #0.
ou 7
The corresponding solutions for the parameters p,, ..., u, of 10.27 produce a T-

periodic solution 10.26 of equation 10.23.

In applying the Poincaré-Lindstedt method all kinds of complications may arise.
For instance in a number of problems, like in Hamiltonian systems, periodic so-
lutions arise in continuous one-parameter families instead of isolated periodic so-
lutions. In such a case condition 10.22 will not be satisfied and one has to take
a closer look at the question whether the expansions which have been obtained
represent periodic solutions.

The verification of condition 10.22 can usually be carried out only by expansion
with respect to the small parameter. In the example of section 10.1, condition
10.22 has been satisfied already at first order in the expansion. In practice it may
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happen that one needs higher order expansions to achieve this. We illustrate this
as follows.

Example 10.2.
Consider the modified van der Pol equation for £ > 0

(10.28) i+z=cr®+(1- 1.
We shall look for periodic solutions of this equation, but the theory of chapter 4

doesn’t present us with apriori knowledge of the existence of such a solution. As
in example 10.1 we put

wt=0,w?=1-enle).
Equation 10.28 becomes with dz/df = z’

(10.29) o'+ 1z =elnz+ (1 —en)z’ +e(1—en)z(1 — 2%)z].

The initial values will be again z(0) = a(e), z'(0) = 0. We expand

[oe) o0
ale) =Y e"an, n(e) = ',
n=0 n=0

8
—
5
=
I

apcosf + ey, (0) + 272 (0) + . ..
z'(0) = —apsind +ev((0) +295(0) + ...

Substitution in equation 10.29 and equating coefficients of equal powers of € yields

(10.30) W+m = moagcosh + adcos®f

(10.31) v+ 7o 3

M ag cos 8 + noy1 (8) — moag cos®
+3ad cos® 0y, (8) — (1 — a? cos® §)ay sin 6

etc.
The general solution of equation 10.30 is

0
1(6) = Ay cos@ + Bysinf + / sin(# — 7)[noag cos T+
0

+a cos® 7]dr.

From the initial values we have A, = a;, B) = 0; ay and a, are as yet unknown.
The periodicity condition produces

2m
/ sin 7[nyag cos T + aj cos® 7)dr = 0
0
(10.32)

2m
/ cos T[moag cos T + aj cos® 7)dr = 0
0
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The first equation of 10.32 holds for all values of 7y and ap; from the second
equation we find

3
ao(mo + :lag) =0.

The Jacobian 10.22 of system 10.32 is zero. The parameters ay and 7, have not

been determined uniquely. We find with no = —2a?

"] 3
7(8) = a; cosf + / sin(f — T)% cos 37dT
0

3
=a;cosf + ;—3(0059 — cos 30).

The reader should consider the consequences of the choice ag = 0.
In the same way we determine the solution of equation 10.31. The periodicity
condition produces

2
/ sin 7[mag cos T + oy (T) — noad cos® 7+
0

2

3a2 cos®> 7y (1) — (1 — @ cos® T)ag sin 7]dT = 0

(10.33)

2
/ COos T[T]l(lo COST + Mon1 (7‘) - T]()ag COS3 T+
0

2

3a2 cos® 7y, (1) — (1 — a cos® 7)ag sin 7]dr = 0.

Condition 10.33 leads to

1
ao(]. - Za%) = 0

3

ag + a—§ a3+9a2a +20 9
Tao + Toay 327700 2 %M 64

It follows that aq = 2 so that ny = —3. In this way the first term of the approxi-
mation of z(#) has been determined uniquely. The second relation gives

139
2771 +6a1+? =0.

The parameters 7, and a; can be determined by analysing the periodicity condition
for the solution of the equation for 3(#). The periodic solution of equation 10.28
is approximated as

z(t) = 2cos(1 — ge)t + O(€) on the time-scale 1/e.
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10.5 Exercises

10-1.

10-2.

10-3.

10-4.

Consider the equation
f—z—2>=0

a. Characterise the critical points and sketch the phase-plane.

b. Around the critical point (-1, 0) we have cycles which correspond
with periodic solutions.
Starting in a neighbourhood at (z,Z) = (—1+¢,0) we expand the
period
T(e)=To+ e+ T + €% ..

Determine Ty, T} and T5.

The solutions of the equation for the mathematical pendulum Z + sinz = 0
are periodic in a neighbourhood of (z, ) = (0,0). Figure 5.2 suggests that
the period T of the solutions starting in (a, 0) increases slowly with a (if this
is true, it explains the success of the harmonic oscillator as an approximation
of the mathematical pendulum).

To verify this, consider a as a small parameter and approximate T'(a).

We left out some details of the calculation of appendix 2, case m = 2. Find
the intermediate steps which have been omitted.

Consider the van der Pol-equation with a small forcing

i+ =¢(1 - 2%)i + ehcos(wt)

We shall look for periodic solutions with initial conditions z(0) = a(e), ©(0)
0. Determine the Poincaré-Lindstedt expansion to O(g) in the case w2
1 — €6 by computing the periodicity conditions.
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11.1 Introduction

In this chapter we shall consider again equations containing a small parameter €.
The approximation method leads generally to asymptotic series as opposed to the
convergent series studied in the preceding chapter; see section 9.2 for the basic
concepts and more discussion in Sanders and Verhulst (1985), chapter 2. This
asymptotic character of the approximations is more natural in many problems;
also the method turns out to be very powerful, it is not restricted to periodic
solutions.

The idea of averaging as a computational technique, without proof of validity,
originates from the 18" century; it has been formulated very clearly by Lagrange
(1788) in his study of the gravitational three-body problem as a perturbation of
the two-body problem.

As an example we consider the equation

(11.1) I+z=cf(z,i).

If € = 0, the solutions are known: a linear combination of cost and sint. We can
also write this linear combination as

o cos(t + to)-

The amplitude 7y and the phase 1)y are constants and they are determined by
the initial values. To study the behaviour of the solutions for € # 0, Lagrange
introduces ”variation of constants”. One assumes that for £ # 0, the solution
can still be written in this form where the amplitude 7 and the phase 1 are now
functions of time. So we put for the solution of equation 11.1

(11.2) z(t) = r(t) cos(t + ¥ (t))

(11.3) () = —r(t) sint + 9(t)).

Substitution of these expressions for z and & into equation 11.1 produces an equa-
tion for r and %

—rsin(t + ) — r cos(t + ¥)(1+ ) + rcos(t + 9) =

= ef(rcos(t + ), —rsin(t + 9))
or
(11.4)  —7sin(t + 1) — rcos(t + )i = ef (r cos(t + ), —r sin(t + 9)).

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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Another requirement is that differentiation of the righthandside of equation 11.2
must produce an expression which equals the righthand side of equation 11.3. So
we find

i cos(t + ) — rsin(t + ) (1 + ) = —rsin(t + )

or
(11.5) 7 cos(t + 1) — 9rsin(t + ) = 0.

Equations 11.4 and 11.5 can be considered as two algebraic equations in 7 and ¥;
the solutions are

7 = —esin(t + ) f(r cos(t + ), —rsin(t + ¢))
(11.6)
)= —; cos(t + ) f(rcos(t + ), —rsin(t + ¥)).

The transformation 11.2-3 z,& — 7,1 presupposes of course that r # 0; in prob-
lems where 7(t;) = 0 we have to use a different transformation.

The system of differential equations 11.6 is supplied with initial conditions, for
instance at t, = 0 determined by

z(0) = r(0) cos ¥ (0)

%(0) = —r(0) sin¢(0).

The reasoning of Lagrange is now as follows. The righthand sides of system 11.6
can be expanded in the form

e[go(r, ) + g1(r,9) sint + hy(r,9) cost + .. ]

where the dots represent the higher order harmonics g, (r, ¥) sin nt and hy(r, 1) cos nt,
n = 2,3,... So this is what we are calling nowadays a Fourier expansion of the
righthand sides. According to equations 11.6 the variables r and ¢ change slowly
with time; the contribution of these changes is, averaged over the period 27, zero,
except for the term go(r,%). So we omit all the terms which have average zero and
we solve the simplified system of differential equations.

The idea of averaging is so natural, that for a long time the method has been used
in many fields of application without people bothering about proofs of validity.
Until the end of the 19" century the main field of application was celestial me-
chanics; around 1920 van der Pol promoted the use of the method for equations
arising in electronic circuit theory. Only in 1928, the first proof of asymptotic
validity of the method was given by Fatou. After 1930 Krylov, Bogoliubov and
Mitropolsky of the Kiev school of mathematics pursued this type of research, see
Bogoliubov and Mitropolsky (1961).

A survey of the theory of averaging and many new results can be found in Sanders
and Verhulst (1985).

We conclude this introduction with an explicit calculation.
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Example 11.1
Consider the equation for a nonlinear oscillator with damping

(11.7) i+z=¢e(—2+2%.

Figure 11.1

The trivial solution is asymptotically stable, see example 8.6. We shall apply the
method of Lagrange. Transformation 11.2-3 yields
T
¥
The righthand sides are 2m-periodic in t. We average now over t, keeping r and
fixed. The result is

—er sin®(t + 1) — er?sin(t + 1) cos?(t + 1)
—ecos(t + 1) sin(t + 1) — er cos®(t + ).

To = —-1-&‘1‘(1, 1Z}a=0

2
with index a to indicate that we approximate r and 3 by 7, and 9,. The averaged
equations are very easy to solve:

ra(t) = r(0)e77% , 9a(t) = %(0).
As an approximation of z(t) we propose
(11.8) z4(t) = r(0)e™ 2% cos(t + ¥(0)).
For which initial values does expression 11.8 appear to be a reasonable approxi-

mation of the solution (see figure 11.1 for the phase-plane of equation 11.7)?

11.2 The Lagrange standard form

In proving the asymptotic validity of the approximations one usually starts off
with a slowly varying system like equation 11.6. Here we show how to obtain such
equations by the method of ”variation of parameters”.

Consider for z € R™, t > 0 the initial value problem

(11.9) &= A(t)z +eg(t, x), z(0) = zo.
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A(t) is a continuous n x n-matrix, g(t,z) is a sufficiently smooth function of ¢ and
x. The unperturbed (¢ = 0) equation is linear and it has n independent solutions
which are used to compose a fundamental matrix ®(¢). We put

z=®(t)y (Lagrange)

In mechanics this is called sometimes ”introducing comoving coordinates”.
Substitution in equation 11.9 produces

dy 4+ Oy = A(t)®y +eg(t, Py)

and as ® = A(t)® we have

Py = eg(t, Py).
Equations 11.4-5 are a special case of this vector equation. We solve for y by
inverting the fundamental matrix :

(11.10) y =@ (t)g(t, D(t)y)-
The initial values follow from
y(0) = ®71(0)xo.

Writing down the equations for the components of y while using Cramer’s rule we
have

(11.11) 5= Wilt, y)

W
with W(t) =| ®(¢) |, the wronskian (determinant of ®(¢)); W;(¢t,y) is the determi-
nant of the matrix which one obtains by replacing the i column of ®(t) by g.

Equation 11.10 has the so-called (Lagrange) standard form. More in general the
standard form is

=1,...,n,

y=ef(ty).
Remark
The unperturbed equation in the case of equation 11.9 is linear; this facilitates
the variation of parameters procedure. If the unperturbed equation is nonlinear
the variation of parameters technique still applies. In practice however there are
usually many technical obstructions while carrying out the procedure.

Example 11.2
Consider the equation
(11.12) i+ w't =eg(t,z, @)

with constant w > 0. We have some freedom in choosing the transformation to the
standard form as there are several representations of the solutions of the unper-
turbed problem. We start with an amplitude-phase transformation

7(t) cos(wt + P (¢))
—7r(t)wsin(wt + P(t))

(11.13) igg
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We find the equations

o= -5 sin(wt + ) g(t, r cos(wt + P), —rw sin(wt + ¥))

(11.14) Y = —Zcos(wt+P)g(t,rcos(wt + ), —rwsin(wt + ).
Another possibility is to use the transformation

z(t) = wi(t)coswt+ 2‘9 sin wt
—wy; (t) sinwt + yo(t) cos wt.

(11.15)

-
—~

~~
~

I

We find the equations

= —Ssinwtg(t, x(t),3(t))
(11.16) Yo = ecoswtg(t,z(t), z(t)).

In g the expressions for z(t) and i(¢) still have to be substituted.

Equation 11.12 can be treated both with the standard form 11.14 and the standard
form 11.16. It turns out that the explicit form of the righthand side eg(¢,z, %)
determines which choice is the best one.

11.3 Averaging in the periodic case

We shall now consider the asymptotic validity of the averaging method. Consider
the initial value problem

(11.17) & =ef(t,z) +e%g(t,z,¢€), 2(0) = zo.

We assume that f(¢,z) is T-periodic in ¢ and we introduce the average

P =7 [ feva

In performing the integration y has been kept constant. Consider now the initial
value problem for the averaged equation

(11.18) y=cf(y), y(0) = 0.

The vector function y(t) represents an approximation of z(t) in the following
way :

Theorem 11.1.
Consider the initial value problems 11.17 and 11.18 with z,y,zo € D C R™, ¢t > 0.
Suppose that
a. the vector functions f, g and 0 f/dz are defined, continuous and bounded
by a constant M (independent of €) in [0, 00) x D;

b. g is Lipschitz-continuous in z for x € D;
c. f(t,z) is T-periodic in ¢ with average f°(z); T is a constant which is
independent of ¢;
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d. y(t) is contained in an internal subset of D.
Then we have z(t) — y(t) = O(¢c) on the time-scale 1/¢.

Proof

The assumptions a and b guarantee the existence and uniqueness of the solutions
of problems 11.17 and 11.18 on the time-scale 1/¢ (see theorem 1.1).

We introduce

(11.19) ult,z) = /Ot[f(s,z) — f2)]ds.

As we subtract the average of f(s,z) in the integrand, the integral is bounded :
lu(t,z)|| < 2MT , t > 0,z € D.

We now introduce a "near-identity transformation”

(11.20) z(t) = z(t) + eu(t, z(t)).

We call this "near-identity” as z(t) — z(t) = O(¢) for t > 0, z, z € D. Transforma-
tion 11.20 will be used to simplify equation 11.17; this is also called normalisation,
see sections 13.2 and 13.3.

Differentiation of 11.20 and substitution in 11.17 yields

T=z+ e%u(t, z) + s%u(t, 2)z =cf(t,z +eu(t, 2))+

+e%g(t, 2 + cult, 2), €).

Using 11.19 we write this equation in the form

I+ 5%u(t, 2))2 =¢ef%2)+ R

with I the n x n-identity matrix; R is short for the vector function
R=cf(t,z+eu(t,z)) —ef(t, z) +e%g(t, z + cu(t, 2), €).

Ou/0z is uniformly bounded (as u) so we may invert to obtain

(11.21) [+ €%u(t, At =1- eaﬁ;u(t, 2)+0(?), t >0,z € D.

From the Lipschitz-continuity of f(t, z) we have

1/ (t 2+ eu(t, 2)) = f(t, 2)]|

L is the Lipschitz-constant. Because of the boundedness of g it follows that for
some positive constant C, independent of ¢, we have the estimate

(11.22) |R|| <€®C,t>0, z€ D.
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With 11.21 and 11.22 we find for 2
(11.23) 3=¢ef2)+R - EQ%fO(Z) +O0(%), 2(0) = z(0).

As R = O(e?) we may put equation 11.23 in the form corresponding with theorem
9.1 by introducing the time-like variable T = et. We conclude that the solution of

Y= 1), 9(0) =200

approximates the solution of equation 11.23 with error O(g) on the time-scale 1
in 7, i.e. on the time-scale 1/¢ in ¢t. Because of the near-identity transformation
11.20 the same estimate holds for y(t) as an approximation of z(t). a

Remark 1
In example 11.1 we considered the equation

i +1z=—ei+ex?
and we obtained by averaging the expression
Zo(t) = r(O)e_%” cos(t + ¥(0)).
From the theorem which we proved just now, we conclude that
z(t) — z4(t) = O(g) on the time-scale 1/¢.

The initial values r(0) and (0) are supposed to be O(1) quantities with respect
to . So the estimates are not valid if we start near the saddle point z = 1/¢ ,2 = 0.

Remark 2

It is possible to carry out averaging in the periodic case and to prove asymp-
totic validity under weaker assumptions, for instance in the case that the vector
function f is not differentiable. On the other hand, on adding assumptions with
respect to the vector functions f and g, we can construct second and higher order
approximations. A second order approximation is generally characterised by an
error O(e?) on the time-scale 1/¢.

Example 11.3
Consider the autonomous equation

(11.24) Z+z=c¢f(z, )

with given initial values. Transforming z,& — r,¢ with 11.2-3 we obtain the
equations

7 = —esin(t + ¥) f(rcos(t + ¥), —rsin(t + ¥))
1[; = —i— cos(t + ¥) f(rcos(t + ), —rsin(t + ¥)).
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The righthand side is 27-periodic in ¢; while averaging 1) is kept constant, so for
the averaging process the system can also be considered to be 27-periodic in ¢ + 1.
With s =t + ¢ we find

% /Ogﬂ sin(t + ¢) f(r cos(t + ), —rsin(t + ¢))dt =

1 2m
2—/ sinsf(rcoss,—rsins)ds = fi(r).
T Ji

Because of the 27-periodicity of the integrand, f(r) doesnot depend on 1. In the
same way we find

1 2

o /O cos(t + 1) f(r cos(t +¢), —rsin(t + ))dt = fo(r).
An asymptotic approximation r,, 1, of r,1 can be found as solutions of
fa = —efira) , 7a(0) =7(0)
Yo = —fara) , %a(0) = 9(0).

As 1, is not present in the righthand sides, the order of the differential equations
to be solved has been reduced to one. We apply this to a standard example, the
van der Pol-equation

(11.25)

i+z=c¢e(l-1%i.
Using the formulas in appendix 3 we find

1 1 .
(11.26) To = §sra(1 - ng) , Y =0.
Taking r(0) = 2 we have r,(t) = 2, t > 0 (critical point of the first equation in
11.26). This initial value corresponds with the periodic solution which we studied
earlier with the Poincaré-Lindstedt method in example 10.1. Using averaging we
find with 7(0) = 2, ¥(0) = 0

z(t) = 2cost + O(e) on the time-scale 1/¢.

By the averaging method we find moreover an approximation for the other solu-
tions by solving equations 11.26:

r(0)ezet
L+ e —

ro(t) =

$a(t) = $(0).

As z4(t) = 74(t) cos(t + 1,(t)) we find that with increasing time ¢, the solutions
approach the periodic solution. In figure 11.2 we have presented the phase-plane
in the case ¢ = .1. Compare this phase-plane with case € = 1 in figure 2.9.

Example 11.4
Consider the Mathieu-equation

(11.27) £+ (14 2ecos2t)z =0
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Figure 11.2

with initial values z(0) = zp, 2(0) = 0. Equation 11.27 models linear oscillators
in engineering which are subjected to frequency modulation. We apply the trans-
formations from example 11.2 with g = —2e cos(2t)z and w = 1. Introducing the
amplitude r and phase 1), the averaged equations become rather complicated. In
equations like this it is more convenient to use transformation 11.15

y1(t) cost + ya(t) sint
—y1(t) sint + yo(t) cost

8 8
A
A
==
I

which leads to

2esint cos 2t(y; cost + ypsint), 4(0) = zo
—2¢e cost cos 2t(y) cost + ypsint), y,(0) = 0.

%
Y2

The righthand side is 27-periodic in ¢t. We find for the averaged equations (ap-
pendix 3) :

. 1 . 1
Yia = —5€Y2a » Y2a = —5EY1a-

2 2
We solve these linear equations while imposing the initial values with the result
1 1 1 1
Y1a(t) = 51“06’%“ + §$0€%Et7 Yoa(t) = 5106‘%“ - §$06%Et~
An O(e) approximation of z(t) on the time-scale 1/¢ is
_1lg . 1 let ;
zo(t) = S%oe”? (cost +sint) + S%oe* (cost —sint).

If € = 0, the solutions of equation 11.27 are all stable. It follows from the expression
for z,(t) that this is not the case if £ > 0; see also appendix 2.

11.4 Averaging in the general case

We shall now consider the case in which the vector function f(¢,x) is not periodic
but where the average exists in a more general sense. A simple example which
arises often in applications is a vector function which consists of a finite sum of
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periodic vector functions with periods which are incommensurable. There exists
no common period; for instance the function

sint + sin 27t.

This function is not periodic but each of the two terms separately is periodic,
periods 27 and 1.
We can formulate the following result.

Theorem 11.2.
Consider the initial value problem

i =ef(t,z) +eg(t,z,¢), z(0) = 20
with z,zo € D C R™, t > 0. We assume that

a. the vector functions f, g and 0 f/dz are defined, continuous and bounded
by a constant (independent of ¢) in [0,00) x D;

b. g is Lipschitz-continuous in z for z € D;

c. f(t,z) = XN, fi(t,z) with N fixed; fi(t,z) is Ti-periodic in t, i =
1,...,n with the T; constants independent of ¢;

d. y(t) is the solution of the initial value problem

X
b= [ At (o) =z
i=1 "1

and y(t) is contained in an interior subset of D. Then z(t)—y(t) = O(¢)
on the time-scale 1/e.

Proof
In the proof of theorem 11.1 we replace f°(y), u(t,y) etc. by finite sums. O

Theorem 11.2 is a simple extension of theorem 11.1; the reason to formulate the
theorem separately is that its conditions are often met in applications. In replac-
ing the finite sum for f(¢,z) by a convergent series of periodic functions, we do
encounter a problem of a different nature. One of the causes of this difference is
that the expression u(t, z), used in the near-identity transformation, need not be
bounded anymore.

We now present a theorem for the case that the average of f(¢,z) exists in a more
general sense.

Theorem 11.3
Consider the initial value problem

i =cf(t,z)+eg(t,x,€), z(0) =z

with z,2qg € D C R™, ¢t > 0. We assume that
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a. the vector functions f, g and 8f/dz are defined, continuous and bounded
by a constant (independent of €) in [0, 00] x D;

b. g is Lipschitz-continuous in z for z € D;

c. the average f°(z) of f(t,z) exists where
1 /T
fola) = Jim = [ f(ta)dt
o T Jo
d. y(t) is the solution of the initial value problem
y=ef°(y), y(0) = zo.
Then z(t) — y(t) = O(6(¢)) on the time-scale 1/¢ with

o) =sup sup_ell ['[f(5,2) - F(@)as]]
z€D 0<et<C
Proof
See Sanders and Verhulst (1985), sections 3.3 and 3.4. m|

If we replace assumption a in theorem 11.3 by the requirement that f is Lipschitz-
continuous in z, we have the weaker estimate

z(t) — y(t) = O(6"%()) on the time-scale 1/e.

We shall now discuss a simple example in which the theorem and the part played
by the error §(g) is demonstrated.

Example 11.5 (increasing friction)
Consider the oscillator with damping described by

(11.28) itef(t)i+z=0.

We assume that for ¢ > 0, the function f(t) increases monotonically; f(0) = 1,
tlim f(t) = 2. It follows from theorem 6.3 that (0,0) is asymptotically stable. As
—00

an illustration we consider two cases for f(t):

fl(t) = 2 - e_t
and
fot)=2—-(1+1t)7"

In the first case the frictions increases more rapidly. With 11.14 we have in
amplitude-phase variables

7,1

¥

—ersin®(t + ) f(t)

(11.29) —esin(t + 1) cos(t + ¥) f(t).
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v 1 1 J
0.0 2.9 5.00 7.0 10.00 12.9 15.00 17.50 .00 £ %.00 7.9 .00

Figure 11.3
Solutions of equation 11.28 with f(t) = fi(t) and f(t) = fo(t); the asymptotic
approximation z,(t) has been indicated by — — ——.

We compute the averages of the righthandsides in the sense of theorem 11.3. It is
easy to see that both in the case of the choice f = fi(t) and f = f5(t) we find the
averaged equations Fo = —ery U = 0.

So in both cases we have the approximation
T4(t) = roe ™ cos(t + (0))

with z(t) — z4(t) = O(6(€)) on the time-scale 1/e.

This is a somewhat unexpected result as it means that right from the beginning the
oscillator behaves approximately as if the friction has already reached its maximal
value. We compute the error §(¢) in both cases. By elementary estimates of the
integrals we find:

f(t) =2 — et yields §(¢) = O(e);

flt)=2—(L+¢t)™! yields 6(e) = O(e | Ine |).

In figure 11.3 the solutions in the cases f = fi(t) and f = fo(¢) have been obtained
by numerical integration; they can be identified by realising that the solution
corresponding with f = f)(¢) experiences the strongest damping. In the case of
f = fi(t), the approximation z,(t) is characterised by a better asymptotic error
estimate than in the case f = fo(¢). Also, it fits the numerical result slightly better.

11.5 Adiabatic invariants

In technical and physical applications mechanical systems arise which are modeled
by differential equations with coefficients which are changing slowly with time.
Simple examples are the pendulum with variable length (Einstein pendulum) and
systems in which the mass is varying slowly, for instance a rocket using up fuel.
Suppose that the equations of the problem can be formulated as

(11.30) T =¢ef(t et,x), z(0) = xo,
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with £ € R™, ¢ > 0. In this case it is easy to obtain the Lagrange standard form
and often we can apply one of the theorems 11.1-3. We introduce 7 = €t and the
initial value problem 11.30 is equivalent with

z=cf(t,7,z) ,z(0)=zo

(11.31) T=¢ ,7(0) = 0.

Suppose that we can average 11.31 over t with averaged equations

y=cf(r,y) , y(0) =10
T=c , 7(0) =0.

If we can solve this system of equations, we have, replacing T by ¢t, obtained an
approximation of z(t).

We conclude that we can treat an equation of type 11.30 if we can average the
equation over t while keeping et and z fixed. In practice, in such problems special
transformations which are simplifying the treatment play often a part. We shall
demonstrate this in a simple case.

Example 11.6
Consider a linear oscillator with slowly varying frequency.

(11.32) i+ w?(et)r = 0.
Put & = w(et)y and transform z,y — 7, ¢ by
(11.33) T =rSsing,y = rcos .

Putting again 7 = €t, equation 11.32 is equivalent with the system

7? = —eulr)%r cos® ¢
(11.34) = w(7) + g% singcos ¢
T = €.

Now we add the assumption that for ¢ > 0
0<a<w(r)<b ldw|<
a T | —|<e
dr

with a, b and ¢ constants, independent of €. Note that the righthandside of system
11.34 is periodic in ¢ and as ¢ is a time-like variable (it is increasing monotonically
with time) it makes sense to try averaging over ¢. The simplest way to do this is
to replace the independent variable ¢ by ¢; a more general discussion will be given
in the next section. System 11.34 becomes with ¢ as independent variable

1_dw o662
dr o) dr " o0s” ¢

(11.35) 6 = T uDrenty Eeinooss
‘ dr 1
dp €w(-r)+sml,_—)% singcos¢’

We can apply theorem 11.1 to this system. Averaging over ¢ produces

drg € 1 dw d1, €

B~ TsA(mdn ' o)
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From these equations we find

dr, re dw

dry  2w(r) dr,

and after integration
W (1), =C

with C' a constant determined by the initial values. In the original variables for
equation 11.32 this means that

(11.36) w(et)z® + i® = C? + O(e) on the time-scale 1/e.

w(et)
Here the time-like variable has been replaced again by ¢, the estimate still holds
because of the assumptions for w.

In example 11.6 we have seen a very remarkable phenomenon. The oscillator
corresponding with equation 11.32 has for € = 0 the energy integral

1 1
E= 5&12(0)1'2 + 51‘2

For € > 0 the energy is not conserved but it follows from 11.36 that the quantity

1 1
(zw?(et)2® + =3?) Jw(et)
2 2

is conserved with accuracy O(g) on the time-scale 1/e. Such a quantity which has
been conserved asymptotically while the coefficients are varying slowly with time,
is called an adiabatic invariant.

Definition
Consider the equation & = f(z,et) with z € R®, ¢t > 0. A function I = I(z, et) is
called an adiabatic invariant of the equation if

I(z,et) = I(z(0),0) 4+ o(1) on the time-scale 1/e.

The theory of adiabatic invariants has been developed in particular for Hamiltonian
systems with coefficients which are slowly varying with time. In the last part of
this section we shall sketch the ideas.

The starting point is a Hamilton function

H = H(p,q,¢t)
which induces the equations of motion
OH | OH

=——,pqcR™

p= 8—(17(1 op
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For 7 = ¢t fixed there exists a transformation p,q — I, ¢ such that, in the new
variables I, ¢, the system is again Hamiltonian with Hamilton function hA(I, ¢, 7).
If n =1 and keeping 7 fixed this transformation leads to simple equations :

[=0, ¢=uw(l,T).

I and ¢ are called action-angle coordinates; in the original p, g-variables the system
has the first integral H (7 still fixed), in the new variables the action I is a first
integral.

Remark

When introducing action-angle variables in the case n > 1, the equations of motion
in general do not assume such a simple, integrable form. This is tied in with the
generic non-integrability of Hamiltonian systems, see section 15.5.

The introduction of action-angle variables is usually carried out by employing a
so-called generating function S (see Arnold, 1976) which has the (rather artificial
looking) properties

a8 oS
=373, = 37 S = S -[7 ) .
P= 2 ¢= 37 (I,q,7)
Replacing in the transformation 7 by €t we have for n = 1 the system

I=ef(I,¢,et); f 9%5/9¢dr

¢ =w(l,et)+eg(l,p,e(t); g = —0*S/0Iar.

Il

The discussion of this system runs along the same lines as the discussion in example
11.6. We can use 7 as a dependent variable and, if w is bounded away from zero,
we can average over ¢. If ¢ = 0, phase-space is two-dimensional and averaging over
¢ in the part of phase-space where the solutions are 2w-periodic in ¢ produces

/ " 51, 6, 7)dp = 0.

This is caused by the fact that f is the derivative of a function which is periodic
in ¢. So if n = 1, the action [ is an adiabatic invariant.

In the case n > 1, more than one degree of freedom, this procedure involves
averaging over more angles; as is shown in the next sections, this is technically
much more complicated and our knowledge of adiabatic invariance in such cases is
still restriced. The statements in the literature concerning adiabatic invariants in
systems with more than one degree of freedom have to be looked at with a more
than usual critical eye.

11.6 Averaging over one angle, resonance manifolds

In a number of examples, for instance 11.6, we have seen that systems of equations
arise which contain two types of dependent variables : z € IR™ and ¢ which
represents an angular variable, i.e. 0 < ¢ < 27 or ¢ € S? (the circle or 1-
torus). This is quite natural in mechanical systems like nonlinear oscillators with
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or without coefficients which are slowly varying with time, gyroscopic systems and
Hamiltonian systems. The equations are of the form

I eX(p,z)+0(?), z€DCR”
¢ = Qz)+0(),pe S

(11.37)

with X (¢, z) periodic in ¢ and ¢t > 0.
We have seen in example 11.6 that if Q(z) is bounded away from zero, we can
replace time ¢ by the time-like variable ¢ which yields

dr EX (¢, )
dp  ~ Qz)
after which we may apply theorem 11.1 while averaging over ¢.

We shall now present a theorem, the proof of which has the advantage that it can
be generalized to the case of more than one angle.

+ O(€?)

Theorem 11.4
Consider system 11.37 with initial values z(0) = zo, ¢(0) = ¢ and suppose that:

a. the righthand sides are C' in D x S ;

b. the solution of

& =eX(), y(0) = 2
with

X°) = [ X(8,2)d

is contained in an interior subset of D in which Q(z) is bounded away
from zero by a constant independent of ¢;

then z(t) — y(¢t) = O(e) on the time-scale 1/¢.

Proof
We introduce the near-identity-transformation

T = z+ eu(d, 2)

with ) s
_ _ yO
u(6,2) = 575 / (X (0, 2) — X°(2))dd.
System 11.37 becomes with this transformation
'1'"=2+5—1——(X(¢ z)-X“(z))¢+sa—u' =eX(¢ O(e?
T a0) , 55 =€ 2+ eu(d, 2)) + O(e?)

¢ =Q(z +eu(9, 2)) + O(e)
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Expanding as in the proof of theorem 11.1 while using the smoothness of the vector
functions we find

eX%(z) + O(e?)

Qz) + O(e).

Note that u(¢, z) is uniformly bounded as long as assumption b holds. On adding
the initial value z(0) = y(0), theorem 9.1 tells us that y(t) — 2(t) = O(e) on the
time-scale 1/e. Because of the near-identity-transformation we also have z(t) —
y(t) = O(e) on the time-scale 1/¢. O

z

Remark 1
This first-order approximation of the solutions of system 11.37 doesnot produce an
asymptotic approximation of ¢(t) on the time-scale 1/e. To achieve this we have to

compute a higher-order approximation, see Sanders and Verhulst (1985) chapter
5.

Remark 2
Assumption a can be relaxed somewhat; the reader can check this while referring
to the proof of theorem 11.1.

What happens in regions where Q(x) = 0 or is near to zero? The set of points in D
where Q(z) = 0 will be called the resonance manifold. Let us start by examining
an example.

Example 11.7

Consider the system
j;:%e—ecows ,t €R
p=2—1 .6 €St

In this problem Q(z) = z—1 so the resonance manifold is given by z = 1. First we
apply theorem 11.4 with the assumption that z(0) = xo is not near the resonance
manifold. Averaging over ¢ produces

|
y= e, y(0) =20

2

or y(t) = xo+ 3¢t; z(t) —y(t) = O(e) on the time-scale 1/¢ as long as y(t) doesnot
enter a neighbourhood of the resonance manifold (z = 1). Note that if zo > 1,
the solution will stay away from the resonance manifold, if zo < 1, for instance
Tg = %, the solution will enter the neighbourhood of the resonance manifold and
at this stage the approximation is no longer valid.

It is instructive to analyse what is going on near the resonance manifold. First we
note that there are two critical points : =1, ¢ = 7/3 and z = 1, ¢ = 57/3; the
first one is a saddle, the second one a centre point. Putting the initial values in
one of these critical points we have clearly z(t) — y(t) = 3et. Differentiating the
equation for ¢ we derive easily

. 1
¢+ ecosp = 5
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This equation has no attractors, so either a solution starts in or near the resonance
manifold and remains there or it starts outside the resonance manifold and passes
through this domain or it stays outside the resonance manifold altogether.

Figure 11.4. The z, ¢-phase-plane with the resonance manifold at r = 1, ¢ = .1
Solutions stay near the resonance manifold or they are passing through it.

In the second case there is the interesting phenomenon that solutions which start
initially close can be dispersed when passing through resonance. In figure 11.4 the
z, ¢-phase-plane illustrates some of these phenomena. It is clear from the phase-
plane that outside a neighbourhood of the resonance manifold the variable ¢ is
time-like, while inside it is not.

To study the behaviour of the solutions in the vicinity of the resonance manifold
we introduce local variables near the zeros of Q(z). So consider again equation
11.37

i =eX(¢,7)+O0(?) ,x€ DCR"

¢ = Q(z) + O(e) ,p€ St

and suppose that Q(r) = 0 with r € R®. We introduce
z=r+6(e)E

with §(¢) = o(1) as € — 0. Such a scaling is natural in boundary layer theory; for
an extensive discussion of boundary layer variables see Eckhaus (1979). The order
function é(¢) will be determined by a certain balancing principle. We introduce
the local variable € in the equations and expand

6(;)5 eX(d, 7+ 6()€) + O(e?) = eX (¢, 7) + O(e8) + O(£?)
é Qr +6()€) + O(e) = 6(e)E(r)€ + O(62) + Oe).

The terms in the first and the second equations balance, i.e. they are of the same
order if

8(¢) = /e and %(r) # 0.

This determines the size of the boundary layer, i.e. the order of magnitude of the
neighbourhood of the resonance manifold. The system becomes with this choice
of 6(¢)

&= \/EX(¢7T) +O(5) ,§ € R™
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(11.38)

¢= \/Eg—f(r)g +0(e),p € S

The solutions of system 11.38 can be approximated by omitting the O(g) terms
and solving

Sa = \/EX(¢ay T)
(11.39)

¢o = \/EZ_S(T)Ea

Theorem 9.1 tells us that, with appropriate initial values, the solutions of system
11.38 and system 11.39 are y/e-close on the time-scale 1/4/e. System 11.39 is
(n + 1)-dimensional, the corresponding phase-flow is volume-preserving (lemma
2.4). This is surprising as the original system 11.37 may contain dissipation and
forcing terms and has a quite general form. The phase-flow of system 11.39 can
be characterised by a two-dimensional system; differentiate the second equation of
11.39 and we find after eliminating éa

(11.40) o — sa—Q(T)X(cba, r)=0

oz
Equation 11.40 is a second-order equation; it is easy to write down a first integral
(as for the mathematical pendulum) and critical points of the equation can only
be saddles and centres.
This means of course that to describe correctly what is going on in the resonance
manifold, we must compute a second-order approximation. In some problems
we may find at second order that critical points which at first order are centre
points, become at second order positive attractors. This opens the possibility
that solutions of system 11.37 can be attracted into the boundary layer near the
resonance manifold.

11.7 Averaging over more than one angle, an introduction

If more than one angle is present in the problem the set of resonance manifolds
may be very much more complicated which causes the approximation theory to be
correspondingly intricate. We discuss briefly an example with two angles.

Example 11.8
Consider the system

& = eX(h, ) ,z€R
(1141) ¢1 T , b1 € S
¢ = 1 L2 €S2

The initial values x(0), ¢;(0) and ¢(0) are supposed to be given, X is 2m-periodic
in ¢; and ¢,. Averaging over the two angles means averaging over S' x S! =
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T?, the 2-torus. The theory of the preceding section suggests that we have to
exclude regions where the righthand sides of the equations for the angles vanish,
in this example the point = 0 only, However, this is not sufficient. Consider the
(complex) Fourier expansion of X

(o]

X(¢1,d0,2) = > cz)e'®ortie

k,l=—00

Averaging over the 2-torus produces

27r // (¢1, @2, T)dp1dds = coo(z)

provided that k¢, + {¢2 # 0. This condition applies only if the coefficient cg(z) is
not identically zero. The quantity k¢; + l¢s can be zero or small for some interval
of time in subsets of R where

kd)l +l(]‘52 =0

or, in the case of system 11.41,
kr+11=0

Resonance manifolds in this example are given by the rationals z = [/k where
k,l € Z are such that cy(x) is not identically zero.

The result can be understood better on realising that one may replace ¢; and ¢,
by two independent linear combination angles. If we take 1) = k¢, + [y as one
of the combination angles, the equation for % is varying slowly near the resonance
manifold and we cannot average over .

It is clear from example 11.8 that in the case of averaging over the m-torus the
actual calculations and estimates will be much more difficult. We summarize some
of the results which are known at present.

Consider the system with m angles

t = eX(¢,z),z€R"

(11.42) b = (z) beTm

where Q(z) = (Q(z),...,(2)),z = (@1,...,20), ¢ = (¢1,-- -, Pm)- The reso-
nance manifolds are given by

(11.43) kEiQy(z) + ...+ knQn(z) =0, 2 € R" and

(ki,..., km) € Z™ such that the corresponding terms cx,. ., (z) in the Fourier
expansion of X (¢, z) are not identically zero. In applications there is nearly always
a finite number of such terms, or, if there is an infinite number, most coefficients
are small and can be neglected.

Outside the set of resonance manifolds we average over the m angles to obtain

i=c [ X(@y)dp=ecoow)
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where ¢g_o indicates the Fouriercoefficient which remains. If y(0) = z(0) we have
again

z(t) — y(t) = O(e) on the time-scale 1/
as long as we do not enter the neighbourhood of a resonance manifold. The proof
runs along the same lines as the proof of theorem 11.4.

One can analyse the flow near the resonance manifolds by introducing again local
variables. Consider an isolated solution of equation 11.43 which corresponds with
a (n — 1)-dimensional manifold. To simplify the presentation, without reducing its
generality, we assume that the coordinate system has been chosen such that the
resonance manifold is given by

T = 0.
The corresponding combination angle is

Y=k +... 4+ kndm.

We replace ¢ by 9 and (m — 1) independent angles, say ¢s, ..., ¢m. The boundary
layer near the resonance manifold can be described with the local variable £ where

Ty = 6(e)E;

8(e) = o(1) and will be determined later. Putting z = (z,7) with n € R*™},
system 11.42 becomes in these new variables

5(€) = eXa(¥, oy, bm,6(€)E, M)

.'i,:i = EXi(w,¢2,...,¢m,6(€)§,7]),i:2,...,n
b = TR kQ(SE)E)
10y = (8(e)é,n) ,i=2,...,m.

Supposing that the vector functions are sufficiently smooth, we can expand to
obtain

§(e) = eXi(y, b2, bm,0,m) + O(e8(€))

l‘l = 5Xi(d),¢2,...,¢m,0,'f])+O(E§(E)),i=2,...,n
Y = 8(e) Ty kg2 (0,m)€ + O(8%(e))

bi = Q;(0,n) +O(8(e)),i =2,...,m.

As in the preceding section where we discussed the case of one angle, a balancing of
terms arises if 8(¢) = /€. So in a O(y/€) neighbourhood of the resonance manifold
the equations can be written as

€ = VEXi(@®,¢n,--.,ém,0,n) + O(e)
no= 0)

(1144) b= VED k(0 +O)
b = 0, +0(E),i=2,. .. ,m’
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This system is again in the form of system 11.42 but with small parameter /¢,
(n + 1) slow variables (£,71,9) and (m — 1) fast, time-like variables ¢o, ..., ¢m.
Averaging over the (m — 1) fast variables is permitted and produces

éa = \@X?(%, Na) »€a(to) = &(to)
(11.45) o = 1 Ma(to) = n(to)
Yo = \/_Z kl ggl O "a)éa 7¢a(t0) = w(t0)~

The solutions &,, 14, 1, of system 11.45 with appropriate initial values approximate
the solutions &,m,% of system 11.44 with error O(,/€) on the time-scale 1//e.
This means that in this approximation the (n — 1) variables represented by 7
are constant, the flow in the resonance manifold can be described by a system of
dimension two. Differentiating the equation for 1, we find

(11.46) —eZk Ona )X? (Y, 1) = 0.

Although the system 11.42 , which is our starting-point, is (n + m)- dimensional,
the equation describing the flow in an isolated resonance manifold is to order
/€ two-dimensional (as equation 11.40) and of pendulum-type. Non-degenerate
critical points can only be saddles and centres. In most applications only one
Fourier mode of the expansion for X plays a part so that 11.46 very often becomes
the mathematical pendulum equation with constant forcing

(11.47) Vo + £ () 08 Y + £B(na) sin g = £7(1a).

It is clear that it is unavoidable in these problems to carry out a second- order
calculation which involves the (n + m) variables and which will generally change
the centre points in the resonance manifold to attracting or repelling solutions.
Such second-order calculations are carried out by Sanders and Verhulst (1985)
and by van den Broek and Verhulst (1987). In this last reference one finds an
application to a mechanical system consisting of a rotor-flywheel mounted on an
elastic foundation. Much attention to passage through resonance problems and
related questions has been given in Lochak and Meunier (1988). The reader may
also consult a survey paper on systems with slowly varying coefficients, passage

through a resonance manifold and related approximation techniques by Kevorkian
(1987).

11.8 Periodic solutions

In section 10.4 we have seen that the Poincaré-Lindstedt method is not only a
quantitative method but also leads, by the implicit function theorem, to the exis-
tence of periodic solutions. A similar result holds for the averaging method where
again the implicit function theorem with an appropriate periodicity condition plays
a part.

Consider again the equation

(11.48) i =cf(t,z)+eg(t,z,€)
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with £ € D C R, ¢ > 0. Moreover we assume that both f(t,z) and g(¢,z,¢) are
T-periodic in t. Separately we consider in D the averaged equation

(11.49) y=efy).

Under certain conditions, equilibrium solutions of the averaged equation turn out
to correspond with T-periodic solutions of equation 11.48.

Theorem 11.5.
Consider equation 11.48 and suppose that:

a. the vector functions f, g,df/dz, 8*f/0z? and dg/0z are defined, con-
tinous and bounded by a constant M (independent of €) in [0, 00) X
D,0 <€ < €;

b. f and g are T-periodic in ¢ (7" independent of €);

If p is a critical point of the averaged equation 11.49 whereas

(11.50) | 0F°(y)/0y ly=p# 0

then there exists a T-periodic solution @(t,€) of equation 11.48 which is close to p
such that

1in(1) o(t,e) = p.

Proof
First we shall impose the periodicity condition after which we can apply the im-
plicit function theorem. We transform x — z with the near-identity relation 11.22

z(t) = z(t) + eu(t, 2(t)).
The equation for z becomes
(11.51) s =ef%2) +€’R(t, 2,¢).

Because of of the choice of u(t,z(t)), a T-periodic solution z(t) produces a T-
periodic solution z(t). For R we have the expression

0 ou

R(t,2.6) = 2 (1. 2u(t,2) - 242 £°(2) + 0(t,2,0) + O(e);
0z 0z

this expression is T-periodic in ¢ and continuously differentiable with respect to 2.

Equation 11.51 is aequivalent with the integral equation

2(t) = 2(0) + E/Ot F2(z(s))ds + €* /0: R(s, 2(s),€)ds.

The solution z(t) is T-periodic if z(¢ + T) = 2(t) for all ¢ > 0 which leads to the

equation
T

(11.52) h(z(0),¢) = /OT f°(2(s))ds +e/0 R(s, 2(s),€)ds = 0.
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Note that this is a short-hand notation. The righthand side of equation 11.52 does
not depend on z(0) explicitly. However, the solutions depend continuously on the
initial values (theorem 1.4) and so the dependence on z(0) is implicitly by the
bijection z(0) — z(x).

It is clear that h(p,0) = 0. With ¢ in a neighbourhood of ¢ = 0, equation 11.52
has a unique solution 2(0) because of the assumption on the Jacobi determinant
11.50. If € — 0, then z(0) — p. a

If we have concluded with theorem 11.5 that a periodic solution of equation 11.48
exists in a neighbourhood of z = p, we can often establish its stability in a simple
way:

Theorem 11.6

Consider equation 11.48 and suppose that the conditions of theorem 11.5 have
been satisfied. If the eigenvalues of the critical point y = p of the averaged equa-
tion 11.49 all have negative real parts, the corresponding periodic solution ¢(t, €)
of equation 11.48 is asymptotically stable for ¢ sufficiently small. If one of the
eigenvalues has positive real part, ¢(t,€) is unstable.

Proof

We shall linearise equation 11.48 in a neighbourhood of the periodic solution ¢(t, €)
after which we apply the theory of chapter 7. After translating z = z + ¢(t,¢€),
expanding with respect to z, omitting the nonlinear terms and renaming the de-
pendent variable again z, we find a linear equation with T-periodic coeflicients:

(11.53) & =eAt )z

with A(t,€) = £[f(t,2) + g(t, 7,)lo=p(r.)-
We introduce the T-periodic matrix

B(t) = 5L t,p)

From theorem 11.5 we have lin(l)A(t,s) = B(t). We shall also use the matrices

1 T
W:?ABMﬁ

and
ot) = /0 (B(s) — Bds.

Note that BP is the matrix of the linearised averaged equation. The matrix C(t) is
T-periodic and it has average zero. The near-identity transformation z — y with

y=(I-eC(t))x

yields
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g = —eC(t)z+ (I —eC(t))x

= —eB(t)z+eB% + (I —eC(t))eA(t,e)x
[eB°+e(A(t,e) — B(t)) — e2C(t)A(t, e)](I — eC(t)) 1y
eB% + e(A(t,e) — B(t))y + €2R(t, €)y.

(11.54)

R(t,e) is T-periodic and bounded; we note that (A(t,e) — B(t)) — 0ase — 0
and also that the characteristic exponents (section 6.3) of equation 11.54 depend
continuously on the small parameter €. It follows that, for € sufficiently small, the
sign of the real parts of the characteristic exponents is equal to the sign of the real
parts of the eigenvalues of the matrix B°. The same conclusion holds, using the
near- identity transformation, for the characteristic exponents of equation 11.53.

We now apply theorem 7.2 to conclude stability in the case of negative real parts.
If at least one real part is positive, Floquet transformation and application of
theorem 7.3 leads to instability. O

Example 11.9. (autonomous equations)

For equations of type &+z = ¢ f(z, ), and for autonomous equations in general, we
shall always find one characteristic exponent with zero real part when linearising
near a periodic solution; cf. sections 5.4 and 6.3. In the case of second-order
equations, it is then convenient to introduce polar coordinates and to consider the
angle as a time-like variable. For instance in the case of the van der Pol- equation

i+r=¢e(l-2%i
we have in phase-amplitude coordinates ,1 (example 11.3)
i = esin(t + ¥)(1 — 72 cos?(t + ))rsin(t + 1)

P = ecos(t + ) (1 —r2cos®(t + ) sin(t + ).
We put t + 1 = 6 to obtain

3—;: 1——_:—1[} =esinf(1 —r?cos?O)rsinf + 2. ..

and after averaging over 6

drg 1 1,
i 2e:ra(l - 4ra).

This equation has a critical point r, = 2, the corresponding eigenvalue of B°
in theorem 11.6 is —1. Application of theorem 11.5 yields the existence of a 27-
periodic solution in #, according to theorem 11.6 this solution is asymptotically
stable.

The reader should check that averaging over ¢ of the equations for 7 and 9 doesnot
lead to application of theorems 11.5-6. In using the Poincaré-Lindstedt method,
where one also expands the period in the case of autonomous equations, this
difficulty doesnot arise (see example 10.1).
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Example 11.10 (forced Duffing equation)
Consider again the Duffing equation with forcing and damping from section 10.3

i +ept+x—ex® =chcoswt

with constants p > 0,h > 0; we put w™? =1 — gf. We are looking for solutions
which are periodic with period 27/w so it makes sense to transform the variable
t. Putting wt = s, the equations becomes (cf. 10.17)

d’x

(11.55) T2

y d
+rz=¢cfx—e(1- eﬁ)iui—c + (1 —epB)z*+

+e(1 — efB)hcoss.

Introduction of amplitude-phase variables (section 11.2) produces

& = —esin(s + ¥)[Brcos(s + ¥) + prsin(s + 1)+
+73 cos?(s + ) + hcos s] + O(e?)
& = —ecos(s+1)[Beos(s + ) + psin(s + 1)+

+12cos®(s + 1) + 2 cos s| + O(g?).

7
The righthand sides are 27-periodic in s and averaging yields (see appendix 3)

_ 1 11 o
= —3EUTe — 3ehsin,

h

(11.56) —_— _%gﬁ —_ %E'{‘Z — %Ea COSdJav

. |
S8

Critical points of the averaged equations 11.56 satisfy the transcendental equations

3 h
pure = —hsiny, , B+ ZTZ = —— COoSY,.
T

a

These critical points correspond with periodic solutions of equation 11.55 if
9
usin, + B cos, + ng cos P, # 0.

In accordance with the proof of theorem 11.5, this calculation produces the same
equations as in the Poincaré-Lindstedt method when imposing the periodicity con-
dition; cf. equation 10.20.

Finally we use theorem 11.6 to study the stability of the periodic solutions. Lin-
earisation of system 11.56 in a critical point P produces the matrix

—3El —shecosth, \
_%51"& - %%5 €S Yq %%5 sint, |
—1ep 3e(Bra + 3r3)
—2er, — ST —1ep P
The eigenvalues are
1 1 9 3
Mo = —gen gel=(8+ Jrd) (B + Tra)E.

If for instance p > 0, > 0 we have asymptotic stability.
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11.9 Exercises

11-1.

11-2.

11-3.

11-4.

The equation
i+r+ex*=0

with € a small positive parameter, has one critical point; the other solutions
are all periodic.

a. Show this.

b. Construct a first-order approximation of the solutions for general
(not e-dependent) initial values.

Supposing that the solutions of the equation Z + p(t)z + ¢(t)z = 0 are T-
periodic, produce the Lagrange standard form for the equation

Z+p(t)z +q(t)z = ef(z, ).
Consider an oscillator with nonlinear friction described by the equation
Z+z=¢ef(z)

with f(z) a function which can be expanded in a Taylor series in a sufficiently
large neighbourhood of & = 0.

a. Transform the equation to the Lagrange standard form.
b. Choose initial values and approximate the solutions by averaging.

c. The solutions of the unperturbed problem (e = 0) are isochronous
and they have a constant amplitude.
Is this also the case if € > 07

d. Discuss the behaviour of the solutions if f(z) is even.

Averaging has been developed originally for celestial mechanics. The compu-
tations are usually cumbersome, we include here a relatively simple problem.
A satelite moves in the atmosphere of a spherically symmetric, homogeneous
planet. The forces are gravitation and the resisting force of the atmosphere;
putting the origin of coordinates at the centre of the planet, the motion of
the satellite is described by the equation

d*r T d

a e ta
where we normalised the gravitational constant, 7 = (z,v, 2),7 = (2% +y* +
22)1/2, The resisting force (friction) has been taken linear.

a. Show that for given initial conditions, the motion takes place in
planes through (0,0,0). (note: we are discussing here motion in
physical space, not phase-space).
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. From now on we take z = 0; because of a, this is no restriction of

generality. Introduce polar coordinates z = rcosf,y = rsinf to
find the equations

i — r6? —% —er
210 +16 = —erd

. Integrate the second equation once to find

2e” 2%t 1

7 5 — 3 — €T

r20 = ce~¢

The constant c is called the initial angular momentum of the satel-
lite.

. A large part of work in celestial mechanics is devoted to putting

equations in a tractable form. In this case we transform p = 1/r
and we use 6 as a time-like variable. Show that we find the system

d92 + p = U
du _ 2 u3/2
6 -

and u = 5e%.

. Obtain the Lagrange standard form by transforming (p,%) —

(a,b) with
u~+acosf +bsinf
—asinf + bcos#.

SES
|

. Apply averaging and give the approximations for p(6 ) 7‘( ) w1th

initially a circular orbit: at t = 0 6(0) = 0, 7(0) = ¢, 7(0) =
Discuss the asymptotic validity.
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11-5. The first-order equation & = €(a +sint — z),a € R has a periodic solution;

11-6.

11-7.

show this. Is the solution stable?

T1(2x9 cos® t + 2z3sin’ t — 2)
flt,z) = x3(2z3c08%t + 2 sin’t — 2)
z3(2x; cos?t + 2z, sin’ ¢ — 2)

Use averaging to find 27-periodic solutions.

We are interested in the periodic solutions and their stability of the system
i = ef(t,x) with z € R? and

The equation i + z = (1 — az? — bi?)% with a and b positive constants has
a periodic solution. Prove this and construct an asymptotic approximation
of this solution.
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11-8. In exercise 7.4 we studied a model for 2 competing species, in exercise 9.2
we have obtained a naive perturbation expansion. We shall now discuss this
problem by using nonlinear variation of constants and general averaging.
The equations are

i = x—x’—exy ,x>0
y = y-—y-exy ,y>0

with positive initial values z(0) = zo, y(0) = yo.

a. Transform the system to the Lagrange standard form.

b. Note that the averaged system does not exist.
Introduce the time-like variable 7 = e' and perform averaging in
.

c. Discuss the asymptotic validity of the approximation.
Is the approximation valid for all time?

11-9. As in exercise 11.4 we can study various perturbations of the gravitational
two-body problem. Limiting the velocities to the velocity of light in the
frame-work of relativity one can formulate equations of motion based on the
equations of geodesics in Schwarzschild space-time. Using again p = 1/r and
the position angle 8 one can derive the equation

d*p 9
@5+p=u+6p

with p a constant; € = 0 corresponds with the two-body problem with New-
tonian gravitation.

a. Derive a Lagrange standard form.

b. Compute an approximation of the solutions by averaging,.
11-10. Consider the system

& y + e(x? sin 2t — sin 2t)
y = —4z.

a. Compute a Lagrange standard form for this system and the corre-
sponding averaged equations.

b. What is the evidence which one can derive from the averaged sys-
tem on the existence and stability of periodic solutions?

11-11. We are studying an oscillator with linear damping and a variable frequency
given by
i+wit = —iei
; e(z? — %) ,w(0) >

1
w 3

a. Put the system in the standard form 11.37 by the transformation
T,T — T, ¢ T =1rcosp, T = —wrsin ¢.
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b. Determine an O(e) approximtion of r(t) and w(t); suppose that
r(0) and w(0) are given.

c. Show that we can apply theorems 11.5-6 to system 11.37 to obtain
periodic solutions from the critical points of the averaged equa-
tions.

d. Determine the critical point(s) of the system obtained in b. Does
a periodic solution in ¢ exist?



12 Relaxation Oscillations

12.1 Introduction

Relaxation oscillations are periodic phenomena with very special features during a
period. The characteristics can be illustrated by the following mechanical system.

=

Figure 12.1.

Consider a seesaw with at one side (A) a container in which water can be held.
If the container is empty, the other side (B) of the seesaw touches the horizontal
plane. From a tap water is dripping into the container and at a certain height
of the waterlevel, point B rises and point A will touch the horizontal plane. At
this moment the container empties itself, the seesaw returns quickly to its original
position and the process starts again. On plotting the distance of the point A to
the horizontal plane, we obtain a graph as depicted in figure 12.2. This is a simple
example of a relaxation oscillation.

11

Figure 12.2.

Such an oscillation is characterised by intervals of time in which very little hap-
pens, followed by short intervals of time in which notable changes take place.

Apart from the field of classical mechanics, relaxation oscillations arise in many
parts of physics, the engineering sciences and economy. For instance certain pul-
sating motions of stars have been associated with relaxation oscillations; this also
applies to geophysical phenomena as the periodic bursts of steam in geysers and the
sudden displacement of tectonic plates which are causing earthquakes. In mathe-
matical biology one studies applications to periodic phenomena like the heartbeat,

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
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the respiratory movements of the lungs and other cyclic phenomena.

In this chapter we restrict ourselves to a first introduction to the mathematics of
relaxation oscillations. One of the reasons for this restriction is that the quantita-
tive treatment of this type of oscillations is technically complicated. A systematic
exposition of methods and applications can be found in the monograph by Gras-
man (1987).

12.2 Mechanical systems with large friction

As an introduction to the next sections we first discuss the simpler case of a one
degree of freedom mechanical system with large friction given by

mi+pz+ f(z)=0, u>0.

The mass m is a positive constant, f(z) is a smooth function with f(0) = 0 and
such that (z,z) = (0,0) is a stable equilibrium. Introducing the velocity v = & we
may write

dv I 1

@~ m' R

so that by using variation of constants

v(t) = e"/my(0) — % Ot e HE=9/m £ (1(s)) ds.

As p is very large, the first term vanishes exponentially fast. Using the stability
theory of chapters 7-8 we know that f(z(t)) is apriori bounded. More precise

|f(z(t)] < Cif |z(0)] < a

for some given a > 0, C > 0.
So we estimate

lu(t)]

e~H/my(0)] + £ f5e~rlt=)/mds
e M mu(0)] + (1 — er/m)

IN N

After a very short time, of order 1/, the velocity is bounded by the small number
c/p. As a consequence of the large friction, the mechanical systera looses its initial
velocity v(0) very quickly and settles down in a creeping motion.

The reader may improve the estimate and also obtain estimates for z(t) by re-
peated partial integration; see exercise 12.1.

In the next section we shall consider the van der Pol-equation with a large pa-
rameter. As we shall see, the creeping motion is then alternated with fast motion
because of the nonlinear (self-excited) form of the friction term.
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12.3 The van der Pol-equation

Again we consider the equation
(12.1) i+4+z=p(l—2)x, p>0.

In section 4.4 we have shown that this equation admits one periodic solution. We
shall study now the behaviour of this solution for large values of p: p >> 1. A
numerical integration leads to an approximation of the behaviour of the periodic
solution with time as given in figure 12.3;

ANRE
VU

Figure 12.3.

it is characterised by fast changes of the position xz near certain values of time ¢.
We transform equation 12.1 in a way, first introduced by Liénard. We put

fl&)=-z+ émg’

and transform z,Z — z,y by
pwy =1+ pf(z), z=uzx.

The van der Pol-equation 12.1 becomes
y o= —z/p
The equation for the phase-flow in the z, y-plane becomes
x

(123) v fe)E = -2

The closed curve, corresponding with the limit cycle in the phase-plane, can be
described intuitively as follows. As p >> 1, the righthand side of 12.3 is small.
This suggests that the orbits can be described by the equation

- L =0
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Figure 12.4.

which implies that either y = f(z) or y is constant. The correctness of this intu-
itive reasoning becomes clear on adding an analysis of the vector field of the flow
induced by system 12.2. We find that outside a neighbourhood of the curve given
by y = f(z), the variable z(t) changes quickly; the variable y(t) is always changing
slowly. This produces the flow field indicated in figure 12.4.

B quick C

VA

quick D

Figure 12.5.

We can repeat now the application of the Poincaré-Bendixson theorem in section
4.4 for the case p >> 1. We conclude that the limit cycle must be located in a
neighbourhood of the curve sketched in figure 12.5.

A clear picture of the limit cycle has emerged in this way. To describe the quan-
titative behaviour of the periodic solution with time in terms of the parameter ,
we need asymptotic methods from the theory of singular perturbations which are
beyond the scope of this book; see Grasman (1987). If we use such a quantitative
approximation method we also find a rigorous justification of the following esti-
mate of the relaxation period 7.

It follows from equation 12.2 that

d
T = —p IABC%A ‘f J
=2 [ap ‘xy — 24 [pc ‘xy
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The first integral corresponds with the slow movement and it will give the largest
contribution to the period. We find with y = f(z) = —z + 32°

d -1
AB T -2

-1 2
+x dy =

3 - 21log 2)p.
" ( og 2)u

For the second integral we find with equation 12.3
dy 2 x
o W21
B ooz 1 ch—f(x)x

which shows that this integral is smaller indeed in terms of u apart from a con-
tribution from the corner points B and C. One can show that for the period T of
the periodic solution of the van der Pol-equation the following estimate holds

T = (3—2log 2)u+ O(u™?) as  — oo.

12.4 The Volterra-Lotka equations

We consider again the equations from the examples 2.7 and 2.15, a conservative
system which models the development of two species, prey and predator:

ar — bxy
bry — cy

z

(12.4) ;

Il

with z,y > 0 and positive parameters a, b and c. The solutions for which z(0), y(0) >
0 are all periodic and the orbits are located around the critical point (¢/b, a/b) in
the phase-plane. We assume now that the birth rate a of a prey is much smaller
than the death rate c of the predator:

a
- =E.

It is convenient to scale p = gx, r= %y, 7 = at. Replacing z,y,t by p, 7, 7 and indi-
cating the derivative with respect to 7 by ’, the Volterra-Lotka equations become

(12.5) g/ _ fﬁ:fp).

The critical point which is the centre of the closed orbits in the p, - phase-plane
is (1,1); the integral which we found in example 2.15 looks like

(12.6) p—Inp+e(r—Inr)=C.
As in the van der Pol-equation, the solution consists again of different parts. The
periodic function p(r) assumes extreme values if 7 = 1; these values can be ob-

tained from the integral 12.6, they satisfy

p—Inp=C—e.
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The periodic function 7(7) on the other hand assumes extreme values if p = 1;
from the integral 12.6 we find that they satisfy

e(r—Inr)=C-1.

The constant C is determined by the initial values; C'—1 > 0. The extreme values
of r(7) are approximately of the order exp.(—(C — 1)/e) and (C — 1)/e, so they
are respectively exponentially small and of the order 1/e.

It follows from the second equation of system 12.5 that if ¢ tends to zero, there
are three possibilities: r = 0, p = 1 or 7(7) is varying quickly (7' = O(1/¢)). In
the case that 7 = 0, the first equations produces

Figure 12.6. Behaviour of p(t) and r(t) for e = .1,C = .6+ log 2.

The number of preys increases exponentially. However, there is a maximal value
of p(r) where r = 1. So, if p(t), which is increasing, enters a neighbourhood of
this maximal value, 7(7) must increase quickly from a neighbourhood of 0 to 1.
After p(7) takes its maximal value, 7(7) increases from 1 to its maximal value and
decreases after this (the reader should check this).

The interpretation is as follows. The number of preys is increasing when there are
only a few predators; when the number of preys approaches its maximal value,
suddenly the number of predators increases explosively at the cost of the preys.
The number of preys decreases so that also the number of predators has to decrease.
After this, the process can start all over again.

The equations of Volterra and Lotka are probably too simple to model population
dynamics in real-life situations. On the other hand the equations represent a first,
crude model for two species living together with a certain interaction.

One may compare the modelling situation with the part played by the harmonic
oscillator in mechanics. Harmonic oscillators are nowhere to be found in nature
but harmonic oscillation displays some basic phenomena which are helping us to
understand more complicated real-life oscillations.

A classical illustration of two species polulation dynamics is derived from the
trading figures of the Hudson Bay Company during the period 1845-1935.
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Figure 12.7. Fluctuations of trade quantities (in thousands) of the Canadian lynx
and the snowshoe hare.

12.5 Exercises

12-1. Consider again the mechanical system with large friction from section 12.2

m&+ pt + f(z) =0, u>0.

a. Give an estimate of the creeping velocity of the system.

b. Show that, once the creeping motion has started, the position z(t)

behaves like ‘gradient flow’ i.e. z(t) satisfies approximately
1
&= ——f(z);
p (

this is called gradient flow as f(z) derives from a potential V' (z) :

Vi(z) = f(a).

. Make the calculations more explicit by choosing f(z), for instance

z — 22 or sinz.
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13.1 Introduction

In most examples of the preceding chapters, the equations which we have studied
are containing parameters. For different values of these parameters, the behaviour
of the solutions can be qualitatively very different. Consider for instance equa-
tion 7.12 in example 7.3 (population dynamics). When passing certain critical
values of the parameters, a saddle changes into a stable node. The van der Pol-
equation which we have used many times, for instance in example 5.1, illustrates
another phenomenon. If the parameter y in this equation equals zero, all solu-
tions are periodic, the origin of the phase-plane is a centre point. If the parameter
is positive with 0 < p < 1, the origin is an unstable focus and there exists an
asymptotically stable periodic solution, corresponding with a limit cycle around
the origin. Another important illustration of the part played by parameters is the
forced Duffing-equation in section 10.3 and example 11.8.

In this chapter we shall discuss changes of the nature of critical points and branch-
ing of solutions when a parameters passes a certain value; all this is called bifur-
cation theory. In the literature the term ‘bifurcation’ is used in a general way to
indicate stability changes, structural changes in a system etc.. The foundations
of the theory has been laid by Poincaré who studied branching of solutions in the
three-body problem in celestial mechanics and bifurcation, i.e. splitting into two
parts, of rotating fluid masses when the rotational velocity reached a certain value.
Introductions to bifurcation theory can be found in Arnold (1983), Carr (1981),
Chow and Hale (1982), Guckenheimer and Holmes (1983), Hale and Kogak (1991),
Marsden and McCracken (1976). Technically more complicated cases have been
discussed by Golubitsky and Schaeffer (1985), Golubitsky, Stewart and Schaeffer
(1988).

Example 13.1
Consider the equation

(13.1) &= pr — z

The trivial solution & = 0 is an equilibrium solution of equation 13.1. Another
equilibrium solution is £ = u. These solutions coalesce if p = 0, at the value p =0
both for positive and for negative values of p a nontrivial solution branches off
2 = 0. The equation has a bifurcation at u = 0. The reader should sketch the
solutions of the equation as a function of time for y < 0, = 0 and g > 0. In
passing the value = 0 an exchange of stability of the equilibrium solutions x = 0
and = = p takes place. This is illustrated in the so-called bifurcation diagram 13.1
which gives the equilibrium solutions as a function of the bifurcation parameter p.

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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Figure 13.1. Bifurcation diagram

In the example above we can predict the possibility of the existence of a branching
or bifurcation point by the implicit function theorem. For the solutions z of the
equation

Fu,z)=pz—22=0

exist and are unique if 0F/0z # 0, i.e. p— 2z # 0. It is clear that the value
i = 0,2 = 0 where no uniqueness is guaranteed, is a good candidate for bifurca-
tion.

Regarding critical points of differential equations we shall generally consider equa-
tions or a system of equations like

(13.2) Fu,z) =0

with p € R™,x € R®. We are interested in the question whether a solution of
equation 13.1 can bifurcate at certain values of the parameters p = (1, ..., fim)-
By translation we can assume without loss of generality that we are studying
bifurcation of the trivial solution z = 0. So

F(u,0) = 0.

Definition

Consider equation 13.1 with F'(,0) = 0 (solution z = 0). The value of the
parameter p = . is called bifurcation value if there exists a nontrivial solution in
each neighbourhood of (g,,0) in R™ x R™.

Another explicit calculation to illustrate this.

Example 13.2
Consider the equation
(13.3) i=1-201+pz+2%

The equation 1 —2(1+ p)z+2* = 0 has unique solutions x () if —2(1+ )42z # 0
or if z # 1+ p. Equation 13.3 has the equilibrium solutions 1+ u + (2u + u2)% for
p < —2 and p > 0. Bifurcation can take place if 1+ p =1+ p =+ (2u + p?)'/?, ie.
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Figure 13.2. Bifurcation diagram of example 13.2
for p=0and p= —2.

Note that both in example 13.1 and in example 13.2 we are considering a quadratic
first order equation, in which the linear term depends linearly on p. The bifurcation
diagram however, is in both cases very different. the similarity of equations 13.2
and 13.3 is very superficial which becomes clear on translating the equilibrium
solutions of equation 13.3 to the origin (put = =y + 1+ p + (2u + p2)? etc.).

Suppose now that we are interested in the bifurcations of the equilibrium solutions
of the equation

(13.4) &= Az + f(u,7)

with p € R™,z € R*,0f/0x — 0 as ||z|| — 0. With regards to applications it
would be useful if we would have at our disposal a classification of possible bifur-
cation diagrams. There are many results if the dimensions are low, m = 1,n =1
and n = 2. There are some results for n > 3, but there are many new types of
bifurcations at higher dimension and we are far removed from having a survey or
a complete classification.

In a systematic study of bifurcation phenomena it is useful to transform the dif-
ferential equations to a standard form. This process we call normalisation. One
of the normalisation techniques has been discussed in section 11.3 where we in-
troduced near-identity averaging transformation. We shall consider again near-
identity transformations.

13.2 Normalisation

In this section we consider equations of the form
(13.5) T = Az + f(x)

with A a constant n X n-matrix; f(z) can be expanded in homogeneous vector
polynomials which start with degree 2. On writing this expansion as f(z) = fa(x)+
f3(x) + ... the vector polynomial f,,(x), m > 2, contains terms of the form

ma m

ey ooty myp+me+ ..+ m, =m.
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If X is a constant we have f,,(Az) = A™ f, (). If we are interested in the behaviour
of the solutions in a neighbourhood of the critical point = 0, it is useful to
introduce near-identity transformations which simplify the vector function f(z).
Even better: we would like to find smooth transformations which turn equation
13.5 into a linear equation. Linearisation by transformation is in most important
cases not possible, simplification of the equation is nearly always a possibility. As
an introduction we consider the simple case of a one- dimensional equation.

Example 13.3
Consider the equation
(13.6) T =Mz + asz® 4+ azz® + . ..

with A # 0,z € R. We introduce the near-identity transformation in the form of a
series
(13.7) T=y+ oyt +ay’ +. ..

where we will try to determine the coefficients as, as, ... such that the equation
for y is linear. If we are successful in this, the transformation 13.7 represents a
formal expansion with respect to y. Maybe it is convergent for y = 0 only, we have
to check this. Differentiating 13.7 and substituting into equation 13.6 produces

y(1 + 209y + 3azy® + .. D=2y + (Aas + otg)y2 + (Aaz + 2a900 + a3)y® + . ..
Dividing by the coefficient of ¢ we have
¥ = Ay + (ag — Aag)y® + (a3 + 2202 — 2Xa3)y® + . ..
Requiring the coefficients of ¢? and 3* to vanish we find

2
a2 _ % 03
N wT ety

By this choice of as and a3, equation 13.6 is normalised to degree three.

Qg =

If the dimension of the equation is higher than one, the theory becomes more
complicated. Equation 13.5 in the form

T = Az + fo(z) + f3(z) + ...
will be transformed by (cf. 13.7)
(13.8) z=y+ h(y)

with h(y) consisting of a, probably infinite, sum of homogeneous vector polynomi-
als hy,(y) with m > 2. So we can write transformation 13.8 as

T=y+ha(y) +ha(y) +...

We would like to determine h(y) such that y = Ay. Substitution of 13.8 into 13.5
produces

E=g+gy = (I+5)3

= Ay +hy)) + f(y + h(y)).
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Inversion of I + 0h/dy in a neighbourhood of y = 0 yields

. Oh. _
(13.9) g={+70) '[Ay + Ah(y) + f(y + h(y))].
We start with removing the quadratic terms in 13.9. Expansion of h and f yields

the equation
Ohy
— Ay — Ahy = )
3y Y 2 = fa(y)
This is the so-called homology equation for hsy. It is easy to see that, on requiring
that the terms of degree m vanish, we have the homology equation
Ohm,
(1310) _Ay - Ahm = gm(y) , m2>2.
dy
For m > 2, the righthand sides g,,(y) can be expressed in terms of the solutions (if
they exist) of the homology equation to degree m — 1. In considering the solvability
of the homology equation 13.10, we observe that the lefthand side is linear in h,,.

The linear mapping L 4, sometimes called ad L,

oh
La(h) = —Ay — Ah
a(h) By Y (v)
carries homogeneous vector polynomials over in vector polynomials of the same
degree. If the set of eigenvalues of L, doesnot contain zero, L, is invertible

and equation 13.10 can be solved. For simplicity’s sake we assume now that all

eigenvalues Aj, ..., A, of the matrix A are different and that A is in diagonal form.
Written out in components hy, = (Ami, - . ., hma) we find for 13.10
L - )
(13.11) > W%‘yy‘ = Aihmi(y) = gmi(y),i=1,...,n, m > 2.
=1 9Y;

The terms in h,,; are all of the form

mi,,m2

ayy Y ,..y,’?"zay(’”)

where y™ is a shorthand notation and m = m, +my + ...+ m,, a is a constant.
The eigenvectors of A are e;, the eigenvectors of Ly are y"™e; with eigenvalues

n
(13.12) Smih - XL i=1,...,n
j=1

If an eigenvalue of L, is zero, we call this resonance. If there is no resonance,
equations 13.11 can be solved and the nonlinear terms in equation 13.9 can be
removed.

Definition
The eigenvalues Ay, ..., A, of the matrix A are resonant if for i € {1,2,...,n} one
has

/\i = Z mj/\]'
j=1

with m; € {0} UN and m =m; +my+ ... +my > 2.
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If the eigenvalues Aj,..., A, of the matrix A are non-resonant, equation 13.5 can
be put into linear form by transformation 13.8. Here, 13.8 is determined in the
form of a series, which is not necessarily convergent. This is why transformation
13.8 is called formal.

We summarize the results.

Theorem 13.1 (Poincaré)

If the eigenvalues of the matrix A are non-resonant, equation 13.5 z = Az +
fa(z) + ... can be transformed into the linear equation 7y = Ay by the formal
transformation 13.8 z =y + ha(y) + ...

Guckenheimer and Holmes (1983), section 3.3, give an explicit calculation for the
important case n = 2, A} = i, Ay = —i which covers the cases of the perturbed
harmonic oscillator like the van der Pol-equation. The eigenvalues of L, are with
13.12

myi — Mot F 1.

For m; + my = 2, there is no resonance, so all quadratic terms can be removed.
Now we can try to remove the cubic terms. Calculating the eigenvalues 13.11 of
L4 in the case m = 3 we find resonance. Some cubic terms can be removed, some
will remain; see also example 13.5.

In practice there is nearly always resonance or the eigenvalues are approximately
resonant.

Suppose we find for example no resonance for m = 2,...,7 — 1; for m = r we
find zero eigenvalues 13.12 of L4. All terms of degree 2,3,... until degree r —
1 can be removed from equation 13.5 by transformation. For m = r, we still
solve the homology equations 13.11 in the cases where the eigenvalues of L, are
nonvanishing. The resonant terms of degree r remain. These resonant terms
do not influence the form of the homology equations, so we can continue the
transformations for m > r. Finally we are left with a nonlinear equation for y
with resonant terms only. This process of removing non-resonant terms will be
called normalisation. The names of Poincaré and Dulac are often mentioned in
this context.

Example 13.4
Consider the system

T, = 211+ alzf + asx1T9 + (l317% + ...
Ty = X9+ blI% + byzixo + ngg +...

where the dots represent polynomials of degree three and higher. The eigenvalues
of the linear part are A\; = 2, A\, = 1 and we consider the possibility of resonance
by satisfying the relations

2my+mo =2o0r2m; +mo =1
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with m; +mg > 2. It is a simple puzzle to find that the only possibility is m; = 0,
mgy = 2. This means that the system can put in the following normal form:

hno= 2y +cys
Yo = Yo

This is a considerable simplification.

Example 13.5
Consider the system describing perturbed harmonic oscillation

T, = To+...
ig = =TI +...

where the dots represent polynomials of degree two and higher. The eigenvalues
of the linear part are A; = ¢ and Ay = —i. We have resonance if

myt — Mot = +i or

my —mg = =1 for my +my > 2.

This means that all polynomials of even degree can be removed by transformation.
An infinite number of terms of odd degree will remain in the normal form of the
equations as for instance the resonant terms y?ys, 1192, y3y2 etc.

Remarks

1. If the matrix A has multiple eigenvalues, the treatment given here carries
through as the reader may check. But multiple eigenvalues do produce more res-
onances.

2. If one of the eigenvalues is zero, we have resonance. If for instance A\ = 0, we
can take m; = m,my = ... = m, = 0 to satisfy the resonance relation. Later in
this chapter we shall see that eigenvalues zero play an important part in bifurca-
tion theory.

In example 13.4 it is possible to remove all nonlinear terms with the exception of
a finite number of resonant terms. In example 13.5 the eigenvalues of the linear
part are such that after normalisation an infinite number of resonant terms are
present. The occurrence of a finite or infinite number of resonant terms can easily
be predicted. Consider again the matrix A in equation 13.5 & = Az + f(z) which
we are intending to normalise near the critical point x = 0. The n eigenvalues
AL, -, Ay of the matrix A are located in the complex plane C.

Theorem 13.2

Consider equation 13.5 & = Az + f(z). If all the eigenvalues of A are lying either
to the right or to the left of the imaginary axis in C, the equation can be re-
duced to a polynomial normal form by a formal transformation of variables (13.8).
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R e

Figure 13.3. The n eigenvalues of matrix A separated from zero by a straight line

The assumption on the location of the eigenvalues can be put in a more geometric
way by requiring that zero is not contained in the convex hull of the collection of
eigenvalues. In the proof the number of eigenvalues being finite is essential.

Proof

If the eigenvalues are non-resonant, theorem 13.1 applies and theorem 13.2 follows
immediately. Suppose now that there are resonances; a line parallel to the imagi-
nary axis, intersecting the real axis at a, separates the collection of n eigenvalues
from zero. Take a > 0 (the proof with a < 0 runs in an analogous way) and put

infRe\; = a > a, supRe); = 0.

i=l..n i=l.n

n n
We choose m = Y m; such that ma > §; then the resonance relation A; = Y m;J\;
j=1 7=1
cannot be satisfied for this value of m.
The implication is that for m sufficiently large no resonant terms are encountered
any more: the resulting normal form of the equation is polynomial. O

In this section we have introduced important formal transformations without both-
ering about the qualitative aspects of the calculations and results. In section 3.3
on the other hand, we have formulated some theorems on the relation between lin-
ear and nonlinear equations in a neighbourhood of a critical point with real parts
of the eigenvalues non-vanishing. In section 3.3 we also remarked that the phase-
flows near a critical point of the linear and the nonlinear equation in these cases
are homeomorphic and in general not diffeomorphic. If the righthand side of the
nonlinear equation is analytic, there is generally not an analytic transformation
connecting linear and nonlinear equation. This last point is illustrated by example
13.4. Here the critical point (0,0) is, after linearisation, a negatively attracting
node. There exists generally not even a formal series transforming the nonlinear
equations into the linear one.

The reader should consult the book by Arnold (1983) for more qualitative and
quantitative results and references.

13.3 Averaging and normalisation

On introducing the averaging method in section 11.3, we remarked that the av-
eraging transformation is an example of normalisation. We consider this remark
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again for averaging in the periodic case.
Consider again equation 13.5 in the form

T = Az + folz) + fa(z) + ...

with f,(x) homogeneous vector polynomials of degree m. The matrix A is sup-
posed to be in diagonal form and contains only purely imaginary eigenvalues
Aj = wji,j = 1,...,n; the eigenvalues may be multiple. Expressing that we
are studying a neighbourhood of z = 0 we scale x = €T with € a small parameter.
Equation 13.5 becomes

€ = eAT + €2 fo(Z) + 3 f3(T) + . ..
Dividing by € and omitting the bars produces
(13.13) = Ar+efo(z) +%...

We use variation of parameters

T=e"z
or, written out in components
_ pwyit __ Jwnit
Ty =€ "2, ,Tn =€ " 2.
The equation for z is
L A At 2
(13.14) z=ce Mfae™z) +e°. ..

For each component, the first (quadratic) term in the righthand side of the equation
consists of a sum of expressions like

—wjit mywyit

ece e

emzwzit o emnwnit

withmy +me+...+my, =2;s0mp =0,10r 2 for k=1,2,...,n. The average of
the righthand side over t is zero unless we have for certain values of the parameters

n
> mgwg —w;j = 0.
k=1

This is precisely the case of resonance, defined in the preceding section. The
resonant terms which remain after averaging are the same as the ones which remain
in applying the method of Poincaré and Dulac. In the notation of chapter 11 we
have the following near-identity transformation. Consider equation 13.14 in the
form

(13.15) & =cef(t,z) +eg(t,z) + ...

The righthand side of 13.15 is T-periodic, the average of f(t, z) over t is f°(z). We
transform

(13.16) z(t) = 2(t) + eul(t, 2(t))
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with u!(t,2) = [3[f(s,2) — f°(2)]ds. Substituting into equation 13.15 we find for
z the equation

Oul(t, 2)

w(t,2) = =52 o)+

(13.17) z':ng(Z)+€2(afgz,Z)

+g(t,2)) +&. ..

The equation has been normalised to order €; this means that the explicit time-
dependence of equation 13.15 has been removed to O(e) terms. We can repeat the
procedure to remove the time-dependence of the terms of order £2.

Remark

Normalisation & la Poincaré as in section 13.2, averaging and some other compu-
tational procedures can be put in a more general framework of normalisation; the
reader may consult Sanders and Verhulst (1985), chapter 6. A brief account runs
as follows.

Consider a space of sufficiently smooth vector functions V. We introduce the com-
mutator [,] called Poisson bracket, which is an operator, mapping V into itself.
Suppose that S and P are operators, mapping V into itself, then we have

[S,P] = SP — PS.

In this frame-work it is also convenient to introduce the operator ad S : P — [S, P].
Now we will say that the operator S + P is in normal form if P € ker(ad S) or
somewhat more general: if P € ker(ad®S) for some k € N

For instance in normalising 13.5 © = Az+ f(z) we have S = A, P = 5‘1—; we identify

La(h) = ad S(h).

To normalise in the sense of Poincaré and Dulac, we have to split f(z) in a resonant
and a non-resonant part.

In normalising equation 13.15 by averaging, the appropriate identification is S =
%,P = 3%. We have

9 0 90 _0fdg

[S, P)(g) = aad f&ag = %o

[S, P)(g) = 0if f doesnot depend explicitly on ¢. This is achieved by the averaging
transformation which turns equation 13.15 into its normal form equation 13.17 to
order €.

13.4 Centre manifolds

In section 3.3 we studied the equation

= Az + g(z)
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in the case that the constant n x n-matrix A has eigenvalues with non-vanishing
real part. The point z = 0 is a critical point which has stable and unstable man-
ifolds which are tangent in z = 0 to the corresponding manifolds of the equation
¥ = Ay. The case of eigenvalues of the matrix A which are purely imaginary or
even zero shows behaviour which can be rather different from the full nonlinear
equation as compared with the linearised one; see the examples 3.2 and 3.3, also
again the van der Pol-equation in 2.9.

If, on linearisation, we find eigenvalues zero or purely imaginary, bifurcations may
arise; we have seen some simple examples in section 13.1. To study these phenom-
ena we shall extend first theorem 3.3.

Theorem 13.3
Consider the equation
(13.18) = Az + f(z)

with z € R™ and A a constant n X n-matrix; = 0 is isolated critical point. The
vector function f(z) is C*, k > 2, in a neighbourhood of = = 0 and
I/ @I _

lim =0.
llzll—=0 |||

The stable and unstable manifolds of equation §y = Ay are E and E,, the space of
eigenvectors corresponding with eigenvalues with real part zero is E,. There exist
C* stable and unstable invariant manifolds W, and W,,, which are tangent to E,
and E, in = = 0. There exists a C*¥~! invariant manifold W,, the centre manifold,
which is tangent to E, in z = 0; if k¥ = oo, then W, is in general C™ with m < oo.

Proof
See Marsden and McCracken (1976) or Carr (1981).

So a centre manifold is characterised by the fact that W, is an invariant set which
contains = 0 and which is tangent to E, in z = 0.

Example 13.6

Consider the system from example 3.3

-z +y?
-y + 22

&
Y

The critical point (0,0) has, after linearisation, eigenvalues —1 and 0 so (0,0) is
degenerate. E; is the z-axis, E, the y-axis. According to theorem 13.3, W, and
W, exist which are tangent to the z-axis and the y-axis at (0,0). W is C* and
W, is C™ with m < oc.

Theorem 13.3 is very important in the study of systems with eigenvalues of which
the real part is zero. If for instance there is no eigenvalue with positive real part,
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SR

Figure 13.4; (0,0) is degenerate critical point

the phase-flow will show stable behaviour in a neighbourhood of z = 0, except
perhaps in the centre manifold. In such cases we shall restrict ourselves to a study
of the flow in this lower dimensional invariant manifold.
In the example above we have seen that the location of W, still has to be established
more precisely. In example 13.6 E, is the z-axis and we cannot simply project the
flow on E,.. Moreover we have to realise in approximating centre manifolds, that W,
and W, are unique but W, is generally not unique. This is illustrated as follows.
y

Figure 13.5. Saddle-node

Example 13.7 (A. Kelley)

Consider the system
T=x
y=-y

In this case £, and W coincide (positive and negative y- axis). E, coincides with

the z-axis, in this example the z-axis is a part of W,. The orbits in the phase-plane
can be found by integration:

y(z) = Cel

where C is determined by the initial values. To the left of the y-axis, the centre
manifold consists of an infinite number of submanifolds which are all tangent to
E.. In this example W, is not analytic but C*.

We shall now take a closer look at the use of centre manifolds when studying
stability. Suppose that the matrix A in equation 13.18 has eigenvalues with real



13.4 Centre manifolds 185

part negative and zero. Assume for simplicity that the matrix is in diagonal form,
so instead of 13.18 we may write

T = Az + f(z,y)

13.19 .
( ) y = By+g(z,y)

with z € R",y € R™; A and B are constant diagonal matrices, where A has only
eigenvalues with real part zero, B has only eigenvalues with negative real part;
(z,y) = (0,0) is an isolated critical point. The functions f and g are C¥ k > 2,
and have a Taylor expansion in a neighbourhood of (0,0) in R™*™ which contains
no constant and no linear terms.

According to theorem 13.3 there exists h : R® — R™, where y(z) = h(z) represents
the centre manifold of 13.19 in (0,0). The flow in the centre manifold determines
the stability of the zero solution.

Theorem 13.4

Consider equation 13.19 in which A has only eigenvalues with real part zero, B
has only eigenvalues with negative real part. The flow in the centre manifold is
determined by the n-dimensional equation

(13.20) = Au+ f(u, h(u)).

If the solution u = 0 of equation 13.20 is stable (unstable), then the solution (0, 0)
of equation 13.19 is stable (unstable).

Proof
See Carr (1981). O

It is important to approximate h(z) with regards to applications. Substituting
y = h(z) in the second equation of 13.19 produces

%x:BM@+maM@)

Moreover we have in the centre manifold
&t = Az + f(z, h(z)).
So we obtain a first order partial differential equation for A
oh

(13.21) s

(Az + f(z,h)) — Bh—g(z,h) =0
with h(0) = 0 and tangency condition g—:(O) = (. We approximate h(z) by substi-
tution of a Taylor expansion into equation 13.21.

Example 13.8 (J. Carr)
Consider the system

L 3 2
(13.22) T = zy+az’+bzy

—y + cx? + dz?y.

<.
|
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According to theorem 13.3 the system has a stable manifold Wy which is tangent
to the y-axis at (0,0). There exists a centre manifold W,, given by y = h(z), which
is tangent to the z-axis. Equation 13.21 for h takes the form

dh
dzr
We substitute h(z) = az?+ Bz + ... and equate coefficients of equal powers of z
on the left and the righthand side; we find @ = ¢, 8 = 0 so that h(z) = cz?+O0(z?).
Now we apply theorem 13.4.
The flow in the centre manifold is determined by equation 13.20:

(zh + az® + bzh?) = —h + ca® + dz®h.

U = uh(u) + au® + buh®(u)
and in a neighbourhood of u =0
4= (a+c)u + O(ud).

It follows from theorem 13.4 that the solution (0,0) of system 13.22 is stable if
a + ¢ < 0, unstable if a + ¢ > 0. If we would have a + ¢ = 0, we have to compute
higher order terms.

13.5 Bifurcation of equilibrium solutions and Hopf bifurcation

In the introduction 13.1 we saw a number of examples of bifurcations which arise
when parameters are passing a certain value. Consider again equation 13.4

&= A(p)z + f(u, )

with z € R", u a parameter in R. We suspend this n-dimensional system in a
(n + 1)-dimensional system by adding p as new variable:

(13.23) l‘ = Az + f(p, )

g o= 0
Suppose now that df/dx — 0 as ||z|| — 0 and consider the possibility of bifurca-
tion of the solution x = 0. If the matrix A has p eigenvalues with real part zero
for a certain value of u, equation 13.23 has a (p + 1)-dimensional centre manifold
W,. To study W, we can formulate equation 13.20 for this case after which we can
simplify the equation by normalisation according to section 13.2 or 13.3.

Example 13.9
Consider the system
(13.24) b= pz—a+ay
y = —y+y* 2>
We are interested in bifurcations in a neighbourhood of (0,0) for small values of
| |- We suspend equations 13.24 in the system

T = pr—2t+xy
po=20
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The system, linearised in a neighbourhood of (0, 0, 0) , has the eigenvalues (0, —1, 0)
so according to theorem 13.3, there exists a 2- dimensional centre manifold y =
h(z, u). Differentiating and by using system 13.25 we find

9h(pr —x* +zh) = —h+h?—2z?
io= 0

Substituting for h a Taylor expansion with respect to  and p we find
h(z,p) = —x*+ ...

where the dots represent cubic and higher order terms in z and p (the reader
should check this). In the centre manifold, the flow is determined by (cf. 13.20)

v o= pu—2ud+ ...

(13.26) i = 0

if p < 0, the solution u = 0 is asymptotically stable and it follows from theorem
13.4 that the same holds for the corresponding solution of system 13.25 and so for
13.24. 1f p > 0, the solution v = 0 is unstable. Moreover, for small values of © > 0
there exist two stable equilibrium solutions with order of magnitude 4(u/2)'/2.
Below we shall indicate this bifurcation as ”supercritical pitch-fork”.

We shall apply these techniques systematically to equation 13.4 or system 13.23,
where there is one eigenvalue of A(p) which has real part zero. In this (simplest)
case, the corresponding centre manifold of system 13.23 is 2-dimensional as in
example 13.9. The flow in the centre manifold is described by an equation like
13.26, which we can simplify by normalisation.

It turns out that for bifurcations of equilibria with one parameter we have the
following cases: saddle-node, trans-critical, pitch-fork and Hopf. These so-called
codimension one bifurcations are relatively simple but one should note that when
they are imbedded in a higher dimensional system, the actual calculation can be
quite complicated.

H—

-t [ — | >\ —

l
T
|

Figure 13.6. Saddle-node bifurcation
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The saddle-node bifurcation
In the centre manifold the flow is described by

U = pH—u

(13.27) Q=0

If 1 < 0, there exists no equilibrium solution. At g = 0 two equilibrium solutions
branch off, of which one is stable and one unstable.

The trans-critical bifurcation
The flow is described by the equations

U pu —u

(13.28) PR

n

|

Figure 13.7. Trans-critical bifurcation

We have seen this case already in example 13.1. Apart from (0, 0) there are always
two equilibrium solutions with an exchange of stability when passing i = 0.

The pitch-fork bifurcation
The flow is described by the equations

U = pu—ud

(13.29) Q=0

H——

A
o

P

Figure 13.8. Pitch-fork bifurcation, supercritical

If 4 <0, there is one equilibrium solution, u = 0, which is stable. If ;1 > 0, there
are three equilibrium solutions, of which u = 0 is unstable, the two solutions which
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have branched off at u = 0 are stable. This is called the pitch-fork bifurcation and
it is supercritical.

On replacing —u® by +u3, the figure is reflected with respect to the u-axis; in this
case the bifurcation is called subcritical.

Remark

In using these bifurcation diagrams one should keep in mind that they present
a picture, based on local expansion. At some distance of the bifurcation value
qualitatively new phenomena may arise.

Bifurcation of periodic solutions (Hopf)

This bifurcation was studied already by Poincaré, who, in his work on the gravi-
tational three-body problem, obtained certain periodic solutions ”of second type”
(solutions of first type are obtained by the continuation method of chapter 10).
Later Andronov and Hopf gave a more explicit discussion. One considers the case
in which the matrix A(p)in equation 13.4 or system 13.23 has two purely imag-
inary eigenvalues for a certain value of u, whereas the other eigenvalues all have
a non-vanishing real part. We know this situation already from our study of the
van der Pol-equation with p near the value y =10

i+z=p(l-2)i

It is possible to put the parameter in the linear part only by the rescaling u = |/jiz.
We find for u the equation

it u=(p—u?)u.

As we know, the equation for z has for 1 > 0 one periodic solution which for small
values of p has the amplitude 2+ O(p). This means that for u the periodic solution
branches off with amplitude 2,/ + O(p?/?). This behaviour of solutions of the van
der Pol-equation is typical for Hopf-bifurcation.

More general consider

q « T
(13.30) i

nr —wy+ ...
wr+py+...

where the dots represent quadratic and higher order terms, w is fixed, w # 0. If
it = 0 the eigenvalues of the linear part are purely imaginary.

Figure 13.9. Hopf-bifurcation of periodic solution
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Normalisation removes all quadratic terms (cf. example 13.5) and a number of
cubic terms. To degree three, the normal form of equations 13.30 is
@ = dpu— (w+cp)v +a(u? +vH)u—bu +v2)v +. ..

(1331) (w+c;¢)u+duv+b(u2+v2)u+a(uz+v2)v+‘“

In polar coordinates the system looks better :

(dp+ar®)r + ...
wtep+br+ ...

T

(13.32) i

At 1 = 0 we have a pitch-fork bifurcation for the amplitude (r) equation which
corresponds with a Hopf-bifurcation for the full system. A periodic solution of
equation 13.32 exists if d # 0 and a # 0 with amplitude 7 = (—du/a)"/?. Gucken-
heimer and Holmes (1983) section 3.4, produced expressions for the number a.
The proof of existence of this periodic solution of system 13.30 can be carried out
as follows: first a reduction of system 13.23 to a system for the three-dimensional
centre manifold (theorem 13.3 and 13.4), secondly normalisation and finally a proof
in the spirit of theorem 11.4

13.6 Exercises
13-1. Consider the stability of (0,0) in system

T = 2y

y = —y+3z%

Sketch the phase-flow near (0, 0).
13-2. Consider again the system in example 13.7
i = 22

v = -y

We have a non-unique C* centre manifold. Try to approximate the centre
manifold(s) by a Taylor expansion.

13-3. The system

i = —y+zz—1°
Y = T+yz+zyz
2 = —z— (2?2 +y?) + 22 +sina?

is studied in a neighbourhood of the equilibrium solution (0,0,0). Find an
approximation for the centre manifold W,.
Is (0,0,0) stable?

13-4. Equation 13.3
& =1-2(1+ p)z + z?

has been studied in example 13.2. Determine the stability of the equilibrium
solutions.
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13-5. Example 13.3 is rather trivial. Assuming that the righthand side of equation
13.6 is a convergent power series with respect to z in a neighbourhood of
z = 0, it is easy to see that 13.7 represents a linearising transformation of
equation 13.6 which is a convergent series in the same neighbourhood.
How?

13-6. Consider equation 13.5 in the case n = 2 near the critical point z = 0. The
cases with infinitely many resonant terms have codimension 1 in a parameter
space generated by the coefficients of the matrix A. For which non-degenerate
critical points do they occur?

13-7. The Belgian scientists Prigogine and Lefever formulated a model for certain
chemical reactions; the model is called the Brusselator. If there is no spatial
diffusion the equations are

i = a—(b+1)z+2%
y = br—1z%

in which z and y are concentrations (z,y > 0), a and b are positive parame-
ters. Does the Brusselator admit the possibility of Hopf bifurcation?

13-8. In section 13.3 we have shown that averaging and normalisation involve the
same resonance conditions. In this exercise we show that the approximation
theory based on both techniques leads to asymptotically aequivalent results.
Consider the equation

i+x=ex?
In example 11.1, omitting the friction term, we found z(t) = 7(0) cos(t +
¥(0)) + O(e) on the time-scale 1/e.

a. Write the equation as & = 3,9 = —z + ez? and introduce the
near-identity transformation 13.8 by

T = u+e(au® + apuv + azv?) + 2. ..
y = v+e(bu?+byuv+b3v?) +e2...
Compute the normal form of the equations to order 2, i.e. to O(e).

b. Find an approximation of the solution with prescribed initial val-
ues and compare this with the result by averaging.

13-9. We are looking for bifurcation phenomena in the system

t = (I1+a®)z + (2—6a)y + f(z,v)
with parameter a; f(z,y) and g(z,y) can be developed in a Taylor series

near (0,0) starting with quadratic terms.

a. For which values of a does the Poincaré-Lyapunov theorem (7.1)
quarantee asymptotic stability of (0,0)?
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b. For which values of a is it possible to have a bifurcation of (0,0)?
Construct an example where this actually happens.

c¢. For which values of a does a centre manifold exist?
d. For which values of a is it possible to have Hopf bifurcation.
13-10. Consider the system
i = (®+y* -2z
y = —y+e
Determine the stability of the stationary solution (0, 0).
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14.1 Introduction and historical context

In this chapter we shall discuss a number of complicated phenomena which are
described as ”chaotic”, ”showing strange attraction” or ”sensitive dependence on
initial conditions” etc. These phenomena play a part in iterated maps, ordinary
differential equations, partial differential equations and, as a number of scientists
are believing, in the phenomenon of turbulence in fluid mechanics.

Here we shall explore some basic ideas of chaos in maps and ordinary differential
equations; in a subsequent chapter we shall meet chaos again in the dynamics of
Hamiltonian systems.

Chaotic phenomena abound in the sciences, they can be found in nearly all branches
of nonlinear modeling. In mechanics for instance where at least two degrees of free-
dom play a part, or alternatively, if we have a nonlinear oscillator with external
or parametric forcing; see Moon (1987). In these problems nonchaotic, regular
behaviour is ezceptional. Consequently this holds also in modeling based on the-
oretical mechanics as can be found in celestial mechanics, meteorology and other
fields.

Other examples can be found in chemistry and theoretical biology, where inter-
actions between various components, chemical elements or population densities,
gives rise to nonlinear equations. Chaotic effects have been traced as a super-
position on rhythmic activity of the heart (in ECG’s) and the brain (in EEG’s).
Mathematical biologists have been succesful in explaining unexpected fluctuations
in the incidence of children’s diseases by chaos theory. Research is going on in
this direction in economic and monetary modeling, even in fields which until now
hardly used mathematics.

Chaos theory produces fundamental new results and in this perspective it is re-
markable that the international mathematics subject classification (edition 1991)
under item 58F13 indicates: ”Strange attractors, chaos and other pathologies”.
This illustrates that the defense against the ideas of chaos theory is still very
strong. Such defense probably derives from the succesful deterministic view of
the world, developed in the 18" century by prominent scientists and promoted
eloquently by Laplace and Kant. These ideas are still fairly dominant.

The first step in dynamical systems and chaos theory was made by Henri Poincaré
who studied conservative dynamics. In his 1889 prize essay, he proved the non-
integrability of the equations of the Newtonian three-body problem. This was
followed by many more results on dynamical systems - Poincaré was extremely
productive - but in the first half of the century this part of his work was taken
up mainly by one person: George David Birkhoff. In the beginning of the sixties
the field really opened up by, on one side by computer experiments in meteorology

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996
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(Edward Lorenz) and astrophysics (Michel Hénon) and on the other side by the
start of an avalanche of new results in mathematics (Stephen Smale, David Ruelle,
Floris Takens, to name a few).

This chapter has been written as an introduction to a very large and still rapidly
expanding field. The interested reader is referred to the following general intro-
ductions: Schuster (1984), Bergé, Pomeau and Vidal (1984), Guckenheimer and
Holmes (1983), Devaney (1989), Peitgen, Jiirgens, Saupe (1993, a beautiful and
readable introduction), Thompson and Stewart (1986), Moon (1987), Rasband
(1990), Gutzwiller (1991), Wiggins (1988).

A useful collection of reprints of papers was edited by Cvitanovi¢ (1989), an in-
spiring text on computation in dynamical systems is Nusse and Yorke (1994).

14.2 The Lorenz-equations

In 1963 there appeared a remarkable paper by the meteorologist E.N. Lorenz
(1963). In this paper the starting-point is the phenomenon of convection in the
atmosphere of the Earth by heating from below and cooling from above. The
model for this problem leads to the Boussinesq equations, which are nonlinear
partial differential equations.

By considering three important modes in the system, mathematically speaking
by projecting the infinite-dimensional space of solutions on a three- dimensional
subspace, Lorenz derived the following system

t = oly—1z)
(14.1) Yy = re—y—2zz
2 = zy—bz

in which o,r and b are positive parameters. As z,y and z represent dominant
modes of the convective flow, on physical grounds this projection seems to be
a reasonable first approximation. We note however that on adding modes, i.e.
by projection on a higher-dimensional subspace, we obtain very different results.
However, even as the use of system 14.1 as a model for convection in the atmosphere
is very much in dispute, the equations are mathematically very interesting.

In the sequel we shall often take o = 10,b = 8/3, r can take various positive values.
First we choose r = 28 and we construct a numerical approximation of a solution
which starts in a neighbourhood of the unstable equilibrium solution (0,0, 0); it
starts in F, so that the orbit follows the unstable manifold W, as well as possible.

In figure 14.1 this orbit has been depicted; it turns out to have the following
features:

a. The orbit is not closed.

b. The orbit does not represent a transition stage to well-known regular
behaviour; the orbit continues to describe loops on the left and on the
right without apparent regularity in the number of loops.
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Figure 14.1. Numerical approximation of one solution of the Lorenz- equations.

¢. The subsequent number of loops on the left and on the right depend
in a very sensitive way on the initial values. A small perturbation of
the initial values produces another alternating series of loops.

d. Other initial values, also very different ones, produce roughly the same
picture.

The numerical experiments suggest the existence of an attracting set with a dimen-
sion a little bigger than two, which, in the perspective of point ¢, has a complicated
topological structure. For these new phenomena, Ruelle and Takens invented the
name ”strange attraction”. Actually, there exist definitions of strange attraction,
but until now it has been very difficult to apply these definitions in explicit exam-
ples.

A number of characteristics of the Lorenz-equations are easy to derive. We discuss
them briefly, the reader should verify the details.

1. Equations 14.1 have the following reflection symmetry: replace z,y,z by
—z, —y, z and the equations have the same form. It follows that each solution
(x(t),y(t), 2(t)) has a symmetric counter-part (—z(t), —y(t), z(t)) which is
also a solution.

2. The z-axis, z = y = 0, is an invariant set. Solutions which are starting on
the z-axis tend to (0,0,0) for t — oo.

3. Each volume-element, mapped by the phase-flow into phase-space, shrinks.
This can be seen by calculating the divergence of the vector function on the
righthand side V.(oy —oz,rz —y—zz,2y —bz) = —(0+ 1+b). With lemma
2.4 we have for the volume v(t) of the element

0(0) = —(o + 1 + b)v(0).
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As t = 0 is arbitrary, we clearly have
v=—(c+1+bv

so that
v(t) = v(0) exp. (—(o + 1+ b)t).

A phase-flow with negative divergence is called dissipative (some authors are
calling a system dissipative if the divergence does not vanish; this is confusing
as example 2.15 of the Volterra-Lotka equations has shown). In a dissipative
system there cannot exist critical points or periodic solutions which are a
negative attractor. For, if this would be the case, in a neighbourhood of
these solutions a volume-element would expand.

Equilibrium solutions.

For 0 < r < 1 there is one equilibrium solution, corresponding with the
critical point (0, 0,0) . This solution is asymptotically stable. When r passes
the value 1, one eigenvalue becomes zero and we have a bifurcation. For r > 1
three critical points exist: (0,0,0), (:I:\/b(r - 1), :I:\/b(r —1),r — 1). The
point (0,0,0) has three real eigenvalues, two are negative , one is positive,
the last one corresponding with a one-dimensional unstable manifold. It
follows that for r > 1, the solution (0,0, 0) is unstable.

The eigenvalues of the other two critical points which exist for r > 1 are
satisfying the equation

N4 X (o +b+1)+ Ab(o +7)+20b(r — 1) = 0.

It can be shown that if 1 < 7 < 7y, the three roots of this cubic equation
have all negative real parts; we have

olc+b+3)

rg=——>.
c—b—-1

If r = rg two of the eigenvalues are purely imaginary and we have Hopf
bifurcation. This bifurcation turns out to be subcritical, i.e. for r < 7y
there exist two unstable periodic solutions corresponding with the two critical
points; on passing the value r = ry these periodic solutions vanish.
If r > ry, each of the two critical points has one negative (real) eigenvalue
and two eigenvalues with real part positive so they correspond with unstable
solutions. This is the case of figure 14.1 where o = 10,b = 8/3,r = 28, ry =
24.74. ...
The bifurcation results discussed here can all be obtained with the methods
of chapter 13.

Boundedness of the solutions.

One can find bounded, invariant sets in which the solutions are contained
from some time on. We shall follow the construction of Sparrow (1982) in
considering as in chapter 8 a Lyapunov function:

V(z,y,2) =1z’ + oy’ + o(z — 2r)%
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For the orbital derivative with respect to system 14.1 we find
LV = —20(rz* + y* + bz* — 2br2).

Now we have L;V > 0 inside and on the ellipsoid D : rz? + y% + b(z —
2r)2 = 4br?. Consider the maximum value m of V (z,y, 2) in the full ellipsoid
bounded by D, consider also the ellipsoid E with V(z,y,2) < m+e¢ (¢ small
and positive). If a phase-point P is outside E, it is also outside D so that
L;V(P) < =6 < 0 (6 positive). It follows that the values of V (z,y, 2) along
the orbit which starts in P, have to decrease; after a finite time the orbit
enters F and cannot leave it again.

We conclude that in the situation where o = 10,b = 8/3, r = 28 (figure
14.1), the flow enters an ellipsoidal domain E which contains three unstable
equilibrium solutions. It follows from the boundedness of F and the shrinking
of each volume-element in the flow that an w-limit set exists in E with volume
zero, see also theorem 4.3. This w-limit set may contain very irregular orbits
and is called a strange attractor.

As remarked above, in the case of the parameter values ¢ = 10, b = 8/3, r = 28
(figure 14.1) the orbits seem to move in the vicinity of a special set in phase-space.
We would like to characterise this set.

To extend our knowledge of the phase flow, it is natural to look for special maps
which are generated by the flow. We shall explore some of the possibilities in the
next section.

Remark (sensitive dependence on initial conditions) .

Above we noted that the solutions depend sensitively on the initial conditions.
This is typical for chaotic behaviour even to such extent that sensitive dependence
on initial conditions has been proposed as one of the definitions of chaos. From
theorem 1.4 we know that solutions which are initially e-close are at most sepa-
rating exponentially fast. In general this gives an upper limit of separation, it is
realised for instance in a non-chaotic system if we start with neighbouring solu-
tions at different sides of a separatrix. In a chaotic system there appears to be an
infinite number of separating manifolds with exponential separation ‘everywhere’.
This fits in with a picture which we shall develop in later sections where we shall
find that certain chaotic systems contain an infinite number of unstable periodic
solutions and so, in an analogue of theorem 3.3, an infinite number of stable and
unstable manifolds.

14.3 Maps associated with the Lorenz-equations

We shall construct a Poincaré-mapping P, by using a two-dimensional transversal
V to the flow. For the transversal one often takes the plane z = r — 1 where two
critical points are located for 7 > 1. The points of V' are mapped into V by the
flow if the orbits return to the same region in phase-space. So to carry out the
construction of P correctly it is necessary to know more about phase-space, in
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Figure 14.2 At 0 = 10,b = 8/3,r = 22.4 orbits exist which wander around in an
irregular way but which eventually go to a critical point in the plane z = — 1.

particular about the recurrence properties of the flow. Consider for instance figure
14.2, where we have plotted the component z(t) of an orbit starting in an irregular
way, but which is attracted finally to the critical point (\/i)(r -1), \/b(r - 1),
r —1). Such phenomena are sometimes called ”preturbulence” or ”meta-stable
chaos”. As r increases this irregular wandering around takes a longer time; if
r > rp there is no attracting equilibrium point or attracting periodic solution left
in phase-space. Now we construct a Poincaré-map to obtain a better idea of what
is going on if r > ry.

Lorenz System

X

Figure 14.3. Poincaré-map of the plane z = r — 1 = 27 for the case ¢ = 10,b =
8/3,r = 28. After a few transition points the map looks nearly one-dimensional.

It turns out that the set depicted in figure 14.1, produces a ‘nearly one-dimensional’

Poincaré-map (figure 14.3). The points in this set jump around in a very irregular
way.

There are many ways to extract maps from a phase-flow. Lorenz studied a one-
dimensional map which arises in the following way. Consider the maximal values
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which z(t) takes subsequently for a fixed orbit. Because of the boundedness of the
solutions this produces a mapping h of an interval into itself.

next
maximum

maximum in z

Figure 14.4. Each local maximal value of z(t) is followed by a new local maximum,
determined by h;o = 10,b = 8/3,r = 28.

In figure 14.4 we have plotted the local maxima horizontally which are followed
by new local maxima vertically; this has been carried out for many orbits. The
cusp corresponds with an orbit which goes to the origin of phase-space and which
is located on the stable manifold W;. To the left and to the right of the cusp,
the mapping behaves in a different way which depends on the location of W,. A
mapping which starts in the rectangle indicated by - - -, remains there forever. If
the tangent of the inclination angle of the graph is in absolute value larger than
one everywhere, there exists no stable periodic orbit (we return to this in section
14.4).

It is clear that both numerical integrations and theorems on the mapping h (and
related mappings) can teach us a lot about the behaviour of the solutions. This
also motivates us to obtain more general insight in the behaviour of mappings.

14.4  One-dimensional dynamics

In the preceding section, and on many earlier occasions, we have seen that differ-
ential equations and their solutions are connected in a natural way with mappings.
So it makes sense to consider more in general the dynamic behaviour of mappings.
Also, in some applications like in mathematical biology, the formulation of the
problem is already in the language of mappings or difference equations.

Consider as an example a population of one species; the number of individuals at
time ¢ is N;, N; > 0. One unit of time later the number of individuals is N;,; with

(14.2) Nipir = f(IV:)

where f is determined by the birth and death processes in the population. We
expect that f(0) = 0, Ny > N, if N, is small and N;y; < N, if the number is
large because of natural bounds on the amount of available space and food. A
simple model is provided by the difference equation

r

(143) N¢+1 = Nt + T'Nt - k

Nf
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with r the growth coefficient and k a positive constant. We introduce
r,=1N/(k(1+71)), a=1+r

The difference equation 14.3 becomes

(14.4) Typ1 = azy(l — xy).

Equation 14.4 is called the quadratic equation, logistic equation or Verhulst-
equation (cf. example 7.3).

| ' V
8
g
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S 10 1S 20 25 3 35 N0 N5 SO S5 60 65 70 75 80 85 90 95 100 105 110 115 120

t—
Figure 14.5. Solution of equation 14.4 with a = 3.83 and zo = 0.1

We choose = € [0,1]. Giving o, equation 14.4 produces the value z; for ¢t = 1;
substituting again produces z, for t = 2. We plot z;, as a function of ¢, and, to
obtain a better impression of the mapping, we connect the points. We carry this
out with a = 3.83 and zo = 0.1 resulting in fairly regular behaviour of the solution
for t > 60 (figure 14.5).

We repeat now the calculations with again zo = 0.1 but another value of a :
3.99027. For 0 < t < 60 the result does not look very regular (figure 14.6).

Ldats Loaiadiaial L ITLIVTY TP i iaadisssdlassl. st
S 10 1S 20 25 30 35 40 4S5 SO S5 60 65 70 75 80 85 90 95 100 105
b

Figure 14.6. Solution of equation 14.4 with a = 3.99027 and z¢ = 0.1.

Notions as ”very regular” and ”irregular” are too vague, so we introduce some new
concepts. First we note that both autonomous differential equations and difference
equations of type 14.2 can be viewed as dynamical systems.

Definition
M is a smooth manifold; the C'-mapping ¢: R x M — M is a dynamical system
for all z € M if
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1. ¢(0,z) ==z
2. ¢(t, ¢(to, 7)) = ¢(t + to, 7)

(sometimes expressed as ¢y © dry = Pri1,)-

In a continuous system we have t and ¢y € R, in a discrete system t and t, € Z.

In a continuous system the mapping ¢ is called a flow on the manifold M. It is
clear that the difference equation 14.2 with f € C! corresponds with a dynamical
system; in this case we have M C R.

The phase-flow on M C R"™ , generated by the autonomous initial value problem

z = f(z), z(to) = zo

is also a dynamical system. This can be seen by noting that in the definition 1
corresponds with the initial value problem formulation, 2 follows from the trans-
lation property given in lemma 2.1.

It is also possible to envisage non-autonomous n'* order equations as a dynamical
system by suspension in a (n + 1)-dimensional autonomous system. If we have

z = f(t, 1)

we put t = 6 and we derive the autonomous system
T = f(0,1)
=1

Returning to equation 14.2 we note that f(NN;) may have a fixed point Ny : f(Np) =
Ny, which is called a periodic solution of the dynamical system; sometimes Nj is
called a periodic point of f. It is also possible that only after applying the mapping
k-times, we are returning in Ny : f*(Ng) = Ny.

Definition

Consider the mapping f : R — R; the point z, is called periodic point of f with
period k if f¥(zy) = x0, k € N.

Also, we can formulate analogues of the definitions of stability like:

Definition

If 2 is a fixed point of f, z, is asymptotically stable if there exists a neighbourhood
U of x4 such that TzlLIIgo f™(x) = xo for all z € U. The point z, is an asymptotically
stable periodic point of f with period k if z, is an asymptotically stable fixed point
of f*.

With an analogous terminology as in earlier problems we have: the domain of
attraction of an asymptotically stable point z, with period k is the set of points

which converge to z by iteration of the mapping f*. The set { f*(x)}$2, is called
the orbit of zq .
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X

X4

y=f(x)

Xo X4 X

Figure 14.7.

A simple graphical technique to construct subsequent mappings and to study sta-
bility runs as follows.

Consider, as in figure 14.7, the graph of f(z). A vertical segment, drawn from o,
intersects the graph with corresponding ordinate z, = f(zo). Consider a horizontal
segment from this point to the line y = z; the point of intersection has the abscissa
z,. Draw a vertical segment to find zo = f(z;) etc.

Xnet

Figure 14.8. Asymptotically stable periodic point, period 1.

It is clear that a point of intersection of the graphs of y = f(z) and y = z
corresponds with a fixed point of f. In the case of figure 14.7 the fixed point is
asymptotically stable. We can study this behaviour by continuing the construc-
tion as in figure 14.8. If z is a fixed point of f in 14.2 one can prove easily:
| f'(z0) |< 1 implies that zo is asymptotically stable, from | f'(zo) |> 1 it follows
that zg is unstable.

To prove this, it suffices to consider the first-order Taylor expansion of f(z) in a
neighbourhood of z = zg:

f(@) = f(@0) + f'(w0)(z — m0) + O(x — z0)* as |z — zo| — 0.
From which follows
If (@) = f(zo)| = | (zo)l|z — 2o| + Oz — 20)* as |z — zo| — 0.

In a neighbourhood of zo, the map increases the distance to z if | f'(zo)| > 1, the
distance decreases if | f'(zo)| < 1.
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If we have a k-periodic orbit starting in o, we have a fixed point f*(z¢) = zo. It
follows that |df*(zo)/dz| < 1 implies that the k-periodic orbit is asymptotically
stable, if |df*(zo)/dx| > 1 the orbit is unstable.

In figure 14.9 we have indicated periodic points with period 2 and with period 4.

Xpet =

Xnet

Figure 14.9. Periodic points with period 2 and 4.

In characterising a dynamical system of the form 14.2 we discern various types
among the orbits and points: periodic points and points which converge to a
periodic point; there is also irregular behaviour of orbits, generally indicated by
the term ”chaos”, but it is not easy to define this. Physicists, when studying
dynamical systems, use the term chaos loosely to indicate that the system shows
sensitive dependence on initial conditions and divergence of trajectories. We have
met such behaviour when studying the Lorenz-equations. Mathematicians refrain
from giving a general definition although in the case of one-dimensional mappings
(14.2) we can be more precise:

Definition

A point z¢ is called aperiodic point of the mapping f in 14.2 if the orbit of zg
is bounded and if no k£ € N exists such that nlLrgo f™(x0) exists. In this case the
mapping f is called chaotic.

If z¢ is aperiodic it cannot converge to a periodic point. We have seen irregular
behaviour of the quadratic mapping in figure 14.6 for a particular orbit and one
may ask whether the dynamical system 14.4 contains aperiodic points and, if so,
where they are located. Put in a different way: consider all asymptotically stable
periodic points of 14.4 with z € [0,1] and the union A of all attraction domains
of these points; what does the complement of A in [0, 1] look like and what is the
Lebesgue measure of the complement?

14.5 One-dimensional chaos: the quadratic map

In this section we list a number of interesting results for the quadratic mapping.
Research on the subject was initiated by May (1976); for more results and refer-
ences see Nusse (1984), Devaney (1989), Peitgen, Jiirgens and Saupe (1993). We
are considering again equation 14.4

Ty = axy(1 —2,) , z € [0,1].
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The maximum of the function az(1—z) is a/4. So we put the requirement 0 < a < 4
to ensure that 14.4 defines repeatedly a mapping of [0, 1] into itself. As an illus-
tration we depict in figures 14.10 and 14.11 the function f(z) = az(1 — z) when
applied k-times, kK =1,...,10.

Intersections with the graph of y = z denote periodic points with period k. Con-
sider first the case a = 3.6 in figure 14.10. For each value of k one finds one or
more periodic points. However, there does not exist for each value of k a periodic
point with smallest period k; consider for instance k = 3. One should note that
a fixed point of f produces, apart from a periodic point with period 1, periodic
points with period k for each k € N; periodic points with period 2, corresponding
with fixed points of f2, produce periodic points with period 2k for each k € N.
Consider now the case a = 3.99027 in figure 14.11. The number of periodic points
increases with k in an explosive way. As we shall explain, the occurrence of period
3 is very important.

In 1964 Sharkovsky studied continuous mappings of R into itself and he reached
some remarkable conclusions. First he introduced an ordering of all the natural
numbers:

3psS5p>7p-- b (all odd numbers except 1)

23251 (2 times the odd numbers except 1)
22.3p22. 5> > (22 times the odd numbers except 1)
23225 > (23 times the odd numbers except 1)
> (2% times ... 25 times ... etc.)

L8221l

Theorem 14.1 (Sharkovsky)
f : R — R is continuous and suppose that f has a k-periodic point; f has m-
periodic points for all m with k > m in the given ordering.

For a proof see Devaney (1989). ]
One of the consequences of the theorem is, that if f has a periodic point which
is not a power of 2, then there are an infinite number of periodic points among
which all powers of 2.

Another striking consequence is that period 3 is first, implying that the presence
of a 3-periodic point produces periodic points of all periods. Without knowledge
of Sharkovsky’s theorem, Li and Yorke obtained in 1975 this last result which was
published in a paper with the title ” period three implies chaos”.

One of their results is : consider a continuous mapping f of a segment into itself
with periodic point, period 3; then there exist periodic points with period n for
each n € N and there exists a noncountable set, of aperiodic points in the segment.
In 1983 Nusse showed that, if the quadratic map f has an asymptotically stable
point p and an infinite number of different periodic points, the set of points which
do not converge to a stable periodic point, has Lebesgue-measure zero. In other
words, a point which is randomly chosen will not be aperiodic.
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Figure 14.10. f* k =1,...,10 for f(z) = 3.€x(1 — x); periodic points with period
k are found on the line y = z. The fixed points of f are indicated by e.

Finally we call attention to the phenomenon of period-doubling and the Feigenbaum-
number. The mapping ¢ — az(1l — z) with z € [0, 1] is now considered as a bi-
furcation problem with parameter a € [0, 4]. We find the following bifurcations by
elementary calculus:

0<a<1l : z=0isthe only fixed point of f¥ k=1,2,... and it is
asymptotically stable.

1<a<3 : The point z =0 is unstable. The fixed point z =1—-1/a
is asymptotically stable with domain of attraction 0 < z < 1.

The analysis becomes less elementary:
a>3 : On increasing a from 3 to 4, periodic orbits arise with at each step
a doubling of the period : 2,4,8,....
At each value of a where such a new periodic point with double
period arises we have a bifurcation and there are an infinite
number of such period-doubling bifurcations until the value
Qo = 3.569946 . . .; see figure 14.12.
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Figure 14.11. f* k =1,...,10 for f(z) = az(1 — z) with a = 3.99027; periodic
points with period k are found on the line y = x.
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Figure 14.12. The w-limit set as a function of the parameter a.

The period-doubling bifurcation looks like a pitchfork (chapter 13.5). The new
(double) periodic point is stable near the bifurcation value of a, the periodic point
of which it branches off becomes unstable at this value.

The values of a with as, < a < 4 produce mappings which we indicate by ” chaotic”.
Feigenbaum, and independently Coullet and Tresser, found in 1975 a remarkable
regularity. If ay, aq, a3, ..., ay are the values of a where the period-doubling takes
place, we have the simple relation

Ap = Qoo — Cq "
with ¢ = 2.6327... and ¢ = 4.669202... (the Feigenbaum-number). This looks
like a rather special result, but it turns out that the constant g has a ”universal”

character in the sense that the number ¢ arises in many more dynamical systems
where period-doubling takes place.

14.6 One-dimensional chaos: the tent map

An instructive example to study is the sectionally linear tent map A, : [0,1] —
[0, 1] given by

Aylz) = 2upx ,0

I
N4
=
-
|
&
i
IAIA

Figure 14.13 shows the cases 0 < pu < % and % <p <1 z=0is always a fixed
point; as A}(0) = 2u, = 0 is asymptotically stable if 0 < p < %, unstable if
% < p < 1. The transition case p = % is left to the reader; it is easy to show that
in this case we have a one-parameter family of fixed points which are all neutrally

stable.
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1 O<p<1/2 , 1 12<p<1 ,

l_>x 1—»)(

Figure 14.13. Left the tent map if 0 < p < %; z = 0 is a global attractor. On the
right the tent map if % < u < 1; now there are two fixed points which are both

unstable.

If % < p < 1, another fixed point is a = 2—3‘:_—1 with % <a< % As Al'(a) = —2p,
this fixed point is always unstable, so the tent map does not follow the period-
doubling scenario of the quadratic map. As we have |A'(z)| = 2 > 1, points are
separating exponentially fast: an initial distance € between two points becomes
successively 2ue, (2u)2%, ..., (2u)"€, ... which becomes of order of magnitude 1 if
n = In(1/¢)/ In(2p).

One should note the stretching and folding behaviour of the tent map if % <pu<l
A subset of [0, 1] is stretched by the map and then folded back into the segment
[0,1]. The behaviour in this case is also reminiscent of the one-dimensional map
constructed in the problem of the Lorenz-equations (figure 14.4).

Repeatedly iterating the tent map numerically for % < p < 1 suggests the presence
of attracting sets which are covering more and more of [0, 1] as p increases (figure
14.14).

Because of the sectionally linear character of the tent map, it is relatively easy to
obtain insight. Take for instance % < p < 1; the reader should verify the following
statements. 1. No point is mapped into (u,1]. 2. Starting in (u, 1) the points are
mapped into (0, 2u(1 — p)). 3. Points from (0, 2u(1 — p)) are leaving this interval.
So an attracting set, if it exists, is contained in [2u(1 — p), y].

We display a number of iterates in the case p = 1. Intersections of A}(z) with
y = x, if they do not correspond with intersections of lower iterates, produce new
periodic solutions. There are infinitely many periodic solutions which are, because
of the property of exponential separation, all unstable.

14.7 Fractal sets

When studying the Lorenz-equations in section 14.2 we observed the presence of a
set, termed ‘strange attractor’, around which the orbits are moving in an irregular
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Figure 14.14. Iterates of the tent map. For fixed values of i an attracting set
emerges.

! . AD ()

Figure 14.15. Iterates of A,(z); intersections with y = = produce (unstable) n-
periodic solutions.



210 14 Chaos

way. Phase-space in this case has dimension 3, the ‘strange attractor’ is rather flat
but seems to have a certain thickness. What is its dimension?

The one-dimensional quadratic map and the tent map in sections 14.5-6 show
chaotic behaviour and the interval [0, 1] seems to contain attracting sets. Again
we would like to characterize such a set, for instance by its dimension.

To these examples we add a brief description of a 2-dimensional mapping, the
Hénon-map:
¢ : (1"7y) - (1 —aiL'2+y,biL')

with constants a,b. After the Lorenz-equations this is one of the first examples
showing strange attraction. Take for instance a = 1.4, b = 0.3. On iterating the
map we find, after a short transition stage, always a curve-like structure which
is being visited by the orbits in an irregular way. Enlarging this structure shows
more ‘curves’ and its dimension looks somewhat larger than one (see figure 14.16).

Figure 14.16. The Hénon-attractor and two enlargements.

Until the end of the 19" century the idea of dimension was used intuitively. A
curve in R™ has dimension 1, a plane dimension 2, etc. Definitions of dimension
use the idea of a ‘covering’. Consider the non-empty bounded set X C R” and
n-dimensional cubes with side-length €. We can cover the set X by such cubes and
let N () be the minimal number, necessary to cover X. In general N will increase
with €, except if X consists of a finite number of points; in this case N becomes a
constant as € — 0.
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Definition limitcapacity Degp.
Consider the non-empty, bounded set X C R"™ with a covering by N(e) cubes
(e > 0), then the limit capacity

In N(¢g)

Deap(X) = ll_I'I(l) In(1/2) if it exists;

if the limit does not exist, we take limsup.
D.qp represents a geometric dimension of the set X C R™. It is clear that if X

consists of a finite number of points Degp(X) = 0. One can show that De,,(X) < m.

Figure 14.17. First stages in the construction of the Cantor set.

Example 14.1 (classical Cantor set)

Consider the interval [0,1] C R and remove the middle third of the interval i.e.
(4,2). What is left is the set K' = [0, 3] U [%,1]. From these two intervals we
remove the two middle third parts (—é, %) and (%, %) to produce K?. This procedure
is continued; the set K™ n =1,2,... consists of 2" intervals of length 37".

Now we let m — 0o to obtain the set K. This set contains all the ‘boundary
points’ of the intervals in the construction. It is easy to calculate the length of
K by computing the length of its complement. At step n we have removed 2"

intervals of length 3-("*! with total length

L, = Xn:Qk.g—(kH):li(g)k
k=0 320 3
and 1 1
Jil‘éoang 1-2 =1

So K has length 0.
As K is contained in K™ we take K™ as a covering to calculate the dimension of
K (limit capacity):
In2® In2
Dap(K) = lim —— = = = 0.6309. ..

n=% n3"  In3

Here we took € = 37"; choosing other sequences € — 0 produces the same result.
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Example 14.2 Koch snowflake .

L
SR

Figure 14.18. First 3 steps of the construction of the Koch snowflake.

This is a classical 2-dimensional example which is related to the Cantor set. Con-
sider an equilateral triangle with the sides divided in thirds. The 3 middle thirds
are made the base of three equilateral triangles pointing outwards. Omitting the
middle thirds we have a figure with 12 sides. We repeat the construction, each
side produces 4 sides with length 1/3 of this side, etc.
Repeating the construction an infinite number of times results in the Koch snowflake.
Starting with sidelength 1, at the n*" step the total length is 3- (%)" which becomes
unbounded. On the other hand, the area covered by the snowflake is bounded; the
boundary curve admits a continuous parametrization but it is nowhere differen-
tiable. To compute the limit capacity we consider coverings wiht side € = (1/3)™.
We find In(3-4")  Ind
. In(3- n
Deap = lim, = 30" = W3
Choosing other sequences ¢ — 0 produces the same result.

= 1.2618...

Remark (numerical computation).

This geometric definition of dimension is easy to implement for numerical approxi-
mation; various types of software are available to calculate the limit capacity. The
idea is simple: divide the space which contains the set X in cubes and count the
cubes (‘boxes’) which contain at least one point of X. Divide these boxes again in
smaller boxes etc. The method works quite well if the dimension of the phase- or
configuration space is not too high and if the set X is not too inhomogeneous. If
it is, one might miss outliers and special subsets.

For the Hénon-attractor in the beginning of this section this calculation yields
Deop=1-2...

Remark (Hausdorff dimension).

The limit capacity definition of geometric dimension is useful but it can be mis-

leading. Consider for instance the set of rational numbers in [0, 1] so X = QNJ0, 1].
We find

Deop(X) =1

as the rationals are dense in R. But the set X is only countable and the limit
capacity of its imbedding in the reals does present a correct but misleading picture.
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Note that the Cantor set consists of a non-countable number of points while having
a smaller limit capacity (0.6...).
The answer to this is the introduction of the Hausdorff dimension Dy which uses
coverings by cubes which may be of different size. We do not give the definition;
it is intuitively clear that

Dy(X) < Degp(X).

One can find for instance

In the examples of dynamical systems studied up till now, there is not much
difference between D,,, and Dy, leading to conclusions in the literature on their
”equality in practice”. However, such statements should be taken cum grano salis
as Dy is not easy to approximate numerically and the number of examples is still
rather restricted.

14.8 Dynamical characterisations of fractal sets

The limit capacity and the Hausdorff dimension of a fractal set are determined
only by the metric properties of the space in which the set is located. In chaotic
dynamics not only the geometry of the set - for instance a strange attractor - is
important but also its dynamical properties. Part of the fractal set may be visited
very often by the orbits of the dynamical system, other parts may be visited only
by relatively exceptional orbits. Characterisation of the fractal set involving the
dynamics of the neighbouring orbits adds essential information.

Now a quantitative description of what is exceptional and what is not, uses proba-
bilistic tools which require a lot of mathematics. So we shall present here a sketch
of the basic ideas only; a more detailed introduction has been given by Gucken-
heimer and Holmes (1983, chapter 5.8).

Suppose we are considering a dynamical system generated by the map ¢ : R* —
R™. Starting in zo we have z; = ¢(zo), xo = ¢(z;) etc. We are interested in the
probability density for points of the sequence z¢, z1,Zo, ..., T,,... to be found in
the set X C R™.

Definition dynamical measure of X

. #{neN0O<n<N,z,eX
paa(X) = Jim FRENO =R = Nt €}

Note that the measure of X depends on zy (and of course on ¢). We are hop-
ing however, that we can find ‘typical’ zo such that the long term behaviour of
Z,, M — 00, does not depend critically on z.

Suppose that we cover the set X C R™ with cubes Q;,i =1,..., M. We shall in-
troduce now a dimension for which our box-counting does not only counts whether
a cube contains a point of X or not but also how many. We assume that the prob-
ability, derived from the dynamical measure, to find a point of X in cube Q; is p;.
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The probability to find independently two points in the cube Q; is p2.
We consider now all collections of IV cubes, side ¢, and determine the collection
for which

N
P(e)=>_p} is minimal.

i=1
1/P(e) plays a part like N(¢) in the definition of limit capacity.
Definition correlation dimension D,y

lim In P(S).
e=0 Ine

Dcorr(X) =
As € tends to zero we have approximately
P(e) m Cyeleorr

with C) a positive constant, i.e. the number of pairwise correlations in an e-cube
scales as € raised to the power D,,,. Compare this with

N(e) ~ Cog™PeerX)
as € tends to zero and Cj a positive constant.

Example 14.3
Consider a set X C R" in which any covering by N(e) cubes, side e, produces
cubes with equal dynamical measure. The probability of finding points in a cube

1S 1

N(e)'

pi =

W 1 1

It follows that P(g) = Clst“'P(X ) as € tends to zero. Applying the definition of
correlation dimension we find

In C5! 4 In gPeer(X)
Dcorr(X):hm Nt tine

€0 Ine = Deap(X),

which was to be expected in this homogeneous case.

We now consider a case with inhomogeneous probability distribution.

Example 14.4 (after B. Braaksma, T.C. Halsey a.o.)

Consider again the classical or middle-third Cantor set of example 14.1: K C [0, 1].
We supply K with a probability distribution in the following way. Suppose K™ is
the collection of intervals in step n of the construction of K and interval I C K.
Now we assume that the probability to find a point from K in the left half of I
is p times the probability to find a point in I; 0 < p < 1, a fixed number. So
the probability to find a point from K in the right half of I is 1 — p times the
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probability to ﬁnd a point in I. For example: interval [0, %] has probability p,
[0, 3] probability p?, [Z, 3] has probability p(1 — p).
First we prove that for €, =3, m=0,1,2,... we have

(14.5) P(en) = (0" + (1 - p))™

We shall use induction. Expression 14.5 is correct for m = 0. Suppose expression
14.5 is correct for m = mg; we can cover K with 2™° intervals of length 3 ™ and
probabilities p;, 1 < i < 2™. The next step is a covering with 2m°*! intervals,
length 3=(mo+1) and probabilities respectively pp; and (1 — p)p;. So we have

Plemgs1) = Z[(ppi)zﬂ(l—p)pi)?]
= (PP+(1-p Zopz (P + (1= p)*)P(emo)

from which we find 14.5. To calculate the correlation dimension we consider
InPEn) _ In@*+(1-p*™ _ WnpE*+(1-p)?)

Ine,, In3-m In3

Intermediate values of € do not alter this value, so
In(p® + (1-p)*)

In3 ‘
Ifp= % we have a homogeneous probability distribution, Do (K) = }ﬁ—g =
D,op(K) as expected. If p =1 (z = 0 has probability 1) or p = 0 (z = 1 has
probability 1) we find D,,.(K) = 0, the dimension of a single point. For the other
values of p we find 0 < Deorr(K) < Degp(K).

Dcorr(K) = -

In defining the correlation dimension we looked at pairwise correlations and, given
a probability density on a fractal set, other definitions might be useful. We mention
one, the information dimension Dj.

Consider again a covering of X by N cubes, side €, and a probability distribution
pi, i=1,...,N(e). We introduce

N(e)

Z pi ln l/pz

In information theory the quantity I(€) indicates the amount of information to
specify the system with accuracy €.

Definition information dimension Dj;.

- I(e)
Dr(X) =lim -5 In(1/¢)’

As suggested by the preceding analysis, we can prove
Dcorr(X) S DI(X) S Dcap(X)

For details see Grassberger and Procaccia (1983a).
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14.9 Lyapunov exponents

We have seen in chapter 7 how the expansion or contraction of trajectories near
an equilibrium point or a periodic solution is determined by the eigenvalues of the
local linearization matrix; the results are connected with the names of Poincaré
and Lyapunov. It is possible to generalize these ideas to characterise the expansion
and contraction of trajectories near a fractal set. As an introduction we consider
a one-dimensional map generating a dynamical system.
Let f: X — X with X € R. The Lyapunov exponent u(z) of point z € X is
given by (d is short for derivative)
. In|df"(z)|

wz) = lim ————.
If z is a fixed point of the map, we have f*(z) = z and using the chain rule
p(z) = In|A| in which A is the eigenvalue of the linearisation of f at z. So if
[A] <1 we have contraction, the Lyapunov exponent is negative, if [A| > 1 we have
expansion, the Lyapunov exponent is positive.

Example 14.5 (Lyapunov exponent of the tent map).
In section 14.6 we studied the tent map

Ay(z) = 2Xz 0<z<]
= 2\(1-2z) ,3<z<1,0<A<1

We showed that if 0 < A < %, xz = 0 is a stable fixed point, if % < A <1 all orbits
are exponentially separating. We find |[dAy(z)| = 2\ independent of z; with the
chain rule we find for the Lyapunov exponent

wu(z) = In(2X).

The Lyapunov exponent is negative in the case of the stable fixed point, positive
in the chaotic case.

If we are considering trajectories near a set X C R", the rate of expansion and
contraction will generally be different in different directions. The definition of
Lyapunov exponents in this case runs as follows.

Definition Lyapunov exponents.

Consider a dynamical system defined by the map f : R® — R". Choose a point
z € R™; the tangent space at f'(z) contains the subspaces V;'! D V2> ... D VP
with the following properties:

df(V))lpi@) = Vi and dimVy =n+1—j.
The numbers p; > ps > ... > p, are called the Lyapunov exponents of f where

Lo A @)l

Jim S =1 nforall y € V- VE
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In the definition the subspaces V; have been chosen such that p; + po + ... + px
yields the average rate of change of a k-dimensional box along the orbit of z. It
makes sense to call the numbers p1; the ‘Lyapunov exponents of f’ if they do not
depend on our choice of z, at least in a neighbourhood of the set X C R™. If the
set X reduces to a fixed point, the Lyapunov exponents are associated (by taking
logarithms) with the eigenvalues of the linearisation matrix in the fixed point.
We conclude this section with a fifth definition of fractal dimension.

Definition Kaplan-Yorke dimension

Consider a dynamical system defined by the map f : R* —» R® and X C R"
which is an invariant set of the dynamical system. Let gy > po > ... > pu, be
the Lyapunov exponents of f near X; there are positive and negative exponents
and k < 7 is the largest number such that 3% | yu; > 0. Dgy(X) is called the
Kaplan-Yorke dimension of X with

a. ifn=2 DKy(X) =1 _“1/“2'

Z;C:l M
| k1]

b. ifn > 2 DKy(X)=k+

Note that in case a. we have p; < |ua| so there is expansion in one direction and
overall area contraction. The relation between the Kaplan-Yorke dimension and
the other dimensions has not been settled yet. It has been suggested by a number
of numerical experiments that Dy is equal or close to Dy, the information dimen-
sion. To characterize a fractal set dynamically, efficient calculation of Lyapunov
exponents and various dimensions is important. The reader may consult Grass-
berger and Procaccia (1983b) and Wolf et al. (1985). A description of various
techniques and more references can be found in Lichtenberg and Lieberman (1992,
chs. 7 and 8).

Remark on flows.
We may use the concept of Lyapunov exponents to describe the flow ¢(t) induced
by the equation

z=f(z), z€R™

One way is to introduce a Poincaré mapping of the flow. Such a map of R®~! into
itself will have n — 1 Lyapunov exponents. As we have seen, for instance in section
14.3, there are other ways to associate a map with the flow, there may be even a
stronger reduction of dimension.

We may also apply the definition directly to the n-dimensional phaseflow ¢(t)
which produces n Lyapunov exponents. Applying this near a fractal set X and
assuming that locally linearisation is possible, we may expect on the basis of the
same reasoning used in section 7.3 that one of the n Lyapunov exponents equals
Z€ero.

We finally note that we call the number Y7, p1; the average expansion rate (if it
is positive) or contraction rate (if it is negative) of the flow. This is a natural
extension of the ideas developed in section 2.5.
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14.10 Ideas and references to the literature

There are many important subjects which cannot be included in an introductory
chapter like this. We shall briefly indicate these subjects and refer the reader to
introductions in the literature.

a. Smale’s horseshoe map.

This looks like a rather special device but it has turned out to be the chaos produc-
ing mechanism both in dissipative and conservative systems. As an illustration we
consider the map H : R? — R? which maps the unit square ABCD (figure 14.19)
into a horseshoe shaped set by stretching the square in the vertical direction, com-
pressing it in the horizontal direction and folding it back on to the square. We
consider points only which are located in the unit square, the sets V; and V5, and
repeat the mapping for these sets; this produces the sets Vi;, Via, Vo, and Vo,
in the unit square. On iterating this map one can show that in the limit for an
infinite number of iterations a Cantor set K of vertical segments remains in the
unit square ABCD.

)

D c %‘%
/
/

A B V.V

11 12 2
Figure 14.19. The unit square ABCD is stretched, compressed and folded by the
horseshoe map producing the images Vi and V5. A second iteration produces 4
sets, etc.

We can repeat this procedure for the inverse of map H; this also produces a Cantor
set. The product of these two Cantor sets is a set I with a very rich structure. One
can show that J contains (an infinite number of) periodic points of arbitrarily long
periods which are all unstable; also the set I consists for a large part of chaotic
points which arise from chaotic orbits of H.

Whenever we demonstrate the presence of a horseshoe map in a dynamical sys-
tem, we know it contains an invariant set with this rich structure and it has to be
chaotic. There are many applications of this in which the identified map has the
same basic characteristics as the special looking map H. Also it has been shown
that horseshoe maps are structurally stable, i.e. small perturbations of system
parameters do not destroy this qualitative picture.

Detailed descriptions of horseshoe dynamics and applications have been given by
Guckenheimer and Holmes (1983) and Wiggins (1988).
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b. The Melnikov method, homoclinic orbits.

The horseshoe map can be useful if one can identify a two-dimensional map in a
system with certain properties or, of course, if the system can be characterized
immediately by a two-dimensional map. An example is the equation

i+z—1*=cef(tx)

with f T-periodic in ¢t. In this case, as discussed in section 4.5, we may consider
the T-map of the x, Z-phaseplane.

distance at time t

Figure 14.20. Left the unperturbed phaseplane (¢ = 0), right the invariant mani-
folds of point p. in the T-map (¢ > 0) and the distance function.

In the discussion of such maps technical terms frequently occur to describe special
orbits. If a Poincaré-map contains a saddle point with a closed saddle loop, an
orbit starting on such a loop is called homoclinic. It has the property that for
t — 400 the orbit approaches the saddle point, i.e. a periodic solution of the sys-
tem, for ¢t — —oo the homoclinic orbit approaches the same periodic solution. If
the map is more than two-dimensional we require the fixed point to be hyperbolic
which means that the real parts of the associated eigenvalues are all nonzero.

If a loop connects two saddle points (or two hyperbolic fixed points in more di-
mensions), the orbits starting on such a loop are called heteroclinic. For ¢t — 400
they approach one periodic solution, for ¢ — —oo they approach another periodic
solution.

The terminology was introduced by Poincaré in his study of the threebody prob-
lem; we shall meet it again in the next chapter on Hamiltonian systems.

In our example we have for ¢ = 0 such a saddle loop (figure 14.20) with homoclinic
orbits in a rather degenerate setting. However if ¢ > 0 but small, the saddle point
survives (somewhat shifted) as a hyperbolic fixed point of the map. The saddle
loop breaks up into a stable and unstable manifold. If these two manifolds do
intersect we have at such an intersection point again a homoclinic orbit as such
a point belongs to both manifolds. It turns out that if these manifolds intersect,
they will generally intersect an infinite number of times producing an infinite num-
ber of homoclinic orbits and the map contains a horseshoe map. The picture this
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presents is called a homoclinic tangle, it was actually described by Poincaré (1899).
In the Melnikov method one calculates the distance and so the possibility of in-
tersection of the stable and unstable manifold. This can be carried out using the
known properties of the unperturbed solutions. For details and applications see
again Guckenheimer and Holmes (1983) and Wiggins (1988); a related application
is described in appendix 5.

c. ‘Complex’ dynamics.

Dynamical systems can be defined as maps of the complex plane into itself: f :
C — C. A well-researched example is the quadratic map f(z) = 2% + ¢, for
which the Julia-sets, associated with the boundaries of the domains of attraction
of periodic solutions, are well known. The special properties of analytic functions
probably provide more insight in this type of two-dimensional maps than is the
case for maps of R? into R?.

Good introductions and references are given by Peitgen, Jiirgens and Saupe (1993)
and Devaney (1989).

d. Symbolic dynamics.

In the case of chaotic dynamics in certain sets A we may introduce a partition-
ing of A into ‘rectangles’. Chaotic orbits can then be characterized by symbol
sequences specifying which rectangles are subsequently visited by a chaotic tra-
jectory. It turns out that part of the dynamics can be understood by identifying
orbits as shift maps on the sequences. One should consult Peitgen, Jurgens and
Saupe (1993) for illustrative one-dimensional examples.

The dynamics of symbol sequences can be studied and this has been shown a very
powerful tool to study chaos. It plays for instance an essential role in the theory
of shadowing which will be discussed later in this section.

For introductions and more references see again Guckenheimer and Holmes (1983),
Wiggins (1988) and Devaney (1989).

e. Statistical properties.

Especially in physics one is interested in the relation between systems in a chaotic
state and order-disorder questions such as they are studied in statistical mechanics.
This involves various notions of entropy like topological entropy, measure-theoretic
entropy and Kolmogorov-entropy. A number of statements relating these notions
of entropy to Lyapunov exponents have been proved.

See Schuster (1984) and Rasband (1990) for the physics background, Takens (1991)
for a mathematical approach and references.

f. Silnikov’s bifurcation.

To start with we consider the three-dimensional phase flow of the autonomous
equation & = f(z), ¢ € R% Suppose that z = 0 is an equilibrium point with
complex eigenvalues A, A and real positive eigenvalue p. We assume Re\ < 0,
|ReA| < p and the existence of one homoclinic orbit which emanates from z = 0
for ¢t — —oo and which spirals towards the origin as ¢t — oo.
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(&

Figure 14.21. A homoclinic orbit emanating from the origin in R® and spiralling
back to it.

Because of the presence of the homoclinic orbit we can define a Poincaré return
map in its neighbourhood. This map involves stretching, compressing and wind-
ing, a process resulting in the presence of a horseshoe map. This produces an
infinite number of unstable periodic orbits in the flow and chaos. Such Silnikov
phenomena have also been studied in R%. Its importance for mechanics is proba-
bly higher than the application of Lorenz-type strange attractors; this has already
become clear from various applications.

A good introduction can be found in Wiggins (1988, chapter 3); see also Glendin-
ning and Sparrow (1984), Arnéodo et al. (1985).

These ideas to demonstrate the presence of a horseshoe map in the flow near a
homoclinic orbit have been applied by Devaney (1976) to Hamiltonian systems.
For this we need an orbit homoclinic to an equilibrium point in R* with complex
eigenvalues (double focus) or a periodic solution with complex eigenvalues on an
energy manifold in R; see also Verhulst and Hoveijn (1992) and appendix 6.

g. Reconstruction.
In mathematics we consider equations which are describing the time-evolution
of a dynamical system. The equations themselves have been derived from laws
in a specific field of application like physics, economics or biology. However, in
practice one has often experimental data in the form of a time series without the
background of adequate mathematical modeling. Examples are measurements of
activity of the human brain in the form of an EEG or fluctuations in value of stock
or finance markets. In such a case one does not know what the relevant variables
are or even how many are playing a part.
Suppose now that the irregularity of the experimental time series suggests the
presence of a chaotic attractor in the underlying, unknown dynamical system.
What we can try is to reconstruct properties of the dynamical system, if any, by
projection methods. If we have for instance a one-dimensional time series denoted
by

z(to), z(to+c¢), z(to+2¢), ..., z(to+ mc)

with ¢ a positive constant, the simplest projection would be to consider the set
{z(t), z(t + ¢) :‘:{ém””“ in R?. We present two examples where z € [0,1], ¢ = 1
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and m is taken very large; the data are displayed graphically in figure 14.22.

Figure 14.22. Two time series, z € [0,1], ¢ =1, m large.

In the next figure (14.23) we present the projection consisting of the points z(t), z(t+
1). In the first case we do not recognize any structure in this space, in the second
case we obtain a perfect parabola.

Figure 14.23. Projection of the two time series.

In these examples the first time series was obtained by using a random number
generator, so there was no underlying deterministic process. In the second case
the time series was obtained from the quadratic map z — 4z(1 — z) with starting
point in (0,1). In the last case we have obtained a complete reconstruction of the
underlying dynamics.

In an analysis of a time series one makes a number of choices after extensive exper-
imentation. The interval of time c is a first one. If c is taken too small, the data are
still approximately linearly dependent; if c is taken too large information is lost.
The number of points one uses is determined by m and should be large enough.
On choosing a low-dimensional projection, say of dimension n € N, one can cal-
culate from the data the correlation dimension Dy,. This dimension will depend
on ¢, m and n; increasing m, the correlation dimension should take values which
saturate at a value smaller than n. If not, one should consider other projections.
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Reconstruction has become an important tool. The standard references are Packard
et al. (1980) and Takens (1981); see also Wolf et al. (1985), Grassberger and Pro-
caccia (1983b) and Takens (1991).

h. Shadowing.

Sensitive dependence on initial conditions in chaotic systems makes numerical ex-
ploration a hasardous affair. The reader should experiment for instance with the
system Z,4; = 4z,(1 — z,) in [0, 1]. Choosing neighbouring initial conditions pro-
duces after a restricted number of iterations quite different numbers. It is also
interesting to use two different computers and identical initial conditions to ob-
serve the dispersion of the orbits.

Still, numerical explorations can be very useful. One of the reasons is the possible
presence of so-called shadow orbits. The idea is roughly this: the dynamics of a
chaotic system is so rich that near each computed orbit a real orbit of the system
can be found which is close to the computed orbit for all iteration steps. One of
the consequences of this surprising statement is that, although we can never obtain
reliable data for an individual orbit starting at a given initial condition, we may
obtain reliab le data from a large set of numerically computed orbits. Although
we cannot follow individual orbits, we may obtain statistical properties.

An illustrative example can be found in Peitgen, Jiirgens and Saupe (1993, chapter
10). Consider again the equation

Tny1 = 4xn(1 - l’n) , T € [O, ].]
Transforming z = sin?(my/2) we obtain

sin?(myny1/2) = 4sin®(my,/2) cos®(1yn/2)

sin?(ry,)

We conclude that

Ynt1 = 2yn(mod1)
which can be considered as an angledoubling operator on the circle. We assume
that the errors in each iteration step are bounded by a positive number . The fast
separation of the orbits is used by considering exact orbit {}Y and numerically
computed orbit {z}{ with yy = zy. Going backwards: n = N — 1, N — 2, etc.
the accumulated error is O(¢) for n = 1,..., N. Taking the limit N — oo then
produces that the computed z;—orbit is a shadow orbit of the y,-orbit of the system.
The two sequences have been matched at infinity; a simple but elegant proof in
the indicated literature uses nothing more than a geometric series argument.
An early reference to the concept of shadowing is Bowen (1975), see also Shub
(1987). There are quite a number of theorems available but applications are usually
restricted to the tent map and the quadratic map. There are even less applications
to differential equations. An exception is Sauer and Yorke (1991) who considered
shadowing properties of the equation

9+ ay +siny = bcost.

The shadowing theorems are waiting for many more applications.
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In dynamical systems theory, conservative systems, in particular Hamiltonian sys-
tems, play an important part. Especially in applications from mechanics, the
underlying structure is usually Hamiltonian to which dissipative effects have been
added. Exploring this underlying structure is usually profitable.

Hamiltonian mechanics is a large field dating back to 18" century celestial mechan-
ics. Here we shall present a number of basic qualitative and quantitative features,
for a more complete picture the reader is referred to Arnold (1976, 1988), Rasband
(1990), Gutzwiller (1991), Arnold, Kozlov and Neishstadt (1988). A collection of
important papers has been edited by MacKay and Meiss (1987).

15.1 Introduction

a. Results obtained in earlier chapters.
In section 2.4 we were introduced to Hamiltonian systems. If H is a C? function of
the 2n variables p;, ¢;,i = 1,...,n, H : R? — R, then the equations of Hamilton

are 5 )

. H H .
(15.1) p,--—a—qi,q,—a—pi,z—l,...,n.
Now we have for the orbital derivative L,H = 0, so H(p, q) is a first integral of the
equations 15.1. We have seen a number of examples where n = 1; in this case the
integral H(p,q) = constant describes the orbits in the phase-plane completely.
In section 8.3 we studied the stability of equilibrium solutions of the equations
of Hamilton. Theorem 8.4 contains the result, that if the Hamilton function
H(p,q) — H(0,0) is sign definite in a neighbourhood of the critical point (0, 0), the
equilibrium solution (p,q) = (0,0) is stable in the sense of Lyapunov.
Attraction by an equilibrium solution is not possible as the flow in phase-space is
volume-preserving (theorem 2.1 of Liouville). This has also as a consequence that
in Hamiltonian systems with one degree of freedom (n = 1), the non-degenerate
critical points can only be saddles or centre points. Of course, the Liouville theorem
doesnot exclude the possibility of attraction in a lower-dimensional submanifold of
R?*, For n = 1 this occurs at a saddle point in the corresponding stable manifold.

b. The harmonic oscillator with two degrees of freedom.

As an introduction to systems with more than one degree of freedom (n > 1) we
discuss the linear harmonic oscillator with two degrees of freedom. The Hamilton
function is in our example

1 1
(15.2) H = so(p] +af) + a0 + ).

F. Verhulst, Nonlinear Differential Equations and Dynamical Systems
© Springer-Verlag Berlin Heidelberg 1996



15.1 Introduction 225

We can formulate the equations of Hamilton; they lead to
(15.3) Gi+wl =0, i=12

We assume now that the frequencies w; and wj are positive. This Hamiltonian sys-
tem generates a system with harmonic oscillations in two independent directions.
Phase-space is four-dimensional and the 1-parameter family of invariant manifolds

1 1
(15.4) 511+ a7) + swn(py +a3) = Eo

with E, a positive parameter, represents a family of ellipsoids. The value of Ey
is called the energy and the family 15.4 the energy-manifolds or energy-surfaces.
Not only H is a first integral, but in this system also
— l 2 2 d . 1 2 2
T = 2(]31 +¢;) and 7, = 2(192 +43).
Altogether there are of course only two functionally independent integrals as
EO =wn + WoTo.

This existence of two independent integrals, corresponding with two families of
invariant manifolds, enables us to envisage clearly the structure of phase-space.
For instance fix Ey; the orbits are restricted now to a certain energy-surface which
encloses the origin of phase-space. If wy/w, € Q, all solutions are periodic. If
w1/wy € Q, the energy-surface contains two periodic solutions, the normal modes
corresponding with 71 = 0,wym = Fy and with wyny = Ey, 75 = 0.

P

‘ T &

Figure 15.1.

We shall construct a Poincaré-mapping P for the flow on the energy-manifold.
This manifold is an ellipsoid in R* and so three-dimensional. A transversal to the
flow is two-dimensional, we choose for instance the pi, g;-plane at ¢, = 0. The
value for p, for each point of the transversal plane follows from 15.4.

In the transversal (0,0) corresponds with the periodic solution 71 = 0,w,m, =
Eo;(0,0) is a fixed point of the mapping P. Starting outside (0,0), repeated
Poincaré-mapping produces points which are located on a closed curve around
(0,0), see figure 15.1. For in the transversal plane we have

1
5%(1’% +q}) = Ey — wems.
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Py
9

Figure 15.2.

If wy/we & Q, then the starting point will never be reached again, regardless of the
number of times the Poincaré-mapping is applied. If the starting point had been
reached again, we would have found a periodic solution.

We repeat this process for various starting points to find a family of closed curves
around (0,0) in the transversal plane, see figure 15.2. The given p;, ¢;-plane is
transversal to the periodic solution in the ps, go-direction (normal mode) and the
solutions are found on tori around this periodic solution. The existence of the sec-
ond integral 7 = constant produces a foliation of the energy-manifold in invariant
tori.

Of course we can follow the same reasoning if we choose a ps, g~ transversal plane.
This plane is transversal to the periodic solution (normal mode) in the p;,q-
direction. The two normal modes which are found on the energy-surface are clearly
linked as indicated in figure 15.3.

Figure 15.3.

The foliation in invariant tori around one of the normal modes is at the same time
a foliation in tori around the other normal mode. Topologically this is possible
because the energy-manifold is three-dimensional.

15.2 A nonlinear example with two degrees of freedom

We shall consider now an example where the equations of Hamilton are nonlinear.
We shall try to characterise the phase-flow by normalisation techniques. Consider
the Hamiltonian

1 1
(15.5) H= 5(1021) +4q3) + 5(20% + ) — ngs.

The equations of Hamilton lead to the system

. . 2
(15.6) atdn = @
G2+ g2 = 2qqo
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It follows from theorem 8.4 that the origin of phase-space is a stable critical point.
We shall consider the flow in a neighbourhood of the origin and so it makes sense
to rescale
qr=€q, G2 = €q2

with € a small positive parameter, §; and o O(1) quantities with respect to €.
Introducing this rescaling in system 15.6, dividing by € and omitting the bars
yields the system
(15.7) itdn = e

@+ @ = 2qg.
Note that we can find one family of periodic solutions immediately: the family of
normal modes in the pj, g;-direction. For putting go = 0 produces §; + 4q; = 0 for
the first equation and an identity for the second one.
We have some freedom in applying various related normalisation techniques. We
shall use at this point the averaging method of chapter 11, we shall discuss the
various techniques later on. Transformation 11.13 becomes

q1 = 71 c08(2t + ¢1) g2 = 19 cos(t + o)

15. . . : :
(15.8) g1 = —2r1sin(2t + ¢1) o = —r2sin(t + ¢)

and the standard form of Lagrange

Fi = —3esin(2t + ¢y)r3 cos(t + o)
. 2
¢1 = —e52cos(2t + ¢1) cos’(t + o)
fy = —e2r 9 sin(t + ¢a) cos(t + ¢2) cos(2t + ¢y)
¢o = —e2r;cos(2t + ¢y)cos(t + ¢o).
Averaging over t produces the system
p = —68102 3 sin(y — 2ths)
A 105
(15.9) Vo= ey cos(Yn — 20y
p2 = 2/)1/)2 sin(yy — 2¢)
Py = —52P1 cos(¢ — 21)y).

Applying to p;,%; (i = 1,2) the same initial values as to r;, ¢; (i = 1,2), we obtain
from system 15.9 an O(e) approximation, valid on the time-scale 1/¢.

On the righthand side of system 15.9 the angles are only there in the combination
1 — 21p9. This enables us to lower the dimension of the system with one. The
original system 15.7 has the energy-integral (H = constant), the approximating
system 15.9 has two integrals:

(15.10) 4p? + p3 = 2E,
1
(15.11) 5P1P5cos(Yhy = 2¢pp) = I

with Eo and I constants. The first integral (15.10) is the part of the (exact)
energy-integral to O(e);
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15.11 is an integral for the approximate phase-flow and we do not know whether
15.11 approximates an existing integral of system 15.7. Later we shall see that
system 15.7 has no second integral, but the phase-flow behaves near the origin as
if a second integral exists corresponding with a family of invariant manifolds.

A simple type of periodic solution can be obtained when looking in system 15.9
for solutions with constant amplitudes p; and ps. They exist if we have for t € R

1y — 219 = 0 (in-phase) or ¢; — 21py = 7 (out-phase).

From the second and fourth equation of 15.9 we find

(15.12) 0y~ 2n) = —e(2 ) cos(in — 20)
. i 1 ) = 8 £1 1 2)-

So we have in-phase and out-phase periodic solutions of constant amplitude if

2
15.1 -——=—p=0.
(15.13) 81 g1

From condition 15.13 and the approximate energy-integral 15.10 we find

p1 = \/E0/6 y P2 = \/4E0/3.
From these values of p;, p2 and ¥, — 215 system 15.9 becomes
. ; e . : 1 ——
p1= 0, ¢1 = —£ E0/6(:l:1),p2 = 0,¢2 = —55 E0/6(:l:1)

The in-phase periodic solution is

q1(t) = /Eo/6cos(2t + ¢1(0) — e,/ Ey/6t) + O(e)
a(t) 4Eo/3cos(t + 3¢1(0) — e3,/Eo/6t) + O(e).
For the out-phase periodic solution we find

q(t) = /Eo/6cos(2t + ¢1(0) + 1/ Eo/6t) + O(e)
a(t) V4Eo/3cos(t + 1¢1(0) — % + €1 /Ey /6t) + O(e).

The approximations are valid on the time-scale 1/e. In these expressions Ey, the
value of the energy, is a free parameter. So, apart from the family of normal modes
in the p;, ¢1-direction which we found earlier, we have discovered two new families
of periodic solutions. We do not find a continuation of the normal modes which
in the linearised system (¢ = 0) exists in the pa, go-direction.

For a given value of Ey we have three periodic solutions on the energy-manifold; the
behaviour of the phase-flow on the energy-manifold around these periodic solutions
can be deduced from the second integral 15.11. We rearrange
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Figure 15.4. Poincaré-mapping for system 15.6.

p1p4 cos(Py — 2thy) = p1p3 cos(2t + Py — 2t — 2hy) =

= p1p3[cos(2t + 1) cos(2t + 2thy) + sin(2t + 1) sin(2t + 2¢hy)].

As g1 = p1,...¢o = po we find with 15.8 and 15.11

1
(15.14) I- §(q1q§ — qips + pip2g2) = O(e)

on the time-scale 1/e. We use again Poincaré-mapping and we choose a po, go-
transversal to the flow for fixed Ey; choose for instance ¢; and eliminate p; with the
energy-integral. The (approximate) integral 15.14 produces the Poincaré-mapping
of figure 15.4; the map contains one saddle and four centre points. The saddle
in the origin is the fixed point corresponding with the normal mode in the py, q;-
direction; this periodic solution is clearly unstable. The centre points in the first
and third quadrants and in the second and fourth quadrants belong to each other,
they correspond with the two other periodic solutions which we found. These
solutions are recognized as fixed points of P? and they are both stable. Around
the stable periodic solutions the phase-flow moves on invariant tori of which the
intersections with the transversal plane have been drawn.

The analysis which led to the Poincaré-mapping of figure 15.4 has been based on
an approximation of the Hamiltonian vector field. It is clear that by computing
higher order approximations we can obtain more precise results. However, the
question is whether we have found all qualitatively different phenomena which
play a part in this example. It turns out that this is not the case. The periodic
solutions which we have found do exist for system 15.7 and the stable ones have
families of invariant tori around them. However, between the tori the orbits show
irrecgular behaviour, we shall say more about this in sections 15.6 and 15.7.
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15.3 Birkhoff-normalisation

Normalisation by averaging, which we have used to study the example in section
15.2, is a technique which has produced many results for Hamiltonian systems.
One of the first problems which arises when normalising Hamiltonian systems, is
that simple-minded use of these techniques does not guarantee that the normalised
system is again a Hamiltonian system. It turns out that both when using aver-
aging to higher order and when normalising according to Poincaré and Dulac, the
calculations can be modified so as to produce Hamiltonian systems after normali-
sation. This modification in the case of polynomial transformations is often called
Birkhoff- or Birkhoff-Gustavson normalisation.

The reader may consult Arnold (1976) appendix 7, Sanders and Verhulst (1985),
Arnold (1988) and the survey by Verhulst (1983).

In the sequel we shall consider Hamiltonians which have a convergent power
series expansion in the neighbourhood of a non-degenerate critical point, say
(p,q) = (0,0). We assume that we may write for the n degrees of freedom Hamil-
tonian

in which Hy, = %E?=1 w;i(p? + ¢?), Hs represents the cubic terms in p,q, Hy the
quartic terms etc. The non-zero constants w; are the local (linear) frequencies.
The assumption that we may put H, into this form is a restriction but not a very
serious one in the theory of quadratic forms.

A 19" century idea was to find canonical transformations, i.e. transformations
preserving the Hamiltonian character of the system, which would take the Hamil-
tonian system into an integrable one. It has turned out that this is in general
impossible as ‘most’ Hamiltonian systems are non-integrable. However, the trans-
formation techniques are very useful from the point of view of approximation the-
ory and normalisation. As in section 11.5 we introduce a canonical transformation
p,q — I, derived from a generating function S(g, ). For the new variable I we
choose the vector with components 7; = %(pf +¢?),i=1,...,n. The generating
function will be constructed step by step while requiring the new Hamiltonian to
depend on I only. As in section 13.2 we introduce the concept of resonance.

Definition
The frequencies wy, . .. ,w, satisfy a resonance relation of order k € N if there exist
numbers ki,. .., k, € Z such that

k1w1+k2w2+...+knwn=0
with k = [ky| + [ka] + ... + [kal.

If it would be possible to find a generating function S transforming H, such that the
new Hamiltonian depends on I only, the new system would be integrable. It turns
out however, that the presence of resonance or almost-resonance is a fundamental
obstruction.
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Definition

A Hamiltonian H(p, q) is in Birkhoff normal form to degree d if H can be written
as H = Hy(I)+ Ry in which, when written out in p, g-variables, Hy is a polynomial
of degree d and Ry, represents the higher order terms.

Note that Hamiltonian 15.15 is in Birkhoff normal form to degree 2.

Theorem 15.1

Consider Hamiltonian 15.15 H(p,q) = Ho+ Hs+ Hy+. .. and suppose the frequen-
cies wy, . ..,w, do not satisfy a resonance relation of order < k, then there exists
a canonical transformation such that the new Hamiltonian is in Birkhoff normal
form to degree k.

Proof

Suppose that Hamiltonian 15.15 has been put into Birkhoff normal form to degree
N — 1; we shall put it into Birkhoff normal form to degree N if N < k. We
introduce complex variables by

2 =pj+igj , wj=p;—ig;, 21 =p} +¢; = zw;.
A canonical transformation is obtained from the generating function
S =Wz + Sy(W,2)

with Sy a homogeneous polynomial in W and z of degree N and (z,w) — (Z, W)

where
,_ 08 08
“aw 0 YT 6
This defines a near-identity transformation of the form
_ OSN _ ASN
Z=z+ w0 Y= W+ 52

and in the transformed Hamiltonian the terms affected are of degree > N. Terms
of degree N are of the form

Zogzer  ZeWOWE L W i+ A an+ Pt +Pa=N.

The part of such a term generated by H, is found by calculating
OSN OSn

Hy = Y wizw; =) wi(Z — 5020 (W; + 5 =)
J J
OSSN OSNn
= Ej ijjo + Ej wj(ZjW - Wja—W) + ...

The first term is quadratic, the second one is of degree N, the dots represent
terms of degree higher than N. We use the generating function Sy (W, z) which
contains terms of the form vz{"* ... 23" WP WP of which the coefficients, here
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7, still have to be chosen. Substitution of Sy, the near-identity transformation
and expansion produces a N** degree term of the form

72% — B2 2o WP W

As we have assumed non-resonance for N < k, we have

Zw](a] B;) #0unlessa; =6, j=1,...,n

Terms in which a; = ;, j = 1,...,n are already in normal form. So this particular
term has coefficients of the form

~ ij — B;) + terms arising from Hy,

and we can determine - such that this coefficient vanishes. Applying this to all the
terms which are not compatible with the Birkhoff normal form, we can continue
the process until N < k. O

Remark 1.

The transformations of the Birkhoff normalisation process are not unique. The
terms for instance which are already in normal form carry over to the new Hamil-
tonian but their coefficients can be fixed by additional requirements.

Remark 2.

Applying Birkhoff normalisation in extended form (discussed below) to the exam-
ple of section 15.2, produces the same qualitative and quantitative picture. The
advantage of the averaging method is that the quantitative estimates are already
there. In Birkhoff normalisation on the other hand, the canonical character of the
transformation is built in to each order. This element has to be added in higher
order averaging. At low order of resonance, averaging is computationally more
efficient, at higher order the efficiencies of the two methods are roughly the same.

Remark 3.
In the case of two degrees of freedom, n = 2, the resonance relation is

klwl + k2w2 =0 y k],k2 €.

The lowest order of resonance is not w; : wy = 1 : 1 with for instance k;, = 1,
ko = —1 as in this case £ = 2 and H, is already in Birkhoff normal form in
the case of Hamiltonian 15.15. The next level where this resonance arises is in
Hy (ky = 2,ky = —2,k = 4). The lowest order of resonance for Hamiltonian 15.15
with n = 2 occurs if wy : wo =1:2, ky =2, ky = —1, k = 3. Hj contains in
general resonant terms.

At the H, level we have apart from 1: 1 also the 1 : 3-resonance. If w; : w, is not
equal to 1:2, 1:1 or 1: 3 but of order of resonance k > 5, we call this a higher
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order resonance case. Such cases have been analysed by Sanders and Verhulst
(1979).

Remark 4.

If the frequencies are independent over Z, Birkhoff normalisation can be carried
out to any order. In general however, this does not lead to a convergent normal-
ising transformation. One can suspect this already from the following argument.
Suppose wy,...,w, are independent over Z; as the rationals are dense in R, for
each small, positive € we can find numbers &, ..., k, € Z such that

|k1w1 + ...+ knwn| S E.

This implies that, in normalising to order k, the normalising transformation con-
tains terms 7 with v = O(1/e). This destroys the approximate character of the
normal form and the convergence of the transformation.

In the literature one calls this the small denominator problem.

Suppose that Hamiltonian 15.15 is in Birkhoff normal form to Hy, the frequencies
satisfy a resonance relation of order k + 1. This means that Hyyi, Hx42, etc. may
contain resonant terms which cannot be transformed away. Part of Hgyi, Hiyo
etc. is nonresonant, for instance the terms which are already in Birkhoff normal
form. The procedure is now to split Hyy; etc. in resonant terms and terms to
which the normalisation process can be applied. The resulting normal form will
also conta in resonant terms and will be called a Birkhoff-Gustavson normal form.
The normal form is usually truncated at a certain level, say m > k + 1, and then
analysed to study periodic solutions, invariant manifolds and other phenomena. A
number of quantitative and qualitative results can be extracted from the truncated
normal form which are valid for the original Hamiltonian system. However, there
are many open questions.

We shall return to the Birkhoff-Gustavson normal form in appendix 6 where we
summarize results for two and three degrees of freedom systems.

15.4 The phenomenon of recurrence

In the Liouville theorem (2.1) we have seen that the flow induced by a time-
independent Hamiltonian is volume-preserving. In the problems which we studied
in sections 15.1 and 15.2, the flow takes place on bounded energy manifolds. In
that case nearly all orbits will return after some time to a neighbourhood of the
starting point. This is a consequence of the recurrence theorem:

Theorem 15.2 (Poincaré)
Consider a bounded domain D C R", g is a bijective, continuous, volume-preserving
mapping of D into itself. Then each neighbourhood U of each point in D contains

a point z which returns to U after repeated application of the mapping (¢"z € U
for some n € N).
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Figure 15.5

Proof

Consider a set Uy € D with positive volume. We apply the map g to the points of
Uy : gUy = Uy, gU; = U, ete. The sets Uy, Uy, Us, etc. have all the same volume.
As the volume of D is finite, the sets Uy, Uy, Us, etc. cannot be all disjunct. Sup-
pose that g'Uy N g¥Uy # ¢ (k > 1).

We note that g is a dynamical system in the sense of section 14.3, so we have

Uo N g*7*Us # ¢.

Put £k —i = n; so in Uy we can find points which return into Uy by the mapping
n

g
Remarks

We have followed the formulation and the proof by Poincaré. In modern for-
mulations of the theorem one uses instead of ”volume” the concept (Lebesgue-)
"measure” and for ”volume-preserving mapping” the term ”measure-preserving
mapping.”

A dynamical system which satisfies the requirements of the recurrence theorem is
called ”stable in the sense of Poisson”. This terminology derives also from Poincaré
who was considering in this respect Poisson’s (still unproved) propositions on the
stability of the solar system.

Example 15.1

For D we choose a circle (S!) and for g : rotation over an angle o > 0. The require-
ments of the recurrence theorem have been satisfied. There are two possibilities
for recurrent dynamics of the system.

a. a/2n = m/n with m,n € N and relative prime. Then g"z = z and all
orbits of the dynamical system are periodic.

b. a/2m ¢ Q. No periodic orbits exist in this dynamical system. However,
according to theorem 15.2, for each § > 0 there exists a number n € N
such that | g"z — z |< 6.
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Example 15.2
An example of a Hamiltonian system with one degree of freedom is the equation
in example 8.2

i+ f(z)=0.

In this example we showed that on finding after linearisation a centre point, the
corresponding equilibrium solution is stable and the orbits in a neighbourhood of
the centre point in the phase-plane are closed. Theorem 15.1 applies but the case
is rather trivial as all the solutions in a neighbourhood of the equilibrium solution
are periodic. Note that the simple example 15.1 shows already more complicated
dynamical behaviour.

Example 15.3
Linear Hamiltonian system with two degrees of freedom.
The linear equations discussed in section 15.1 are

G +wign =0, Go+wigo = 0.

Theorem 15.1 applies. If w;/wy € @, we have again the trivial situation of periodic
orbits only. If wi/we & @, the orbits are moving quasi-periodically over the tori
around the two normal modes for each value of the energy. Dynamically the
situation looks like example 15.1 in the irrational case.

The remarkable fact is of course that theorem 15.2 applies to any Hamiltonian
system of the form 15.1 with n degrees of freedom provided that the energy-
manifold is bounded. In particular we have in the problem of section 15.2 that the
phase-flow in a neighbourhood of the origin of phase-space is recurrent.

For some problems in mechanics, for instance for systems with many particles,
this phenomenon of recurrence seems to be a curious result. One should realise
however that the recurrence time for a system with many particles can be very
long.

Finally we remark that application of the recurrence theorem to systems with
three or more particles bound by gravity (think of models for the solar system)
is difficult as the energy-manifold is not bounded. One can find some invariant
subsets where the recurrence theorem applies, see Arnold (1988) section 2.6.
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15.5 Periodic solutions

The demonstration of the existence of families of periodic solutions of Hamiltonian
systems is carried out by using fixed-point theorems, variational methods and
analytic-numerical techniques; we shall only discuss a few basic results here. The
theory of the stability of periodic solutions is more open and contains difficult
mathematical questions.

a. Normal modes and continuation.
Most theorems have been obtained for systems in a neighbourhood of a stable
critical point. In many cases the Hamilton function can be written as 15.15

T 1
H=Z§wi(p,2+qi2)+..., w; >0

i=1

where the dots represent cubic and higher-order terms. We shall indicate solutions
by short-periodic if the period is of the order of magnitude 27 /w;; the indication
”short” has nothing to do with a small parameter.

A basic result is the theorem of Weinstein (1973) which tells us that a Hamiltonian
system with n degrees of freedom in a neighbourhood of a stable critical point (in
the case of 15.15) there exist at least n short-periodic solutions for each value of
the energy. In this respect we remark that in the linear problem of section 15.1
we have found for each value of the energy two or an infinite number of periodic
solutions, in the nonlinear problem of section 15.2 we have found three periodic
solutions for each small value of the energy.

An interesting question is whether the periodic solutions corresponding with the
normal modes of the linearised problem (¢ = 0 in section 15.2) can be continued
to periodic solutions of the nonlinear problem. In the case of the system in section
15.2 one normal mode can be continued, for the other normal mode this seems
not to be the case. Lyapunov demonstrated for the Hamiltonian 15.15 that if the
frequencies w;,i = 1,...,n are independent over Z, the normal modes of the linear
problem can be continued to periodic solutions of the nonlinear problem. This
result also holds if some of the w; are negative. The periodic solutions, according
to this theorem of Lyapunov, are located in two-dimensional manifolds which in
the origin of phase-space are tangent to the p;, g;-coordinate planes (i = 1,...,n).
Lyapunov’s theorem is concerned with the non-resonant case; the Weinstein theo-
rem admits resonances but it has to drop the idea of continuation and the energy-
manifold has to be bounded.

b. The Poincaré-Birkhoff theorem.

One of the last theorems formulated by Henri Poincaré (1854-1912) is concerned
with fixed points of area-preserving maps. As in many similar cases Poincaré for-
mulated the theorem (1912) but did not bother to write down the proof. A sketch
of the proof has been given by Birkhoff (1913); for a precise treatment see Siegel
and Moser (1971).
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Figure 15.7. Twist map of a ring shaped domain.

Theorem 15.3 (Poincaré-Birkhoff).
Consider in R? the ring R bounded by the smooth, closed curves C, and Cj,. The

map T : R — R is continuous, one-to-one and area-preserving; applying T to R
the points of C, move in the negative sense, the points of C, move in the positive
direction (T is a “twist map”). Then T has at least two fixed points.

Proof (Birkhoff, 1913).

Connect a point A of C, with a point B of C, by a straight line in R. As A is
mapped in the negative direction, B into the positive direction, because of the
continuity of T there must exist a point on the straight line which moves in the
radial direction only. Moving the straight line around the ring R, we find in this
way a closed curve C of points which do not change the angle by the map T but
are only moving in radial direction. The map T'C of C is another closed curve in
R . As the area between C, and C is preserved under T, the curves C and TC
have to intersect at least twice. The points of intersection are fixed points of T
0O

The application of the Poincaré-Birkhoff theorem to Hamiltonian systems arises
as follows. Consider a Hamiltonian system with a family of compact energy man-
ifolds; we have seen examples in sections 15.1-2. Consider the flow on an energy
manifold and in particular a Poincaré map of this flow. In the case of n degrees of
freedom, the Poincaré map is from R?*~2 into R?"~2; this map is again measure-
preserving. We summarize as follows:

Theorem 15.4.

Consider the Hamiltonian system generated by H(p,q) which has n degrees of
freedom and a one-parameter family of compact energy manifolds. Each Poincaré
map of the flow on such an energy manifold is measure-preserving.

Proof
The proof uses either differential forms or straightforward reduction of the equa-
tions of motion. See Arnold (1978) or Siegel and Moser (1971). O

It is clear that in the case of two degrees of freedom, the Poincaré map described
above is area-preserving according to theorem 15.4. If the phaseflow produces
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“enough twist” in this map, the Poincaré-Birkhoff theorem applies. Take for in-
stance the case of the system corresponding with figure 15.4. A ring domain can
be selected by choosing two invariant closed curves around a stable fixed point, in
fact the fixed point can be taken as a degenerate inner closed curve. In general
the flow, generating the map between the two closed curves, will not produce a
uniform rotation but a non-uniform one; for instance the rotation angle outside
will move slower than inside. This implies that after a number of iterations of the
Poincaré map P, say m times, points on the inner closed curve move in the opposi
te direction of the points on the outer closed curve. The number m depends on
the rotation speed of the Poincaré map P. The Poincaré-Birkhoff theorem then
guarantees the existence of at least two fixed points of P™ corresponding with
periodic solutions, period order m.

Note also that once we can apply this construction, we can produce an infinite num-
ber of fixed points, as we can find an infinite number of twist maps P¥, k > m.
In studying the dynamics of a Hamiltonian system we can often approximate the
Poincaré map by averaging (section 15.2) or Birkhoff-Gustavson normalisation
(section 15.3). Here we look at a different illustration by considering an explicitly
given area-preserving map:

(1516) <JJ>_‘)<CQSOZ —SlIlOl)( T >+Sinm<—sma)
Y Sivege’ Cos @ Yy Cos

with a a constant. Note that the Jacobian equals one. The map 15.16 was studied
by Hoveijn (1992) who found that for some values of & the map is integrable and
in general the map is chaotic while preserving a number of invariant closed curves;
see figure 15.8. We shall discuss invariant closed curves in more detail in the next
sections.

Another application was devised by Birkhoff (1927) who considered the orbits of a
frictionless billiard ball on a flat, convex billiard table. Birkhoff showed that this
dynamics can be associated with an annulus-map which enabled him to apply the
Poincaré-Birkhoff theorem.

Billiard dynamics has become a playground for fundamental questions in statistical
mechanics in particular questions of ergodicity. A standard reference is Cornfeld,
Fomin and Sinai (1982).

15.6 Invariant tori and chaos

The modern theory of Hamiltonian systems has been developed under the influ-
ence of two important stimuli: the numerical calculations of Hénon and Heiles,
Ollongren, Contopoulos and later many others and on the other hand the theorem
of Kolmogorov, Arnold and Moser (KAM).

First we describe the computations of Hénon and Heiles which have been very
influential because of the questions they raised. Consider the Hamiltonian

1 1 1
(15.17) H= §(pf+qf)+§(p§+q§)+qfqz—gqﬁ-
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Figure 15.8 (by 1. Hoveijn). Order and chaos in the dynamical system generated
by 15.16 for a = 37 /10. Around (0,0) we find quasi-periodic points which densely
fill up closed, invariant curves. Moving outward we find a period 5 orbit between
two closed curves; this is called a Birkhoff-zone. Further on we find more promi-
nent Birkhoff-zones with orbital periods 6,7,14,20. In between there exist smaller
Birkhoff-zones, closed curves and chaotic orbits.

The system has two degrees of freedom and the equations of Hamilton lead to the

system ..
(115 18) (%5} + Q= _2(]1‘12

Q+a = -+
System 15.18 is integrated numerically for various values of the energy F, and
many initial values. The results of these computations are used to construct a
Poincaré-mapping of the ps, go-transversal plane at ¢; = 0; p; follows from the
energy integral where we choose the positive root.

On choosing Ey = 1/12, the transversal plane shows a regular pattern with 7 fixed
points and closed curves around 4 of them. The fixed points correspond with pe-
riodic solutions, the closed curves correspond with tori which are lying around the
stable periodic solutions. The boundary is not transversal to the flow, it corre-
sponds with a periodic solution (g;(¢) = 0 for ¢ € R produces an identity for the
first equation in 15.18 and, for sufficiently small values of Fy, a periodic solution in
the second equation); so there are 8 periodic solutions for this value of the energy,
4 of them are stable.
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Figure 15.9. Poincaré transversal plane in system 15.18 for Ey = 1/12; after Hénon
and Heiles, Astron. J. 69, p.75 (1964).

In section 14.10 we met homoclinic and heteroclinic orbits; such orbits can also
be identified here. If one starts in the transversal plane of figure 15.9 in a point
of a curve connecting two different saddle points, the corresponding orbit is het-
eroclinic. As we know, the saddle points correspond with periodic solutions and
a heteroclinic orbit has the property that for ¢ — 400 the orbit approaches one
periodic solution, for ¢ — —oo the heteroclinic orbit approaches another periodic
solution.

If the transversal plane contains a saddle with a closed loop, an orbit starting
on such a loop is homoclinic. It has the property that for ¢ — +oo the orbit
approaches a periodic solution, for ¢ — —oo the homoclinic orbit approaches the
same periodic solution.

Hénon and Heiles repeated the numerical calculations at a higher value of the
energy, Fo = 1/8. The consequences for the Poincaré transversal plane are re-
markable. Again we find 4 fixed points which correspond with 4 stable periodic
solutions around which there are tori.

-04 <03 -02 -ai ] ol 02 03 04 03 06
9 —

Figure 15.10. Poincaré transversal plane in system 15.18 for Eq = 1/8.

However, many tori have vanished and they have been replaced by an irregular
pattern of many orbits. In figure 15.10 all points outside the closed curves corre-
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spond with just one solution which produces a new point, each time that we apply
the Poincaré-mapping.

On increasing the energy still more, the domain covered by the tori decreases in
size.

The general impression is that for small values of the energy, for instance Ey =
1/12, the energy-manifold is foliated into invariant tori, so that apart from the
energy-integral a second integral has to exist. At higher values of the energy, at a
certain value of Ey, tori are being destroyed and irregular behaviour arises. This
interpretation is not quite correct. The fact is that invariant tori exist around the
stable periodic solutions but they do not cover the energy-manifold completely,
even for very small values of the energy. Between the tori there exist irregular or-
bits, which together have a measure which tends to zero as Ey tends to zero. It can
be shown that these irregular orbits arise near the stable and unstable manifold
of the saddles in the Poincaré-mapping i.e. near the homoclinic and heteroclinic
orbits; see also Guckenheimer and Holmes (1983) chapter 4.

P2

Figure 15.11. The transversal plane of figure 15.9 at Ey = 1/12 magnified with
a factor 23 around the saddle fixed point d (after P. Magnenat, Astronomy and
Astrophysics, 77, p.337, 1979).

Precise numerical calculations by Magnenat have illustrated this phenomenon.
These calculations show that at the value of the energy Eq = 1/12 one finds ir-
regular behaviour in a neighbourhood of the unstable periodic orbits, see figure
15.11.

We can put this in a different way. Although the measure of the set of invariant
tori tends to one as the energy Fy tends to zero, we can always find initial values
corresponding with orbits which are not located on invariant tori. So, a second
integral apart from the energy does not exist; however, this statement is slightly
misleading as the number of invariant tori increases sharply as Ej tends to zero
and, as in the problem of section 15.2, an approximate second integral exists. In
the next section we shall call a system like the Hénon-Heiles problem or the exam-

ple in section 15.2, nearly-integrable or asymptotically integrable for small values
of the energy.
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15.7 The KAM theorem

‘We shall now introduce some concepts which enable us to discuss the KAM theorem
on the existence of invariant tori.

Definition

Consider the equations of Hamilton p = —90H/dq,§ = 0H/0p (15.1) with integrals
Fi(p,q) and F5(p,q). The functions F; and F; are in involution (or commute) if
OF\ 0F, 0OF,0F;

172

{FI’FZ}Z_Bq‘_@zT dp g

({,} are the so-called Poisson-brackets).
Note that F' is an integral of system 15.1 if

LiF(pq) = Sp+50d
_ _OFO0H OF 0H __
= ~% o Tagap =0

So F is an integral if F' and H are in involution.

Definition

The n degrees of freedom Hamiltonian system p = —0H/dq, ¢ = 0H/dp (15.1) is
integrable if the system has n integrals Fi, ..., F,, which are functionally indepen-
dent and in involution. In other words: the system is integrable if for i, k = 1,...,n

{F;:? H} = 0’ {E)Fk} = 0)
with F,..., F, functionally independent.

Example 15.4

n

The quadratic Hamiltonian H(p, q) E wi(p? + ¢?) generates an integrable

system with integrals F; = p? + ¢?, i = 1, T

Example 15.5
If the Hamiltonian does not depend on ¢, H = H(p), the system is integrable. The
integrals are F; =p;, i =1,...,n

A Hamiltonian system being integrable is an exceptional case but, as discussed
with regards to the Hénon-Heiles problem, the statement is slightly misleading. A
number of important examples in applications, for instance the Kepler problem, are
integrable Hamiltonian systems and, more importantly, a number of Hamiltonian
systems behave as an asymptotically integrable system when in the neighbourhood
of a stable equilibrium solution. The last statement holds generally for two degrees
of freedom systems and it holds for systems with more degrees of freedom in the
presence of certain symmetries.

In the case of an integrable system the structure of phase-space is relatively simple.



15.7 The KAM theorem 243

All orbits are moving on surfaces defined by the relations F;i(p,q) = constant, 1 =
1,...,n. In our examples until now, these were the energy-surface and the invariant
tori which we found. In section 11.5 we introduced action-angle coordinates and
they are useful here too. These variables, which are related to polar coordinates,
have the property that when introducing them, one conserves the Hamiltonian
character of the system. We have called such transformations canonical. In the
discussion of section 11.5 we transformed p,q — I, ¢ where we used the generating
function S(I,q). S has the property that

as ds as
(15.19) p‘a_q‘¢‘§’ H(p,q)—H(a—q,q)—Ho(I)v

If we can find a generating function S(I, ¢) with these properties, the Hamiltonian
system 15.1 becomes -

. . o

(15.20) [=0¢=w(l)=—>r.
In general we will not be able to find such a generating function as the existence of
S immediately leads to integrability of the system, integrals I, ..., I,. The trans-
formations are especially useful if system 15.1 is nearly-integrable in the following
sense.

Supposing that H(p,q) contains a small parameter ¢ and introduction of action-
angle coordinates produces the system

ef(1,9)
w(l)+eg(1, ).

I
b

(15.21)

If € = 0 the system is integrable; if 0 < € << 1 the system is called nearly-
integrable. System 15.21 can be studied by averaging and Birkhoff-Gustavson
normalisation.

Suppose now that the Hamiltonian of system 15.21 is

The following theorem guarantees that many of the invariant tori which exist in
the integrable case € = 0, also exist for € > 0, be it somewhat deformed by the
perturbation.

Theorem 15.2 (KAM)
Consider the system of equations 15.21 induced by the analytic Hamiltonian 15.22.

If Hy is non-degenerate i.e.
92H,
det (FITO) 75 0,

then most of the invariant tori which exist for the unperturbed system (¢ = 0)
will, slightly deformed, also exist for € > 0 and sufficiently small; moreover the

(Lebesque-) measure of the complement of the set of tori tends to zero as e tends
to zero.
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Note that w(I) = dH,/dI, so the non-degeneracy condition requires the frequen-
cies to vary independently of each other when “moving” from one torus to another
in phase-space. This is again a twist condition as we have seen in the Poincaré-
Birkhoff theorem, but a stronger one.

The basis of the proof is the construction of successive changes of coordinates which
remove in the Hamiltonian the terms depending on the angles. This process turns
out to be quadratically convergent in ¢ if one excludes certain ”resonant sets’ in
phase-space. It turns out that the required smoothness of the Hamiltonian 15.22
also depends on the number of degrees of freedom. The analyticity condition on
H has been reduced by Moser to smoothness of finite order. The reader should
consult Arnold (1976) appendix 8 and Arnold (1988) chapter 5 for a more detailed
discussion and references.

Figure 15.12. Fixed points, invariant tori, Birkhoff zones and chaotic orbits in a
two-dimensional area-preserving map.

For systems with two degrees of freedom, an example of which we saw in sec-
tion 15.2, one may visualize the two-dimensional Poincaré map as in figure 15.12.
Around a stable periodic solution there are tori on which the orbits move quasi-
periodically. In between the tori one has irregular behaviour which vanishes as
€ tends to zero, but which increases in importance if ¢ increases. The last phe-
nomenon has been illustrated by the computations of Hénon and Heiles; see again
the figures 15.9 and 15.10.

Finally some remarks about the stability of periodic solutions and its relation with
the existence of invariant tori. When linearising around periodic solutions of time-
independent n degrees of freedom Hamiltonian systems we find at least two of
the characteristic exponents to be zero. One of these zeros arises because of the
property of periodic solutions of autonomous systems discussed in section 7.3; the
other zero arises as periodic solutions of Hamiltonian systems in general occur in
one-parameter families, parameterised for instance by Ey. These two zeros com-
plicate the stability analysis but, as we showed in section 15.2, this degeneracy
can be removed by two reduction steps. First we fix the energy and in general
we will then have an isolated periodic solution on the energy manifold. Then we
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choose a Poincaré transversal plane to find periodic solutions as fixed points of the
corresponding Poincaré-mapping.

I
| |

Figure 15.13. FEigenvalues of fixed points of Poincaré-mapping in three degrees
of freedom Hamiltonian systems; the location is symmetric with respect to the
axes in the complex plane. The labelling uses E (elliptic), H (hyperbolic) and C
(complex).

In the case of two degrees of freedom, phase-space has dimension four, the transver-
sal plane has dimension two. Because of the volume-preserving character of the
flow a non-degenerate fixed point can only be a saddle or a centre point in the lin-
ear approximation. Nonlinear perturbations cannot change this picture as the case
of two complex eigenvalues is not allowed. Geometrically this can be visualised as
follows. The invariant tori are described by rotation over the two angles, keeping
the two actions fixed, so the tori are two-dimensional. The tori are surrounding
the stable periodic solutions and, as the energy manifold is three-dimensional, they
separate the energy manifold in domains from which the solutions cannot escape.
In the case of three degrees of freedom, phase-space has dimension six, the transver-
sal has dimension four. Because of the volume-preserving character of the flow a
non-degenerate fixed point of the Poincaré-mapping falls into one of four cate-
gories; see figure 15.13. Perturbation of purely imaginary eigenvalues may lead to
complex eigenvalues, the stability analysis is not complete if one finds only purely
imaginary eigenvalues by linearisation near the fixed point.

Geometrically one has the following picture. The invariant tori are described by
rotation over the three angles, keeping the three actions fixed, so the tori are three-
dimensional.

We summarize these dimensions for 2,3 and n degrees of feedom:

number of degrees of freedom 2 3 n

dimension of phase-space 4 6 2n
dimension of energy manifold 3 5 2n-—1
dimension of invariant tori 2 3 n

In the case of three degrees of freedom the energy-manifold is 5-dimensional and
the tori donot separate anymore the energy manifold into non-communicating in-
variant sets. This means that in the case of three or more degrees of freedom the
orbits can "leak away” between the tori; this process has a very long time-scale
and is called ” Arnold-diffusion”. The theory of Hamiltonian systems with three
and more degrees of freedom has still many interesting open problems, both of a
quantitative and a qualitative nature.
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15.8 Exercises

15-1.

15-2.

15-3.

Consider the equations of motion induced by a time-independent n degrees
of freedom Hamiltonian. We are interested in the possible eigenvalues of
critical points and periodic solutions, leaving out degeneracies.

a. Take n = 2; what are the possible eigenvalues of the critical points.
b. The same question for the periodic solutions if n = 2.
c. Take n = 3; what are the possible eigenvalues of the periodic

solutions.

The 2 degrees of freedom system derived from the Hamiltonian

1 1
H = Son(p} + 1) + Swn(ps +3) +eHy +¢”.
is studied near the origin of phase-space. The frequencies w; and wy are
positive, Hj is homogeneous of degree 3, the dots represent terms of degree
4 and higher. We simplify the system by normalisation.

a. Show that we have resonance.

b. Resonance which results in a normal form consisting of 2 decoupled
one-dimensional oscillators neednot worry us. If there is coupling
in the normal form via the cubic terms of the Hamiltonian we call
this first-order resonance. For which values of w; and w, does this
occur?

c. If the resonant coupling starts in the quartic terms we have a
second-order resonance. For which values of w; and wy does this
occur?

d. What is the time-scale of validity of the approximations derived
from the normal form in both cases.

We generalise the example of section 15.2 in two ways: we are looking at a
slightly more general potential problem and we admit a small perturbation
of the frequency ratio (note that an exact frequency ration 2 : 1 cannot be
realised in mechanics).

1 1 1
H =2 (p} +w’}) + 5 (P2 +a3) - e(30a1 +b01g3)

with w? = 4(1 + c£), a, b and ¢ parameters.

. Use polar coordinates (15.8) to obtain the Lagrange standard form.

a
b. Average the system.

o

. Find the integrals of the averaged system.

Q.

. Find the periodic solutions and the bifurcation values of c.
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e. Determine the stability of the periodic solutions.

15-4. Consider the system

g1 +q aq} + bg3

G2 +Go = 2bqiqe

a. Show that the stationary solution ¢, = ¢; = ¢2 = ¢ = 0 is stable.

b. Find families of periodic solutions which are not restricted to small
values of the energy (hint: put ¢, = Age).

15-5. We apply the results of exercise 15.4 to the Hénon-Heiles system 15.17 in the
form of exercise 15.4: a =1, b= —1, ¢; and ¢, have been interchanged.

1 1 1
H =3 +a)+50+a) - 30 T

a. Determine the critical points and their stability.

b. For which values of H is the energy-surface compact (bounded and
closed).

¢. Show that periodic solutions exist in the chaotic region described
in section 15.5.

d. In ¢ we showed that three families of periodic solutions exist be-
tween two critical energy levels 0 and 1/6 where a critical point is
foud. This is analogous to the one degree of freedom case. Might
one conjecture that in two degrees of freedom Hamiltonian sys-
tems families of periodic solutions are forming manifolds which
are connecting critical points as in this example?

15-6. Consider the two-dimensional system z = f(z,y),y = g(z,y) which has a
first integral F'(z,y) = constant.

a. Show that by a formal transformation of time one can put the
system in Hamiltonian form.
b. Why is the transformation called formal?

c. Apply this result to the Volterra-Lotka equations from example
2.15.

d. Can we generalise this procedure to a four-dimensional autonomous
system with a first integral?
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Appendix 1: The Morse lemma

In chapter 2 we have formulated lemma 2.3:

Consider the C*-function F : R®™ — R with non-degenerate critical point z = 0,
index k. In a neighbourhood of z = 0 there exists a diffeomorphism z — y which
transforms F(z) into

Gy)=FO)—yi—vs—. . —ve+¥ip+-..+ 22
Proof (Milnor, 1963).

The function F will be written as
F(zy,...,z,) = F0)+ fy L(tz,,... tz,)dt
= FO)+ fi 2, g—i(tzl, o BT ) Tide.

Putting fi(z1,...,2,) = fy g—i(tzl, ..., tz,)dt we have

F(zy,...,z,) = F(O)+ixifi(xl,...,xn).

i=1

Because 0 is a critical point one must have f;(0) = 3—2(0) = 0. We repeat this
process once for the functions f;. Then one finds

fj(])l, .. .,:L‘n) = inh,—j(:rl, e ,xn)
i=1

with h;; a C*-function. So we may write

F(.’El,. .. ,.’En) = F(O) + Z xi:zjhij(xl,. .. ,Z’n).

i,j=1

This expansion can be rearranged by putting
- 1
hij = 5 (hij + hyi)

so that N
F(zi,...,z,) = F(0) + 3 zizjhij(z1, ..., 2,)

ij=1
with ﬁij = l_zji. As the critical point is non-degenerate, the matrix (}—Lij(O)) is non-
singular. So we have obtained a symmetric quadratic form for F' which we can
diagonalise in a neighbourhood of z = 0. The first term is easy to obtain by
transforming

n

- - -
y1 =] hu |2 (7 +Z$ihi1/ | hi1 [)

=2
Squaring this expression produces the desired result. Suppose now that we have
carried on the process until i = r — 1 so that

n
F=FO)xyi+... 292+ > %yiHij(¥1,- - Yn)-

i,j2>r
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The plus or minor sign is determined by the sign of hy; in a neighbourhood of 0.
The coefficients h;; have been changed into H;; by the transformations but they
are keeping their symmetry. Now put

V=Y o, LFET

n
v =| Hyr |1/2 (yr + Z viHir/ | Hyr ).

i=r+1
After squaring this expression and substitution we have

n
F=FO0)xvi£...2v>+ Y vwH(vi,...,vn)
1,j=r+1

so that we will have the result of the lemma by induction; after determining the
signs of the quadratic terms we order them according to minus or plus sign.



250 Appendix 2

Appendix 2: Linear periodic equations with a small parameter

In section 6.3 we considered linear periodic equations. We shall now study such
equations in which the periodic term acts as a perturbation:

T = Az +eB(t,€)z

with x € R™, A and b non-singular n X n-matrices; B is continuous in ¢, T-periodic
and C?in¢e;0 < ¢ < g.

With these assumptions the characteristic exponents are continuous functions of
¢ in a neighbourhood of € = 0.

If there are characteristic exponents with real part zero (multipliers +1) for certain
values of the parameter ¢ and the coefficients in A and B, these values can be
the transition cases between unstable and stable solutions. In such a transition
case the system has periodic solutions. Looking for periodic solutions by using
perturbation theory we are determining the boundaries of the stability domains.
We shall illustrate this idea for the Mathieu-equation:

Z+ (a+ecos2t)z =0, a>0.

The equation is m-periodic. We are interested in knowing for which values of a
and ¢ the trivial solution z = 0 is stable. If p; and ps are the multipliers, A; and
A2 the exponents, we have from theorem 6.6

pip2=1, A +A=0.

The exponents are functions of €, \; = A1(€), A2 = A2(€) with clearly A,(0) = i1/a,
A2(0) = —iy/a. As A} = — )y, the exponents cannot be complex with nonzero real
part. The only possibility of nonzero real parts in a neighbourhood of ¢ = 0 are
clearly the cases \/a = m, m = 1,2,... as then the imaginary part of e* belongs
to the term P(t) in theorem 6.5 of Floquet.

We conclude that for a # m?,m = 1,2,... we have stability for £ in a neigh-
bourhood of zero. The cases a = m? have to be considered separately. We shall
determine now a = a(e) such that for m = 1,2,... the Mathieu-equation has pe-
riodic solutions. The relation between a and e determines the boundary between
stability and instability for various values of a and €.

We put a = m? — ¢f8 and we use transformation 11.5 :

z(t) = y1(t) cosmt + yo(t) sinmt
#(t) = —my,(t) sin mt + mys(t) cosm.

Transforming z, T — ¥, Yo yields with the Mathieu- equation

A1 9 = —=(B — cos2t)(yr cosmt + yp sinmt) sinmt
Yo = =(B—cos2t) (y1cosmt+ y,sinmt)cosmt.

The case m = 1.
In example 11.4 we studied this case with 8 = 0 and we found instability. We
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apply the periodicity condition of Poincaré-Lindstedt to system A2-1 as in section
10.1. We find

2T(B — cos 2t)(y1 cost + yp sint) sin tdt =
27(B — cos 2t)(y1 cost + yosint) costdt = 0
v2(0)(8 +3) =
and so to first order
1(0)( 3) =
so that y(0) = 0, 8 = —4 or yg(O) = 0,8 = 1. Periodic solutions exist if a =
1+ 36+ O(€?).

The case m = 2.
Applying the periodicity condition to system A2-1 produces

Jo (B — cos2t)(y1 cos 2t + Yo sin 2t) sin 2t = 0
Jo (B — cos2t)(yy cos 2t + Yo sin 2t) cos 2t = 0

The calculation to first order yields 8 = 0; so we have to assume 8 = O(e) in
system A2-1 after which we apply the periodicity condition to second order. After
some calculations we find 3 = /48 or 3 = —5¢/48. Periodic solutions exist if

1
:4___2 4
a TR + O(e*)
or

5
=4+ — @)
a=4+ 1 85 + O(eh).
In figure A2-1 we have indicated the domains of stability of the trivial solution of

the Mathieu-equation in the a, e-parameter plane.

|
O\ //////A“ ////
. =

T

Figure A2-1. Domains of stability have been shaded.
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Appendix 3: Trigonometric formulas and averages

sina cos 3 = isin(a+ )+ 1sin(a — )
cosacosf3 = %cos(a +06)+ %COS(O[ )
sin asin 8 = 3cos(a— ) — 3cos(a+ )
. 1
sin o cos o = ;5sin2a
sin? = 1 _1lcos2n
272

cos?a = 1+1cos2a
sin® o = 3sina-— i sin 3o
cos® o = 3cosa+ 1cos3da
sin® o = 3 —1cos2a+ }cosda
cost a = ¥4 1cos2a+icosda
1 2m 2 _ 1 r2m 2 1

5= Jo sin” ada = 3:Jo cos‘ada =;
1 p2m . 4 — 1 r2m 4 — 3

5= Jo sin” ada = 5= Jo cos®ada = g

1 pom o2 2 — 1
5= Jo sin“acos’ada = g

1 pr2m .6 — 1 r2m 6 _ 5

5= Jo sin” ada = 5 Jo cos®ada = 7§

1 2 4 2 — 1 r2m . 2 4 1
57 Jo sin"acos®ada = 5 [7"sin” acos ada = ¢
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Appendix 4: A sketch of Cotton’s proof of the stable and unstable
manifold theorem 3.3

This appendix is based on notes of J.J. Duistermaat. We shall give an idea of
Cotton’s (1911) proof, partly using techniques from chapters 6 and 7.
We start with equation (3.5):

A4 -1 z=Az+g(z), xR

in which the constant n X n-matrix A has n eigenvalues with nonzero real part;
g(z) represents the nonlinear terms which are C*.

If E, is the stable manifold of the linear equation ¢ = Ay, it follows that A(E;) C
E, hence e'4(E,) C E for all t € R. Furthermore there exist constants Cs > 0,
ps > 0 such that

A4 -2 lle* ()l < Coe™ gall if ys € Esyt > 0.
Similarly, for solutions on the unstable manifold F, we have
A4 -3 e (@)l < Cue™Nlyull if yu € But <0

for some constants C,, > 0, p, > 0.
As in section 7.1, using the method of variation of constants, we rewrite equation
(3.5) as an equivalent integral equation

¢
A4 -4 z(t) = et~z (a) +/ et 4g(z (7)) dr.

As R" is equal to the direct sum of Fs and E, we can write any vector z € R"™ in
a unique way as
T=ITs+ Ty, s € Es and z, € E,.

This produces a decomposition of the integral equation

¢
A4-5 z(t)s = ez (a), + / e g (2(1))s dr

t
A4 —6 2(t)y = ez (a), + / e Ag(z(T))udr.

Note that we used that £, and E, are invariant under the flow of the linear system.
We are still free to choose a both in A4 — 5 and A4 — 6.

We now add the assumption that the solution z(t) remains bounded and remains
in the domain of definition of system A4 —1 for t > to. Then let a tend to 4+00 in
A4 — 6 to produce

2t == [ gl (r)udr

where we used A4 — 3. Adding this result to the expression A4 — 5 with a = 0,
z(0)s = ¢, we obtain

A4 -7 z(t) = ¢ + /Ot et Ag(2(1))s dr — /too e Ag(2(1))y dr.
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The integral equation A4 — 7 holds for every bounded solution of A4 —1 such that
z(0)s = ¢.

Now let B be the Banach space of bounded, continuous functions z : [0, c0) — R",
provided with the supnorm. Bg is the closed ball, radius ¢, around the origin in
B. We define the map F': E; x Bs — B by

t 00
A4=8  (F(Ga))(t) = e+ [ e Mgla(r) dr — [~ e Ag(a(r))udr.
0
A solution of A4 — 7 corresponds with a fixed point of
T;:z— F(¢,x)

in B. The proof proceeds by checking that T¢ is a contraction of Bs into itself if
I¢]l < p for some § > 0, > 0 (we omit this).

We conclude that for ||¢|| < u, equation A4 — 1 has a unique, bounded solution
z = z¢ € Bs with z(0); = . Using the usual contraction or implicit function
theorem argument one shows furthermore that z¢ depends in a C*¥ manner on (.

The stable manifold W; is defined as the set consisting of points p(¢) = z¢(0)
where { runs over the open p-neighbourhood U of the origin in Ej.

Note that p(¢) is a C* map from U to R", p(0) = 0. Differentiation of z¢ = F((, z9)
with respect to ¢ at ¢ = 0 and evaluating the result at ¢t = 0, produces for Dp(0)
the identity map of E, to R™. This establishes property al of theorem 3.3.

For property a2 one has to restrict the vector field of equation A4 —1 to W, which
permits application of theorem 7.1.

Similar results are obtained for the unstable manifold W, by applying the substi-
tution t — —t.

Remark 1.

In the proof of theorem 7.3 one establishes the existence of an open set with
boundary point z = 0, such that solutions starting in this set are leaving a §-
neighbourhood of the equilibrium point z = 0. The stable and unstable manifold
theorem 3.3 yields more detailed information about the behaviour of the solutions
near x = 0 when the equation is autonomous. In section 13.4 this is extended to
the case where there are also purely imaginary eigenvalues.

Remark 2.

Earlier than Cotton’s result is an approach due to Hadamard (1901) in which he
looks for solutions which remain bounded for ¢ > 0.
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Appendix 5: Bifurcations of self-excited oscillations

Consider oscillations described by the equation
A5 -1 &+ x4 At 4 pxd =cf(x, 7).

The function f(z, %) may assume any form which allows for interesting phenomena,
in particular self-excited oscillations. If

f(z,2) = 3(1 - 2%)

and A = p = 0, we have the van der Pol-equation, discussed in chapter 4. In this
appendix A and p need not be small.

Although equation A5-1 is only of second order, it is important as a building block
for the study of complicated higher-dimensional and even continuous systems. We
shall demonstrate how to study the bifurcations - creating and destroying periodic
solutions - of equation A5-1 in a special case. This will be instructive if one wishes
to tackle other problems. At the end we shall indicate a number of cases which
have been studied in the literature.

To study equation A5-1 with € a small parameter, we first have to analyse the
unperturbed equation

Ab—2 E+z4+ A4 pzd =0.

This equation admits the integral

2 1
A5 -3 :b2+12+§/\x3+5/zx4=K
with K a constant. Equation A5-2 has as a critical point (0,0) which is a centre
(cf. example 2.14) and more critical points if A* — 4y > 0:

1 / .
Ty = E(—’\i (/\2'—411’)» m:{:=0» /‘L#‘-O

Ty = _'Xyi:i:zoyuzo'
In figure A5-1 we have indicated the various flow patterns and bifurcation sets of
equation A5-2.

In a planar system we have local bifurcations, arising from perturbations of centre
points. Other bifurcations will be studied later. In section 13.5 we have seen that
perturbations of a centre point may give rise to Hopf-bifurcation. The bifurcation
set in parameter-space indicates where the real parts of the eigenvalues are van-
ishing.

From equation A5-1 we find that for any critical point the characteristic equation
for the eigenvalues is of the form

of

A2+ sa—y/\ + constant = 0,
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.
Foap=o N-au=o

@4 "'"'@%5

Figure A5-1. The flow patterns and bifurcation sets of equation A5-2. If u > 0 all
solutions are bounded, nearly all are periodic. On the negative u-axis (A = 0) we
have two heteroclinic saddle connections

where £ = y. So the linear stability of the critical points depends on 9f/dy only.
As f,(0,0) does not depend on A and p, there is no Hopf-bifurcation set of (0,0)
in A, u-parameter-space.

If A2 — 4p > 0 we have two more critical points with the condition for Hopf-
bifurcation

ay(ﬂ( —A /(A2 —4p)),0)=0, p#0

or,if u =10
af , 1
2L~ 0)=0.
dy: N )=0
In the case of the van der Pol perturbation, f(z,z) = (1 — z2)z, we find Hopf-
bifurcation sets:

A==4(p+1), A2 —4u>0

associated with the two critical points z.

It is interesting to look again at example 10.2 in this context. The equation - 10.28
- is
i+z=ex®+e2(1-1%)1.

So €2 plays the part of ¢ and u = —/€ in the scaling used in this appendix.
The critical points x4 are asymptotically far removed from (0,0) and we shall
not consider such far-away objects. The periodic solution found in example 10.2
Hopf-bifurcates from (0,0). What happens to this periodic solution if we let p
increase? This is where global bifurcations become important.
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To study global bifurcations we introduce K as a new variable for equation A5-1:
2 1
K= iz + 1'2 + 5)\1‘3 + §ﬂfl'4

and so

A5 —4 K = 2if(z, ).

If € = 0 there exists a family of periodic solutions around (0,0) parametrized by
constant K. If ¢ > 0 but small, isolated periodic solutions may survive or they may
vanish altogether. We shall describe this phenomenon in detail by constructing a
Poincaré map in the phase plane. Suppose that (z.(t), Z(t)) is a solution of A5-1
starting for ¢ = 0 on the z-axis in (a,0) with £.(0) > 0, K(a,0) = Ky; (a,0) is
not a critical point of A5-1 or A5-2. The solution (z.(t), Z.(t)) is a perturbation of
the solution (zq(t), Zo(t)) of A5-2 starting in (a,0) with K = K| for all time. We
define P(Kj) as the value of K in the second intersection point (z(t1),0) = (c, 0)
of (z.(t),z.(t)) with the z-axis, i.e. Z.(t;) > 0, if such a point (c,0) exists, see
figure A5-2.

We introduce

If AP(Kjy) = 0 the solution (z(t), Z.(t)) is periodic. Using A5-4 we can write this
as

AB—5 AP(K) =2 [ " () f (2 (), 5.(1)) dt.

We will approximate the integral given in A5-5 by using the solution (z¢(t), Zo(t))
of the unperturbed, conservative system. If ¢; = O(1) it is clear that

A5 —6 AP(K,) = 2 /OT &o(t) f(zo(t), To(t)) dt + O(?),

with T' the period of periodic solution (zo, %), T —t; = O(g). So the creation
and annihilation of periodic solutions - period O(1) - can be studied by analysing
the number of zeros of AP. If the periodic solution approaches a saddle point,
the period may become large and the reasoning has to be more subtle. We shall
demonstrate the analysis for a generalized van der Pol equation.

Consider the equation
A5 —7 i+ z+A? =¢e(1 - 2.

We have from equation A5-6, using the symmetry,

1

AP(Ko) = 4¢ /O TA2(t)(1 - 23(t) dt + O(=2).

Transforming ¢ — = with Ko = &{(t) + z3(t) + 2Azj(t) yields

b
Ab -8 AP(K,) :45/ (1 —xz)\/(KO—xz— %)\x3)dt+0(52),
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where we omitted the index 0 in zo. The points a and b are respectively the
starting point zo(0) = a, %o(0) = 0 and the next intersection wih the z-axis, see
figure A5-2.

Figure A5-2. The construction of Poincaré map AP.

If a and b are in [—1,1], AP(K,) cannot have zeros; this is in agreement with
Bendixson'’s criterion (section 4.1) for equation A5-7. In the case of the van der
Pol equation, A = p = 0, A5-8 becomes

AP(Ky) = 4e /+\/170(1 —2%)/(Kg — 22),dx

-vVKo

which has one zero: Ky = 4, corresponding with the well-known amplitude 2
approximation of the periodic solution. If A # 0 but near zero we still find a
zero of A5-8 with corresponding periodic solution, but as |\| grows the saddle
point (—1/),0) and the point a (or point b) approach each other until the periodic
solution merges with the stable and unstable manifold of the saddle: the homoclinic
bifurcation (see Andronov et al. (1973, 1965) for early descriptions).

If (a,0) or (b,0) approaches a saddle point, the reasoning has to be modified as
t1, T — o0. In a E-neighbourhood (see figure A5-2) of the saddle point, where ¥ is
not dependent on ¢ the flow of A5-1 (or A5-7) is determined by the linearized flow;
see chapters 3 and 7. In the E-neighbourhood the orbits of A5-1 and A5-2 remain
e-close to each other, outside this neighbourhood the return time (going from X
to X) is again O(1) with respect to €. Hence, A5-8 is also valid for measuring the
splitting between the stable and unstable manifolds of the perturbed saddle points.
For a more extensive discussion and a proof of the validity of this idea, originally
due to Melnikov, we refer to Guckenheimer and Holmes (1983) and Wiggins (1988).
Hence, AP and its approximation A5-8 can be used to study the perturbations
of all bounded solutions of the conservative system A5-2 with u = 0. The saddle
loop (homoclinic solution) is determined by Ko = 1/(3)\?) and a = —1/), b= 2/\.
Integration of the integral in equation A5-8 produces in this case

12 1

1
hom/ = [l 2 _ -
APP(RE) = et 3

)+ O(e?).

So we have a homoclinic bifurcation if A = £1/v/7. If A2 > 1/7 (u = 0) there is
no periodic solution, see figure A5-3.
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(-2/3,1/9)
(2/3,1/9)

how
S

(-JII'I,O)

Figure A5-3. The bifurcation curves of Z + z + Az? + pz® = ez (1 — 2?).

The reader should consult Doelman and Verhulst (1994) for the analysis of the
generalized van der Pol equation in A, y-parameter-space. In this paper there is
also a discussion of the generalized Rayleigh oscillator and the problem of a non-
linear spring attached to a conveyor belt. A similar analysis with other interesting
examples has been presented in a survey by Blows and Perko (1994).
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Appendix 6: Normal forms of Hamiltonian systems near equilibria

There have been many contributions to the calculation of normal forms; for refer-
ences and details see Arnold et al. (1988), Verhulst and Hoveijn (1992), Churchill
et al. (1983). We present a summary of results for two and three degrees of
freedom systems. The basic program of the normal form analysis runs as follows:
1. the normal form is calculated to a certain degree; 2. periodic solutions are
determined together with their linear stability characteristics; 3. the topology of
phase-space is investigated; in the case of three or more degrees of freedom this
involves the questions of the integrability of the normal form.

Suppose we are considering a Hamiltonian system with n degrees of freedom,
characterized by a Hamiltonian function H(p,q) which in the neighbourhood of
an equilibrium point can be expanded as

A6—1 H=H,+Hs+...+H,+...,

in which Hy, k = 2,3,..., is homogeneous in p and ¢ of degree k. We shall restrict
ourselves to the case in which Hj is a positive-definite quadratic form so that the
equilibrium point (0, 0) is stable. To make quantitatively explicit that we expand
in a neighbourhood of the equilibrium point, we shall use the small parameter €
for the scaling ¢ = €7, p = €p; so €? is a measure for the energy. Introducing this
scaling i n A6-1 dividing by €2, and dropping the bars produces

A6 —2 H=Hy+eHs+...+™ 2Hp+....

We simplify the Hamiltonian A6-2 and the corresponding equations of motion
by an averaging transformation or Birkhoff-Gustavson normalization as in section
15.3. This is a canonical near-identity transformation which leaves Hs invari-
ant and which removes a large number of terms of Hs, Hy,... to higher order.
More explicitly, if [,] indicates the Poisson bracket, a term f is called resonant if
[Hs, f] = 0. This means that only the resonant terms cannot be removed by the
normalization pro cess. So Hs is an integral of the system in normal form.

Suppose we have normalized to degree m. The Hamiltonian in normal form to
this degree is

A6 -3 H=Hy+eHs+...+e™ 2Hp+....

Until now the description of the system is exact. Solving the equations of motion
corresponding to A6-3 and inverting the normalizing transformation produces the
solutions corresponding to A6-2.

The next step involves an approximation: A6-3 is truncated at the level of
terms of degree m to give

A6 — 4 H =Hy+eHs+ ... +e™ 2H,,.

It turns out that if m is taken large enough, periodic solutions of the equations
of motion corresponding to A6-4 represent an approximation of periodic solutions
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which exist in the system corresponding to A6-3 and A6-2. Moreover, as H rep-
resents an integral of the phase flow induced by A6-2, H is an integral of the flow
induced by A6-3, and H, is an integral of the flow induced by A6-4. As noted ear-
lier, H, is a second independent integral of the equations of motion corr esponding
to A6-4.

Lemma 1.
The quadratic integral Hy is conserved for the system corresponding to A6-3 or
A6-2 with error O(g) for all time.

Proof

As we have restricted ourselves to a neighbourhood of a stable equilibrium point,
the orbits, and hence also Hs, Hy, . . ., are bounded for all time. Omitting Hs, Hy, . .
introduces an O(e) error which, because of the stability, is uniformly valid. O

*y

If the equations of motion induced by A6-4 have more than two independent inte-
grals, we have for these additional integrals a slightly weaker estimate.

Lemma 2.

Suppose F(q,p) is such an integral, with constant value JF, for given initial condi-
tions. Then for the equations of motion induced by A6-3 (and after inverting the
transformation, for the equations of motion induced by A6-2), we have

A6 -5 Flq,p) — Fo=O0(E™"t).

Proof

This estimate follows simply by calculating the orbital derivative for F for system
A6-3; note that we can split the Poisson bracket by using H = H,+™ 'H,, 1 +. ..
and the fact that the orbits are bounded. We find that

% = [F,H) = [F,H] + O(E™") = O(g™").

Integration produces the estimate A6-5. More subtle estimates can be obtained
for the individual orbits. m|

It follows from the estimate A6-5 that in the worst case, m = 3, the expression
F(q,p), is conserved for the flow induced by A6-3 (or A6-2) with error O(¢) on the
long time-scale [/e. If m > 3, the estimate improves; one can use this to obtain
approximations on a longer time-scale or to have more precision on the time-scale
[/e. In this sense the (exact) integral F(g,p) of A6-4 is an approximate integral
of the original system corresponding to A6-3 or A6-2. Note that F is not a formal
integral but an asymptotic approximation in the rigorous mathematical sense of
the word.

An important consequence of lemma 2 is the following. If the phase flow
induced by A6-4 has n independent integrals, the phase flow corresponding to
the original Hamiltonian A6-3 or A6-2 is approximately integrable in the sense
described above. This means that the occurence of irregular orbits in such a system
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is limited by the given error estimates, and must be a small-scale phenomenon on
a long time-scale.

We now take a closer look at the phenomenon of resonance. The quadratic
part of the Hamiltonian can be written as

1 1
Hy = Sen(ai +p1) + -+ 5wn(gs +72)

2
The numbers wy, .. . ,w, are positive, and they are the frequencies of the linearized
flow around equilibrium; (ws,...,w,) is called the frequency vector. We shall

take the ratios of the frequencies to be rational; irrational ratios p can always be
approximated arbitrarily closely by a rational number m/n, where the detuning
p — m/n is taken as a perturbation factor. The actual choice of m and n is
determined by p and by the energy level we are con sidering; for smaller values of
the energy we have to take a more accurate approximation of p. Put in a different
way, on increasing the energy around equilibrium, more important resonances may
be encountered as m + n can be smaller.

The presence of resonances is indicated by the annihilation vector (ki,... k),
where ki,...,k, are integers such that the frequency vector and the annihila-
tion vector are orthogonal. Counting the independent annihilation vectors for the
Hamiltonian A6-4 with k = |ki| + |k2| + ... + |kn| < m, we are assessing the part
played by resonance. Symmetry assumptions diminish in general the number of
annihilation vectors and reduce the part played by resonance.

Two degrees of freedom.

As we have seen, the normal form of a Hamiltonian system near equilibrium has
always at least two independent integrals, Hy and H; or a suitable combination
of these. So in the case of two degrees of freedom, the normal form is integrable.
H, describes the energy manifold which is diffeomorphic to the sphere S® near
a stable equilibrium. When the system is reduced to Hy =constant i.e. we are
considering the flow on a fixed energy manifold, the flow takes place on invariant
tori around th e stable periodic solutions, the KAM-foliation (section 15.7) of the
energy manifold. The geometric structure is described by the second integral.

In the case of the main resonances 1:2,1:1 and 1: 3 (section 15.3, remark 3)
calculation of the normal form to degree 3 or 4 usually suffices to obtain persistent
phenomena, i.e. phenomena which carry over to the original Hamiltonian. Note
that critical points of each associated Poincaré mapping which are Morse, have to
be either a saddle or a centre. This is caused by the measure-preserving character
of the flow. For this reason higher order perturbations cannot destroy the saddle
or centre charact er. The exceptions are degenerate critical points, usually degen-
eracies arising out of symmetries.

The 1 : 2-resonance.

The simplest form of the normalized Hamiltonian is found using complex coordi-
nates

A6 —6 Ti=qi+ip;, Y=g —ip;, j=1,2.
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In these coordinates we have

Hy = i(z1y1 + 21212),
H; = Dz¥y,+ Dxyy?,

where D is the complex conjugate of D. To analyse the periodic solutions other
coordinate systems (amplitude-phase, action-angle) are more convenient. For each
(small) value of the energy there are two stable periodic solutions or two stable
and one unstable periodic solution (as in the example of section 15.2).

As the Poincaré-map is two-dimensional this provides us with the means of visu-
alising the flow; see figure 15.4 for the case of two stable - one unstable solutions
and Arnold et al. (1988) for many pictures.

The 1: 1-resonance.

This is the most complicated case for two degrees of freedom. For instance the
Hénon-Heiles family of Hamiltonians

1 1
H= 5((1? +p1) + 5@ +p3) — Mt — mg}

has in general 2, 4 or 6 periodic solutions for each value of the energy. If A = :l:%
the normal form H, + Hy (H3; = 0 for all resonances with k > 4) also contains an
infinite number of periodic solutions for each value of the energy. If A = —é this
family breaks up when adding higher degree normal form terms (the break-up is
at Hg); A = +§ is a degenerate case where the original Hamiltonian is integrable
and the phenome non of an infinite family of periodic solutions for each value of
the energy persists to any degree.

The 3 : 1-resonance.

Although simpler than the 1 : 1-resonance, the 1 : 3-resonance is slightly neglected
in the literature. This is partly due to the fact that, although in general the normal
form H, + H, suffices, in many applications there are degeneracies arising from
symmetries which make the calculation of higher degree normal forms necessary.
A number of remarks on the general case can be found in Sanders and Verhulst
(1985).

Higher-order resonance.

Suppose that we can rescale such that w; = m, wy = n, m,n € N and relative
prime; if m +n > 5 we call this higher-order resonance. The resonant terms come
up at Hp,,, and higher degree; using complex coordinates A6-6 the normal form
A6-3 is in this case

H = i(mziy + nzoyn) + e2(3Az2y? + Briyizoys + 302302) + . ..
+emtn=2(Dzlyl + Dyad) + ...

where the first dots stand for terms which are in Birkhoff normal form to degree
m + n, the second dots for terms which are of higher degree. A, B,C,D are
constant, D is the complex conjugate of D.

The phase-flow on the energy manifold looks like this. An energy manifold, which is
53, contains two stable normal modes which are m : n-linked. They are the guiding
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centres of two families of tori which have a common boundary. In addition there
exists, depending on the parameters, a resonance manifold containing a stable and
unstable periodic orbit. This is a resonance manifold in the sense of sections 10.6-
7; its size decreases with m + n.

Three degrees of freedom.

Consider again the resonance relation from section 15.3, which takes the form
k1w1 + ]CQUJQ + k3(4)3 =0.

If we have two independent resonance relations for £k = 3, we call wy : ws : w3 a
primary resonance. Two independent resonance relations result in two indepen-
dent combination angles in the normal form Hs. If we have to go to Hs + H, to
obtain at least two independent resonance relations, we call w; : wy : w3 a sec-
ondary resonance. There are 4 primary resonances which will be discussed below;
we have 12 secondary resonances, for example 1 : 2 : 5 with annihilation vectors
(2,—1,0), k=3 and (2,1,—1), k=4.

The four primary resonances will be discussed in the general case i.e. without the
assumption of symmetries. The periodic solutions will be indicated by dots in a
3-dimensional action diagram, ignoring the angles. The (non-)integrability of the
normal forms is presented as far this is known. The topology of phase-space which
involves measure-preserving flow on S5 is to a large extent unknown.

Figure A6-1. Action diagram for the 1 : 2 : 1-resonance based on the normal form
Hy + Hj. Periodic solutions are indicated by dots, the energy is fixed, stability
characteristics are labelled as in figure 15.13.

The 1: 2: 1-resonance.
The annihilation vectors at Hs-level are (2, —1,0), (0,—1,2), (1,—1,1). In general
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one normal mode survives which is unstable, there are 7 periodic solutions on a
fixed energy manifold.
The normal form H, + Hj is non-integrable.

Figure A6-2. Action diagram for the 1 : 2 : 2-resonance based on the normal form
Hy + Hs + Hy.

The 1: 2 : 2-resonance.

The annihilation vectors at Hz-level are (2, —1,0) and (2,0, —1). The normal form
H, + H; contains on a fixed energy manifold two isolated periodic solutions and
an infinite set of periodic solutions. This is a non-generic phenomenon and in the
normal form H, + Hs + H, this set breaks up into 2 normal modes and 4 other
periodic solutions.

The normal form H, + Hs is integrable, the integrability of the normal form
H, + H; + H, is an open problem.

HH or C

Figure A6-3. Action diagram for the 1 : 2 : 3-resonance based on the normal form
Hy, + Hj.
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The 1: 2 : 3-resonance.

The annihilation vectors at Hs-level are (2,—1,0) and (1,1, —1). There are 7 pe-
riodic solutions on a fixed energy manifold of which two are normal modes. One
of the normal modes can be complex unstable.

The flow induced by the normal form Hy + Hs + H4 contains in this case a horse-
shoe map and is non-integrable. The integrability of Hy 4+ Hj is an open problem.
The 1: 2 : 4-resonance.

The annihilation vectors at Hsz-level are (2, —1,0) and (0,2, —1). The normal form
H, + H; contains on a fixed energy manifold 3 or 5 periodic solutions, depending
on the parameters; one of them is an unstable normal mode.

The integrability of the normal forms to degree 3 or higher is an open problem.

Figure A6-4. Action diagram for the 1 : 2 : 4-resonance based on the normal form
H, + Hs. The case with 5 periodic solutions is shown, in the other case there are
3 periodic solutions; OH indicates that this normal mode has 2 real eigenvalues
and 2 eigenvalues zero.
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Answers and hints to the exercises

2.1

2.2

2.3

24

Putting z; = z, o = £ we have the system

Ty = Ty

i?g = )\Z‘Q + (/\ - 1)()\ - 2).’171.

If A #1and X # 2, (0,0) is critical point. If A = 1 or A = 2, the
T,-axis consists of critical points. The matrix 8f/dz from section 2.2

is in all cases
0 1
A=1D(A=2) A

If A =1 or A = 2 the matrix is singular, the critical points are degen-
erate. If A # 1 and A # 2 the eigenvalues are

1 1
X+ —4/(5A2 — 12X )
5 5 ( +8)

A< 1land A >2: (0,0) is a saddle;
1< A< 2:(0,0) is a node with negative attraction.

Critical points are (0,0) and (zo,y0) = (B:Cc—s, ﬁ—) with b —cs > 0.

—CS
As in example 2.7 (0,0) is a saddle point. Linearising near the second
critical point we find

T =8%(x—1x0) —c(y—y0o)+ ...
¥ =(a—sY)(x—z0)+...

Analysis of the linearised system for b — cs > 0 yields that (zo,yo) is a
negative attractor.

a. 5 critical points: (0,0,0),(+1,0,1), (3, +3v/3,1).
b. Putting z3(t) = 0 or z3(t) = 1 solves the equation for z3.

c. The equations describing the flow in the set z3 = 1 are

Ty=zl+z2-1
i‘g = 1172(1 - 2.’1)1).

Analysis of the directions of the phase-low shows that no
periodic solutions exist in this set.

b. Putting p = mz,q = £ we have

1p2 1,
H(p,q):§E+§kq +kXin(a—q),q < a.
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2.5 (0,0) saddle, (+3+/2,0) both centres by linear analysis. The saddle
cannot be an attractor for the full nonlinear system. Note that we can
write

2.6

Answers and hints to the exercises

c. In vector form we have with z = z,,%Z = x5 critical points if

z2=0,zf—az1+)\=0

or

1 1
ml=§a:|:§va2—4)\.

0<A< ‘2—2 . two critical points, the minus sign
yields a centre, the plus sign a saddle point.
A=4 the two critical points coalesce
to a degenerate critical point.
there are no critical points and
so no equilibrium positions.

A> 4

In the case 0 < A < a?/4, an infinite set of periodic so-
lutions exists around the centre point, corresponding with
oscillations of the small conductor. Starting for £ = 0 and
z(to) between the saddle point and z = a, the small conduc-
tor moves to the long conductor.

The last behaviour holds for all initial conditions if A > a?/4.

If A < 0, which is achieved when the two currents move
in opposite directions, there is one critical point (for z < a):

1 1
=0,y =-a— =Va2 -4\
2 172073
This is a centre; outside the critical point all motions are
periodic. Mechanically this means that the conductors are
repulsive, the spring produces a counter-acting force.

The non-degenerate critical points are either centres or sad-
dles; this is in agreement with theorem 2.1.

vy
dy  z— 223

and by separation of variables we find the first integral z? — 2% — % =

constant. Applying the Morse lemma (2.3) we find that (+3+/2,0) are

centres in the full nonlinear system (no attraction).
a. F=y/zor F=z/y.

b. No, the flow is not volume(area)-preserving: the divergence

is 2, (0,0) is a negative attractor.
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2.7 Consider in R? & = f(z,y),y = g(z,y). The phase-flow is described by
the equation

d
flaw) 5, —alz.y) =0

The equation is exact, i.e. the solutions are described by the implicit
relation F(z,y) = cif

2 1@ = 5(-a(z0)

This condition implies that the flow is divergence free.

2.8 The critical points are (0,0),(1,1),(—=1,+1). The divergence of the
vector field is zero, so there are no attractors. The equation for dy/dx
is exact (exercise 2.7) with first integral F(z,y) = z%y — 3z* — 3y,
Analysis of the phase-orbits described by F(z,y) = constant shows
that an infinite number of periodic solutions exist.

3.1 There are seven critical points:

(0,0) saddle point;

(1,0) focus, negative attractor;

(-1,0) degenerate, eigenvalues 0 and —1;
(0,1) focus, negative attractor;

(0,-1) degenerate, eigenvalues 0 and —1;

(3 +1v5,1+1V5) 2 saddle points.

3.2  a. Introduce polar coordinates x = r cos, y = rsinf.
We find

rf r(ccos? § + dsinf cos§ — asinf cosf — bsin®#) + o(r) asr — 0

rB(t) + o(r).

As we have a focus by linearisation [ 3(1)dr — 400 or —o0
as t — o0o. This remains the dominating term as r — 0.

b. No. In this special case we have a node by linearisation. In
polar coordinates we have for the full system

f=1/logr, 7=—r
so that r(t) = r(0)e™*
0(t) = 6(0) + log(— log r(0)) — log(t — log(0)).
Spiralling behaviour.
3.3 a. (—1,-1) saddle, no attraction; (+1,+1) saddle, no attrac-

tion; (—1,+1) focus, positive attractor; (+1, —1) focus, neg-
ative attractor.
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3.4

3.5

3.6

3.7

4.1

4.2

4.3

4.4

Answers and hints to the exercises

a. One critical point : (0,0), a centre.
b. The equation for r = /(z2 + 42) is 7 = r°

tion (0,0) is a negative attractor.

sinr. So the solu-

In vector form the equation becomes with (z,%) = (z1,z2)

i‘} = T9

To = z1(1 — z1) — cxs.

Critical points are (0,0) with eigenvalues —ic + $v/c* +4 and (1,0)
with eigenvalues —%c + %\/02 —4.

For (1,0) to be a positive attractor, we have to take ¢ > 0. If 0 < ¢ < 2,
the orbits near (1,0) are spiralling; to have monotonic behaviour of
z(t) a necessary condition is ¢ > 2. Note that if solutions with the
required properties exist, they will correspond with one of the unstable
manifolds of (0,0) which coincides with one of the stable manifolds of
(1,0).

The solutions (p(t), 0) with ¢ = ¢® tend to (0,0) as t — —oo. However,
we find solutions with the property © < 0,9 > 0 when crossing the
negative y-axis arbitrarily close to (0,0). So (0,0) is not an attractor.

There are nine critical points:

(0, 0) node, negative attractor;
(0,41/+/3) 2 nodes, positive attractors;
(%1, 0) 2 nodes, positive attractors;

(£1/+/5, £v/2/+/15) 4 saddle points.

The divergence of the vector function describing the phase-flow is 1. It
follows from Bendixson’s criterion that no periodic solutions exist.

Applying theorem 4.6 we note that
1 1 1
F(z) =az + §bx2 + gca:3 + de“.

Sob=d=0,c>0,a<0. As a = 3 (notation of theorem 4.6), there
is only one limit cycle in this case.

a. Applying Bendixson’s criterion we find for the divergence
ky*~! : no periodic solutions if & is odd.

b. (0,0) is a centre by linear analysis. The expression (y* — % +
z)e® is a first integral; applying the Morse lemma (2.3) we
find periodic solutions (cycles), no limit cycles.

Differentiation of the Rayleigh equation produces
i 4z = p(l - 31%)i

We obtain the van der Pol equation by putting y = /3.
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4.5 The divergence of the vector function is y + z, which is sign definite
apart from (0, 0). So there are no periodic solutions because of Bendix-
son’s criterion (thereom 4.1).

4.6  a. The divergence of the vector field is —3z%+ p so there are no
periodic solutions if u < 0 (Bendixson). With r? = z? + ¢?
we derive )

P = —=22(a? - p),
T
so if p = 0,7 < 0; the phase flow is contracting except when
passing the y-axis. There is no periodic solution if p = 0.
To discuss p > 0 we differentiate the equation for = to obtain

i+z=(u—32%3

to obtain the Liénard equation 4.5 or we apply directly the-
orem 4.6 as the system is of the form 4.6. a = 8 = /it so
there exists one periodic solution.

b. As u | 0, the construction in the proof of theorem 4.6 shows
that the limit cycle contracts around (0, 0) and vanishes into
(0,0) as u = 0.

4.7 The orbit corresponding with (t) is v and we have w(y) = a. Ac-
cording to theorem 4.2 w(y) is closed and invariant, so z(t) = a is a
solution.

4.8 a. If A =0 the system has a Hamilton function: E(z,y). Crit-
ical points (0, 0) saddle, (£1,0) centres. The orbits are de-
scribed by E(z,y) = constant; the saddle remains a saddle,
the centres remain centres (see figure).

b. If XA # 0 the linear analysis doesnot change. We compute:
OFE OF
LE = ME[(=—)? + (=—)?].
B = MEl(5)" + (50 )]

So E(z,y) = y? — 22% + z* = 0 represents an invariant set.
The saddle loops £, and (3 persist.



272 Answers and hints to the exercises

Choose A > 0. Starting inside a saddle loop we have E < 0,
L,E < 0, so the orbits spiral towards the critical points (1,0)
or (—1,0). Outside the saddle loops we have F > 0, L;E > 0
so the orbits move away from (3 and f3,; see the figure

A>0

If A < 0 we find in the same way that (1,0) and (—1,0) are
negative attractors.

c. w(y) = 61U (0,0);w(rd) = B2U(0,0);
w(v) =1 U(0,0)U Ba.
5.1 a. Stable.

b. @ < 0 unstable, « = 0 Lyapunov-stable, @ > 0 asymptoti-
cally stable.

c. stable (see example 4.6).
5.2 Introducing polar coordinates x = rcos#,y = rsinf we find
# = rsin® @ sin? (Tiz) , 7 >0

§ = 1sin(26) sin® (1) -1

r2

So we have 7 > 0,0 < —1 /2; the orbits keep revolving around (0, 0)
and they are "repelled” from the origin. However, there are an infinite
number of unstable limit cycles in each neighbourhood of (0,0) given

by r=1/y/n,n=1,2,3,... (0,0) is Lyapunov-stable!

5.3 We expand

— dz — d.
T = 4_[61 m - 4]61 (a2—z2—é(af—x4)+“')l/2
4)5 (1 + (@ + %) +..)
2m(1+ 150 + O(a*))

For the last step we used an integral table. This expansion also shows
why the harmonic oscillator is a good approximation of the mathemat-

ical pendulum if the amplitude of oscillation is not too big.

5.4 a. Critical points exist if b2 — 4¢ > 0. Linear analysis produces
the eigenvalues +(b% — 4c)'/4, 4i(b? — 4¢)'/4. If b2 — 4¢ > 0:
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a saddle and a centre. If b — 4c = 0 : degenerate. The
saddle point is unstable, the centre is also a centre for the
full nonlinear system (cf. example 2.14) and is Lyapunov-
stable. If b2 — 4c = 0 there is one unstable critical point.

b. Around the centre, b*> — 4c > 0, there exists a family of
periodic solutions. These are stable.

5.5 Linearisation produces the eigenvalues —1,1 — a. We have a > 1 sta-
bility, a < 1 instability, a = 1 instability (consider the special solutions
corresponding with z(t) = y(t)).

6.1 The eigenvalues of matrix A are —3 (multiplicity 1) and —1 (multi-
plicity 2). Application of theorem 6.3 yields asymptotic stability of
z=0.

6.2 We split A(t) = B+ C(t):

0 1 0 et & et
Agy= 0 0 1 |[+]| S 0 e
a—2 -1 —a 2Ze g 4

The equation for the eigenvalues of B is A* + a\?> + A+ 2 — a = 0 with
solutions —1 and

1 1
Z(1—a) % =(a®+2a —7)/2
2( a) 2(aJra )

We note that C(t) satisfies the condition tlirgloHC(t)II =0.

If the real parts of the eigenvalues of matrix B are negative, theorem
6.3 applies; so we have asymptotic stability of z =0if 1 < a < 2.
Theorem 6.4 yields that x = 0 is unstable if a < 1 or a > 2.

6.3 a. Using variation of constants we have (cf. the proof of theo-
rem 6.2)

xm=¢m%+4}u—ﬂmﬂnﬂm+ﬂwu-ﬂaﬂm

where ¢(t) is the fundamental matrix solving y = Ay, ¢(0) =
I. We have

o)l < ez, c3 a positive constant

so that
t
@) < esllzoll +/0 csl| B(r)lllz(7)lldr + csca.
Applying Gronwall’s inequality yields

t
Iz < (csllzoll + esca)e™Jo PO < eyl + cacp)e=er.
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b. No.

c. We can for instance assume ||C(t)|| is uniformly bounded,
but then we should add

Re(N) <0,i=1,...,n

to obtain the boundedness of z(t).

6.4 Using variation of constants as in the proof of theorem 6.3 we find from

the estimate 6.7

t
lall < Cre™llaoll + [ CabeC=7jar

with C; and p positive constants. Multiplying with exp.(ut) and ap-

plying Gronwall’s lemma (1.2) we find

zlle*t < Cyllzolle€r?t or
lzlle < Cillmo
lzll < Cillzolle©®=#* ,t > 0.

Choosing 0 < b < pu/C) yields the required result.

6.5 (0,0) is unstable as c(e®sint,e* cost) is a solution with ¢ arbitrary

small.

From theorem 6.6 we have for the characteristic exponents A; + Ay =
51; fOQ”(2 + cost + 2 + sint)dt = 4. As A\; = 2, Ay = 2 no nontrivial

solution with the required property exists.

6.6 According to theorem 6.5 we can write the fundamental matrix as P(t)
exp (Bt) with P(t) 2m-periodic and B a constant 2 X 2-matrix. For the

characteristic exponents A;, Ao we have with theorem 6.6
1 2m
Mt de=— / TrA(t)dt = 2
2m Jo
so at least one characteristic exponent is positive.

t
6.7 a. Thesolutionisz(t) = zoefo f@er Introduce f° = %fOT f(t)dt;
the solution can be written as

2(t) = zoede YN =1ir+1%

From the Fourier expansion of f(t) (or in a more elementary
way) we know that [;(f(7) — f°)dr is T-periodic, so B = f°
and P(t) = exp (Jo(f(r) — f0)dr).

b. In both cases the condition is f° = 0.
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. The solution is

( z1(t) ) _ efcff")d’( Z Z ) ( z1(0) )

T(t) z(0)

P = e ([ ()= (& 5 DE=ro(8 ),

. For the solution to be bounded as t — Foo the real parts of

the eigenvalues of B have to be zero. So f®=0ora+d =0,
ad — bc > 0.

For the solutions to be periodic they have to be bounded
as t — zoo and the ratio of the imaginary parts of the
eigenvalues and 7" must be rational.

. No. To see this write z = (z1,z2) and z = z; + ize. The

complex variable z satisfies the equation z = exp (it)Z with
the solution z(t) = (p + ¢i) exp ((p + iv)t); determine the
constants by substitution.

. (0,0) is an unstable focus; putting the coefficients of £ equal

to zero produces an orbit of the harmonic oscillator equation,
so z(t) = cost, (t) = sint is a periodic solution. Trans-
forming to polar coordinates also produces this result: put
z =rcosf, £ =rsinf so that

7= (1—r)rsin®0, § = =1+ (1 —r%)sinfcosé.

. Stability and limit cycle character of the periodic solution

can also be obtained in two ways. First, it is clear that if r
is near 1, 6(t) is monotonic and tllr(r)lor(t) =1

Secondly, as we know the periodic solution explicitly, it is
easy to put £ = cost +y, £ = —sint + ¥ to find

i + 2sin®ty — 2sintcosty = ...

where the dots represent nonlinear terms.

Applying theorem 7.4 we find (cf. example 7.4) one charac-
teristic exponent zero and for the other one (theorem 6.6)
—1. So we have stability.

. (3, —3) centre, (—1,1) saddle.

. The divergence of the vector function on the righthand side

is —2z — 2y. Use the reasoning of Bendixson (theorem 4.1).

. Putting z = rsin ¢,y = rcos ¢ we find

7= (sinp + cos ) (1 — 7?)

r = 1 corresponds with a periodic solution: z = sint, y =
cost.
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d.

Putting  =sint + x;,y = cost + y; we find

%) = —2sintz, — 2costy; +y1 + ... (nonlinear terms)
Y1 = —z; — 2sintz; — 2costy; + ...

With example 7.4 and theorem 6.6 we find both characteris-
tic exponents to be zero. So we cannot apply theorem 7.4 to
establish stability.

Putting * +y = 4,2 — y = v we find

t=2—-v—u?—20°
v=u

The equation for w is linear in w and can be integrated to
produce a first integral of the system. Applying the Morse
lemma 2.3 we find that x = %, y = —% is a centre for the
system. The periodic solution found in c is stable, it is one

of an infinite set of cycles around the centre.

(0,0) node, negative attractor;

If a # 1 there are three other isolated critical points:
(0,1) if 0 < a < 1 saddle, if a > 1 attracting node;
(1,0) if 0 < a < 1 saddle, if a > 1 attracting node;
T 14%) if 0 < a < 1 attracting node, if a > 1 saddle.

If a = 1 all points satisfying z +y = 1,z > 0,y > 0 are
critical; one eigenvalue is zero, the other is —1.

Saddles are not attracting, the attraction properties of the
nodes carry over to the nonlinear system.

If a = 1, outside z = 0,y = 0 and outside the critical line
z+1y = 1 the flow is described by the equation dy/dx = y/z.
So the phase orbits are straight lines attracting towards the
critical line z+y = 1; note that the critical points on z+y = 1
are not attracting, however the critical line is an attracting
set.

. The boundary z = 0,y = 0 consists of phase orbits. Apply

the uniqueness theorem.

Note that the line y = x consists of phase orbits for all a > 0.
tli'rglox(t) =0if a > 1 and y(0) > z(0);

tli'ronoy(t) =01if a > 1 and y(0) < z(0);

extinction of both species doesnot occur;

coexistence if 0 < a <1 and all positive initial values,
if a > 1 if and only if z(0) = y(0)
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There are 7 critical points; the stability of 5 of them can be determined
by linear analysis:
(1,0,0) eigenvalues 0,4, 8, unstable;
(0,1,0) eigenvalues 0,4v/2, —4+/2, unstable;
(0,—1,0) eigenvalues 0,4v/2, —4/2, unstable;
(1,1, —2) eigenvalues 32, 12v/3, —12+/3, unstable;

%, é, 2) eigenvalues —3—52, —8 + 41, —8 — 41, asymptotically stable.
The two degenerate points are discussed as follows.
(1,0,0) eigenvalues 0, —4, —8; note that z = 0 is an invariant plane,
the solutions with —2 < z < 0 approach this plane, the solutions with
z > 0 are leaving a neighbourhood of the plane so we have instability.
(0,0, 1) eigenvalues 0,0, 0; for =2 < z < +2 we have 2 > 0if z # 0,y #
0: instability.

a. If n = 1 the eigenvalues are o + 1, if n > 2 they are a, a; so
the instability if a > 0, asymptotic stability if a < 0.

b. If @ = 0 dz/dy = —y"/z" which admits the first integral
™! 4y = constant. If n is odd, the phase orbits are
closed curves around (0,0): Lyapunov stability. If n is even
one can analyse the direction field of the flow to find in-
stability; one can also note that + = —y consists of three
phase orbits one of which approaches (0, 0), another leaves a
neighbourhood of (0, 0).

a. (0,0,0) , three real eigenvalues, 1 positive, 2 negative, un-
stable;
(c,0,a), two eigenvalues purely imaginary, one real (¢ — b)
(b, a,0), two eigenvalues purely imaginary, one real (b — c).
b. Families of periodic solutions exist in the z,y- and z, 2-
coordinate planes. Take now y(0)z(0) > 0. The last two
equations produce

2y —yz = (c—b)yz

or 4(¥) = (c—b)¥
which can be integrated and yields

— y(O) c—b)t
y(t) = z(t)me( o,

If ¢ # b there are no periodic solutions with y(t)z(t) > 0.
If ¢ = b and putting y(0)/2(0) = o we have y(t) = az(t)

t=az— (a+1)zz
z2=—cz+zx2

In this case all solutions with z(0)y(0)z(0) > 0 are periodic.
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c. This is possible if b # c. For instance if b < ¢, (b,a,0) has a
one-dimensional stable manifold. Starting on this manifold
we have tlirgloz(t) =0.

8.1 Inspired by the case f = 0 we try as a Lyapunov function
1,
Viz,y) = 5y —cosz +1

V(z,y) is positive definite in a neighbourhood of (0, 0).
L,V(z,y) = yy +sinzi = sinzf(z,y)

_ flz,y) <0 if >0
We choose f(0,0) = 0and Fey) >0 if z<0,
—z or —z(1 +%?) or —zsin?y etc. Apply theorem 8.1.

for instance f(z,y) =

8.2 No. Consider example 6.2 and carry out Liouville-transformation to
find a counter-example.

8.3 (0,0) is Lyapunov-stable if n is odd (theorem 8.5); (0, 0) is unstable if
n is even (for instance from the tangent vector field near (0,0)).

8.4 a. The first two equations produce the integral I, = z? + 2y
(divide z/y = dz/dy = ... and separate the variables), the
last two equations produce the integral I, = y* + (z — 1)2.
Combination of the two integrals yields the Lyapunov func-
tion
V = Il + (12 - 1)2

V is positive definite and L;V = 0.

b. No, (0,0, 2p) is a solution for all 2.

8.5 Choose the Lyapunov function V = 2?2 — 2y?; L,V = 2z* + 4y5. Appli-
cation of theorem 8.3 shows that (0,0) is unstable.

8.6 a. No.
b. Choose as a possible Lyapunov function
V(t,z) = i* + ¢(t)z*

There exists a t = to such that 0 < ¢/2 < @(t) for t > to. So
V(t,z) is positive definite for ¢ > t,.

LV 2 + ¢(t)z? + (t) 2z
o(t)z2.

If ¢(t) is monotonically decreasing we have ¢(t) < 0 so that
L,V < 0; in this case theorem 8.1 applies and (0, 0) is stable.



Answers and hints to the exercises

It ¢(t) is monotonically increasing we have (])(t) > (. We
choose for t >t

U(t,x) = (/)(lt):i:2 + 2

U(1,.r) is positive definite for £ > 4y and

_ __‘/.’__,-:z
LI[/ = (/)(f,).’,

so L,U < 0if ¢(t) is monotonically increasing, (0,0) is stable
according to theorem 8.1.

8.7 It is no restriction to assume that A is in diagonal form (if it is not, the
assumptions on A guarantee the existence of a suitable transformation).

Choose

2

_ .2 2_ .2 _
V=zi+...+z,— 2, — ... — Ty

We have L)V = 2(\zd +.. .+ Xzl — A1,y —. .. — Az2) + 22 f (2).
L.V is positive definite in a neighbourhood of x = 0, V assumes positive
values in each neighbourhood of x = 0. Theorem 8.3 yields instability.

8.8 We shall try a quadratic Lyapunov-function. First put z =y, § = 2,
2= —f(y)z — ay — bz and take

V(z,y,z) = éla(az + by)? + %(bx +ay)® + b/oy(f(s) - g)sds

and L,V = —a(f(y) - 2)2*

If f(2) > ¢ > b/a,V is positive definite and L;V < 0. Outside the plane
z = 0 we have L;V < 0, moreover the plane z = 0 (z,y, 2) # (0,0,0),
is transversal to the flow. The same reasoning which led us to the
corollary of theorem 8.2 yields that (0,0,0) is a global attractor.

8.9 We try a quadratic Lyapunov-function V = az? + by?. Choosing a =
1,b=2 we find L,V < 0;(0,0) is asymptotically stable.

9.1 We put z(t) = zO(t) + ezV(t) + 2. ..
Substitution and equating equals powers of € yields

zO(t) = cost
aW(t) = 3tsint+ isintsin2t+ L sintsin4t+
+5costeostt — Lcost.

Note that, as z(?)(t) satisfies the initial conditions, we choose z())(0) =
:0)(0) = 0
i .
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9.2  a. The solution is expanded as
z(t) = 2O%) +exV(t) + ...

y(t) = yOt) + ey (t) +. ..

Substitution in the equations and equating equal powers of

€ produces
t t
2O = — 2% o= %
1 — 2o + zoe* 1 —yo + yoe!
t
M (4) = € Zo .
TN(t) = ———— = |— (20 — yo) log(yoe' + 1 —
( ) (1 — o +5L‘0€t)2[y0( 0 yO) g(yo yo)
—zdel + 22

and a similar expression for y(t) (interchange zo and ).
b. We find

i (0) 1) =1 (0) (1) =1-
Jim (2 9(8) + e20(0) = Jim (u°(0) + ey (1) = 1 -

The expansion is valid for 0 <t < h (an e-independent con-
stant) and for ¢ in a neighbourhood of co. Here we cannot
conclude anything about the uniform validity of the expan-
sion. However, in chapter 4 of Sanders and Verhulst (1985)
it is shown that the approximation is valid for all time.

9.3  a. According to theorem 9.1: ||z(t)—y(t)|| = O(&?) on the time-
scale 1. Rewriting the problems as integral equations for z
and y we have

z(t)=n+ eftto fi(r,z(7))dr + €2 ftto fo(r,z(7))dT
y(t) =n+e fy, fi(r,y(r))dr.
Subtraction yields
t 5 [t
2(t)-y(t) = ¢ [ [(r,20)~Alry(drie’ [ ol a(r)ir
to to
Using the Lipschitz-continuity of f; and the boundedness of
fo we find

t
la(®) = y®ll < <L [ lla(r) = y(r)lldr + Mt — to).
0
We apply Gronwall’s inequality in the form 1.3 with 6, =
e?M,6, =¢eL,b5 =0:

M M
lz(t) = y(t)ll < ef-estete) — e w2t

So ||lz(t) — y(t)|| = O(e) on the time-scale 1/¢.
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. According to theorem 9.1: ||z(t) — y(t)|| = O(e®) on the

time-scale 1. In an analogous way as before we find

lo(®) ~ y(Oll < L [ alr) = y(r)ldr + £ M(t = to)

Again using theorem 1.3 we have

L) _ M

M
|l2(t) = y(®)]| < e—e’ —ep b2t

L
So ||lz(t) — y(t)|| = O(e) on the time-scale 1/e2.
Note that on enlarging the time-scale, we are too pessimistic
about the accuracy on a smaller time-scale, of course this is
only natural.

. (z,2) = (0,0) is a centre, (1/),0) a saddle point. The peri-

odic solutions are located around the centre and within the
saddle loop.

.If 0 < € < 1(0,0) is an unstable focus, 1/A,0) a saddle

point.

. According to the expansion theorem 9.1 the solutions are

e-close to the solutions of the unperturbed problem on the
time-scale 1. So periodic solutions have to be found in the
region within the saddle loop (with O(¢) error) of the unper-
turbed equation.

. The Bendixson criterion implies that a periodic solution, if

it exists, must intersect one or both of the lines z = +1.
For the saddle loop to require that solutions in the interior
intersect x = +1 we have \ < 1.

. (0,0) is a saddle, (—1,0) a centre; compare with figure 2.10

which is related.

. We translate x = —1 + €y to find

j+y=cey’, y(0) =1,9(0) = 0.

As in section 10.1 we put wt =6, w2 =1 — en(¢), so

Y +y=e(my+(1-en)y’)
The aequivalent integral equations are

y(0) = cosf+e [sin(0 —7)(ny + (1 — en)y?)dr
y'(0) = —sinb+efycos(d —7)(ny + (1 - en)y?)dr

Condition 10.4 has not been satisfied but we know from
a. that for € small enough the solutions are periodic. Ex-
panding y and n with respect to € and applying the peri-
odicity conditions we find 7(e) = 0. — 3¢ + €2... so, with
T=2m/w,Ty=2n,T1=0,T,=3m
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10.2 As all the solutions are bounded as a — 0 it makes sense to rescale
z = ay; we find

ay +sin(ay) =0 or
ity = 24+ 0(aY).

Applying the Poincaré-Lindstedt method we find
a?
T(a) =2m(1+ T O(a%)).

10.4 Using section 10.3 we have in 10.17
g=pz+(1—-eB)*(1 - 2%z’ + (1 — ef)hcos(d — ¥)
with expansion
g = Bagcosf — (1 — a3 cos®f)apsinf + hcos(d — o) +€...
The periodicity conditons 10.18 become to first-order

agff + hcosy =
—ag(1 — 3af) + hsinyy

I
S o

11.1  a. (0,0) is critical point; the expression

1 1 1
F(z,t) = —2—1'2 - 5102 + st“

is a first integral of the equation. Outside (0,0) F(z,%) =
constant describes closed curves only.

b. Introducing the transformation 11.2-3 yields

7 = esin(t + )r° cos*(t + )

¥ = e cos(t + 1)r? cos®(t + )

and after averaging

Foa=0, U= %srﬁ.
z(t) = rocos(t+ 3erdt + o) + O(e)
i(t) = —rosin(t+ Jergt+ o) + O(e)

on the time-scale 1/¢; 79 and v, are determined by the initial
conditions.
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11.2 Assume that ¢(t) and 1(t) are two independent solutions of the linear
equation. Following section 11.2 we put

z = ¢ty +Y(t)ye
T = ¢ty +¥(t)y2
to find o(0) (1)
N = €mf(', ‘),yz = —€mf(‘a ')

11.3  a. Putting z(t) = r(t) cos(t + ¥(t)), £(t) = —r(t)sin(t + ¥(t))
as in section 11.1 produces

= —esin(t + ) f(—rsin(t + ¥))
)= _£ cos(t + ) f(—rsin(t + ¥)).

b. Choose r(0) = ro, 1/)(0) 1 and expand f(—rsin(t +v¢)) =
Zf(") (O)( ) r™sin"(t + 9). Averaging produces

n=0
2n+l 1 o
—/ sin(t+v) f (—r sin(t+) )dt-—Zf(Q"“) —_12_7r/0 Sin2n*2 tdt
ne (2n+1)
+(2n +2)

— i f(2n+l)(0) r
n=0 22n42((n 4 1)°)2

1 27
5 /0 cos(t + ) f(—rsin(t + ))dt = 0.

Solving r, from

= —¢ Z f(2n+1)(0) “n + 2)
n=0 22n42((p + 1)")2

yields r(t) = r4(t) + O(€), ¥ (t) = %o+ O(e) on the time-scale
1/e.

¢. The approximation is isochronous but has in general not a
constant amplitude.

d. If f(z) is even, r(t) = ro+0(e), ¥(t) = 1o+O(€) on the time-
scale 1/e. To study the effect of the perturbation one has
to obtain higher accuracy than O(g) or one has to consider
approximations on a longer time-scale than 1/e.

11.4 a. A vector perpendicular to the plane at time ¢ spanned by 7
and dr/dt is 7 x dr/dt. For its change with time we solve

d_, dr) @ ﬂ+q dZF__(FXd_F)
dt dt az - dt””
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d. With 8 = cr—2e~<* and taking ¢ > 0, 6(t) is a monotonically
increasing function and can be used as a time-like variable.

dp  _ dpdrdd _ _iet
d%e :iir d«g dtde_ ¢ 1 2
@g = @ Es) i _Z(T +Er)ed%e“
(with the equation for 7)
— _% + E1§e2et
S0 P
p 1
@ s
du_du,di 2 p0r® o 2 g o w0
dg dt'dt 2 c c3p? p?
e. Differentiation and applying the equations of motion yields
d 0us/2
% = —2 (u+a?:(())ss(;-tl—bsin9)2
b _oc sin Gu3/2
a6 (u+a cos 6+bsin )2
du _ 9 u3/2
b = 4 (u+a cos 6+bsin )2
f.
1 gom cos fu3/? g0 = au/?
o Jo (u+acosf+bsinf)?2 (u2—a?—b2)3/2
1 gom sin fu’/? bub/?
21 Jo (u+acosf+bsind)? (u?—a? — b?)3/2
1 gor u3? w2

o Jo (u+acosf+ bsin0)2d9 T (W= a? - 22
At 6 = 0 we have a(0) = b(0) = 0, u(0) = 1/c* For the
approximate quantities a(6), b (6), %(#) we find a(9) = b(8) =
0
du 159
0= 2eu

or 1
~ 2/3
@(6) = (5 +3¢6)

The approximations have accuracy O(e) on the 1/e- time-
scale 0; as long as r is bounded away from zero the same
time-scale holds in . Also, with these initial conditions,

p(0) =u(0) + O(e) on 1/e.

As
1 1 1
u= gem we have gem = (C—3 + 3¢6)*/3 or
1
O(t) = —(e** — 1
As we approximate p = % = @ we have the approximation

7(t) = c?e %
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The averaged equation is

i =ela—y)

with y = a an attracting critical point. So according to theorem 11.5
there exists a 27m-periodic solution ¢(t,€) of the equation for z with
the property li_r}(l)¢(t,5) = a. According to theorem 11.6 the periodic
solution is asymptotically stable.

Note that the solutions of the equation for z are given by

2

(t) £ cost+ —
z(t)=a — —— cost + ——
1+4¢? 1+¢?

sint + ce™*

with ¢ an arbitrary constant.

The averaged system is y = eg(y) with

(Y2 +ys —2)
9(y) = wlyz+y—2)
Ys(y1 + y2 — 2)

Apart from the critical point y = (0, 0, 0) which is asymptotically stable
and which is also a critical point of the original equation we have 4
critical points of the averaged system:
(0,2,2),(2,0,2),(2,2,0),(1,1,1).

Applying theorems 11.5-6 we find near each of these 4 critical points
existence of a 2m-periodic solution which is unstable.

From the discussion of example 11.9 we know that to prove existence
we have to reduce the order of the equation. Putting z = r cos(t + 1),
T = —rsin(t + ¢), t + ¢ = 0 we find

dr 7 Ersin20(1 — ar? cos® § — br?sin® §)
o 144 l+e...

Averaging of the O(g) terms over 6 produces

dr,

_ 1 I, 3 5
T —2€Ta(1 ar; 4bra)

4

with critical point p = 2/v/a + 3b. Condition 11.50 has been satisfied
so a 2m-periodic solution () exists (theorem 11.5) and as the original
equation is autonomous, this corresponds with a time-periodic solution.
The eigenvalue of the critical point is negative so the periodic solution
is asymptotically stable.

To obtain an asymptotic approximation we still have to average the
equation for :

W = ecos(t + ) sin(t + ¥)(1 — ar? cos?(t + ¢b) — br? sin®(t + ),

285
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which produces zero. It is no restriction of generality to put ¥(0) = 0
so the periodic solution is approximated by

————==cost.
a+3b

11.8  a. Using the solutions in the case € = 0 we have the variation
of constants transformation x,y — u,v

uet ve!

T 1wt ue Y= 1—v+wvet

we find after substitution in the equations

S — eyl —utuet t _
il = —EUVierag U+ve,e ,u(0) =z
gy o— 1—v4vet _
0 = —EUVT= 1H_ue,e ,v(0) = yo.

b. 7 =¢e' yields

W= —eu T (T =1) = 20
dv _ _ 1-v4vT — —
&= —euwvi ,o(1 =1) = yo.
T1-p+ PT, .
As lim TP P the averaged system in the

T—ooT 1-q+gr
sense of theorem 11.3is

dug o v, 9
= —eu; , — = —€v,.
dr @ dr @
1 1 -
S0 ug(T) = Terer ,0a(T) = P Transforming 7 = €'

and u,v — z,y produces the approximations

Yoe'
1+7y(1+¢€)(et —1)

zoet
1+ zo(1+€)(et

zo(t) =

— 1)»ya(t) =

¢. The approximation holds in 7 on the time-scale 1/, in the
original time ¢ on the time-scale [n(1/¢). According to theo-
rem 11.3 the error is given by

1—u+ur

6(e) = sup sup ¢
(&) qupDO<ETF<)C I (1—v+v7'

—%)dfu = O(e | Ine |).

On the other hand we know that (ﬁ T;IL—) is an attract-
ing node (exercise 7.4) and that (z.(In(1/€)), va(In(1/€))) =
(14 O(g),1+ O(g)). So on the time-scale of validity the ap-
proximate solution reaches an O(g) neighbourhood of the at-
tracting node. According to the Poincaré-Lyapunov theorem
7.1 there exists an &y such that for 0 < & < gg the solution
will not leave this neighbourhood. As € = O(e | Ine |) (even
o(e | Ine |)) we have (z(t), y(t)) = (za(t), va(t)) +O(e | Ine |)
for all time.
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11.9  a. A suitable transformation is p,dp/df — a,v by

p = p+acos(d+)
% = —asin(6+)
producing
a = —esin(0+vY)(p+acos(d+1))?
¥ = —£cos(6+¢)(n+acos(d + )2

b. Averaging produces zero for the first equation and Ve =
—ep for the second. Applying the initial conditions a(0)
ag, ¥(0) = 1o we find

p = p+agcos(d —eud + o) + O(e)
gg = —agsin(0 — eub + 1) + O(¢)

on the time-scale 1/e.

The amount euf will advance the perihelium (or periastron)
of the orbit. In the solar system this relativistic perturbation
is most prominent in the case of Mercury.

11.10  a. There are several possibilities; one runs as follows:
1
= —43 = —4y — 4¢( 6y sin 2t — sin 2t).

Transformation 11.15 becomes y(t) = u(t) cos 2t+3v(t) sin 2¢,
y(t) = —2u(t) sin 2t + v(t) cos 2t. Lagrange standard form

4 = 2€ sin 2t[1= (—2usin 2t + v cos 2t)? sin 2t — sin 2¢]
v = —4e cos 2t[16( —2usin 2t + v cos 2t)? sin 2t — sin 2¢]

Averaging produces

5( uz + v — 1)
va Leuqv,

b. From theorem 11.5-6 we find (u,,v,) correspond with peri-
odic solutions if (ua,v,) = (0,48) (unstable), (4v/3,0) (un-
stable) and (—3 4./3, 3,0) (stable).

11.11  a.
. 3 . . .
7 = —eLsin® ¢(cos’ ¢ — w?sin® ¢) — Lersin? ¢
¢ = w-—gesingcosg — £r?singcos p(cos? ¢ — w? sin® )
w = er?(cos? ¢ — w?sin® ¢)
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b. Averaging over ¢ produces

f,, = sil'l +erdwed — fera
We = 25(1_ )
74(0) = 7(0),wa(0) = w(0).

According to theorem 11.4 we have r(t) — r,(t) and w(t) —
we(t) = O(g) on the time-scale 1/e.

c. Consider & = eX (¢, ), = Q(z) with ¢ € S* and averaged
equation § = £X°(y). Replacing t by the time-like variable
¢ produces the standard form

X(¢,z)

T=¢ , averaged equation § = ¢
In calculating the determinant condition 11.50 we find for the
critical point P with X°(y) |,= 0 that a solution periodic in
¢ exists if

X°(y)
Qy)

| OX°(y)/3y Jy=p 0.

d. Critical point 4 = 1,w, = 1. The Jacobi determinant does-
not vanish so a periodic solution exists.

12.1  a. Partial integration of the integral in the expression for v(t)
(section 12.2) yields

/t e~HE=9/m £ (5(5)) ds = e HE=/m f(z(s))|
o 1%

—%— /Ote"‘(t's)/mf’(x(s))v(s) ds

By partially integrating again we can show that the integral
on the righthandside is O(1/u?). So we find

1 1 1
v(t) = e *Mu(0) — = f(z(t) + —e /™ f(2(0)) + O(—)
7 7 7
b. After a short time, O(1/u), the creeping velocity is
(t) =~ f(a(t)) + O(-)
v(t) = —= —
I p?
so we have approximately
1
T =——f(x).
p (z)
Note however that a full treatment of the initial value prob-

lem involves the exponentially fast decaying terms; they con-
nect the initial values with the creeping motion.
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(0,0) has eigenvalues —1 and 0; the centre manifold is one-dimensional
and is represented by

y=h(z) =az’+ bz + ...
Substitution in the equation for y produces

dh . dh ,
= Ei(a:h(z)) = —h(z) + 3z

or

(2az + 3bz® + .. )(az® + bz* +...) = —az® — ba® + ... + 32?

We find a = 3, b = 0 so that h(z) = 3z +O(x*); the flow in the centre
manifold is determined by

i = zh(z) = 32° + O(a°)
so (0,0) is unstable.

We find a Taylor expansion with coefficients zero; this could be ex-
pected as the centre manifold is non-analytic.

The eigenvalues are +i and —1, so the centre manifold is two-dimensional.

E; coincides with the z-axis, E, coincides with the z, y-plane. Approx-
imate the centre manifold by

z=h(z,y) = az® + 2bzy + cy® + . ..

so that

Oh oh
=5yt g8 =2 = (@ +y)) + 2 +sing
Substitution of the expansion and equating the coefficients of equal
powers produces a = —1, b = 0, ¢ = —1. W, is approximated by
z=—x? -y 4 ...
Substitution of z = h(z,y) in the equations for z and y yields

T=-y—a3—zy’+...
y=z—2y—1>P+...

Using polar coordinates one finds that (0,0, 0) is stable.

The equilibrium solutions are 1+ p =+ (2u 4 p?)/2. The solutions with

minus sign are stable, with plus sign unstable for 4 > 0, p < —2; at
i = 0, —2 the solutions are unstable.
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13.5 Writing down the homology equation for h(y) we note that the equation
is of first order and, when written in explicit form, its righthand side has
a convergent Taylor series with respect to h and y in a neighbourhood
of h = y = 0. Note that as A # 0, there is no resonance. It follows
from the elementary theory of differential equations that h(y) can be
expanded in a convergent power series near y = 0.

13.6 Saddles and centres.

13.7 The Brusselator has one critical point: z = a, y = b/a. Linearising
near this critical point leads to the eigenvalue equation A2 + (a? — b +
1)A + a? = 0 Hopf bifurcation is possible if in a, b-parameter space one
crosses the curve a? = b— 1. If for instance a = 1, one has a limitcycle
for b > 2, no limit cycle for b < 2 (supercritical bifurcation).

13.8  a. Substitution produces
T = 1+ £(2a;ul + aptv + aud + 2azv0) + e .. =

v+ e(byu? + byuv + bsv?) + €2 ..
§ = 0+ (2byutt + botiw + boud) + 2bzv0) + €% ... =
—u — g(ayu® + aquv + azv?) + eu? + €% ...

Ast=v+e¢e...and 9 = —u+€... this reduces to
o+ &(2a,uv + agv? — agu® — 203uv) + €. .. =

v+ e(byu? + byuv + bgv?) + €% ...
D+ €(2byuv + byv? — bou® — 2bguv) +€2... =
—u — g(ayu® + aquv + azv?) + eu? + €%
The equations for v and v donot contain quadratic terms if
a1 =1a,=0,a3=2 b =0, by=—2, by = 0. We have

u=v4+€e,0=—u+e...

b. Transforming u = rcos(t + ¥),v = —rsin(t + 9) yields the
standard form .
F=er...  h=¢e%. ..
One can apply for instance theorem 9.1 putting 7 = &t (fo in

the theorem vanishes). The result is the same O(e) approx-
imation on the time-scale 1/¢ as by the averaging method.

13.9  a. The eigenvalue equation is A2+ (1—a?)A—(2a?+6a) = 0 with
solutions A\; and Ag; Ay + Ap = —1+a?, M} A\ = —2a(a + 3).
We have asymptotic stability by theorem 7.1 if —1 < a < 0.
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b. Denoting the righthand side of the system by the 2-vector
F(z,y) we have the possibility of bifurcation if

OF (z,y)
——=(0,0) =0
9(z,y) 0.9)
which is satisfied for a = —3 and a = 0. To illustrate this
take a near zero, f(z,y) = 22, g(z,y) = —y*. If a = 0 there is
one solution ((0,0)), if a increases 4 critical points branch off
(intersections of an ellips and a hyperbole in the z, y-plane).

c. Eigenvalues with real part zero exist if a = -3, —1,0.

d. a=-1.

Linear analysis yields eigenvalues —2 and 0. The y-axis is centre mani-
fold (one can also obtain this result by carrying out the series expansion
of section 13.4). In the centre manifold the flow is attracting so ac-
cording to theorem 13.4 (0, 0) is stable.

According to theorem 2.1 of Liouville, the phase-flow is volume-preserving.
So the trace of the linearisation matrix has to be zero, the eigenvalues
have to be symmetric around zero in the complex plane. The constants

a and b are real, then we have

a. tai,£bi Fa,xbi *a,xb axbi,—a+bi (4 cases).

b. For periodic solutions we interprete the question as follows.
One characteristic exponent is zero because of the autonomous
character of the equations, one is zero as we have a fam-
ily of periodic solutions parameterised by the energy. A
Poincaré-mapping of a neighbourhood of the periodic solu-
tion for a fixed value of the energy is two-dimensional and
area-preserving with the periodic solution showing up as a
fixed point. The possible eigenvalues are +ai and +a (2
cases).

c. If n = 3 we have, as in b, two characteristic exponents zero;
the Poincaré-mapping for a fixed value of the energy is four-
dimensional and volume-preserving. The possible eigenval-
ues are the same as in a. (4 cases).

a. The equations of motion are ¢ = wip1 +€...,Pp1 = —wiq1 +
€...,(4y = wyPa+E..., Do = —waqa+€.... The eigenvalues of
the linearised system are tw;i and twsi. We have resonance
as in example 13.5.

b. The resonance relation, section 13.2, becomes

tw; = (M1 — ma)wy + (M3 — my)wy ,i = 1,2
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my,...,my € {0} UNand mi +... +my > 2.
First-order resonance arises if my+...+myg = 2, my+my > 0
and m3z + my4 > 0. This produces w; = 2w or 2w; = ws.

c¢. For second-order resonance we have m; +...+my = 3, m; +
mq > 0 and m3 + my > 0. This produces w; = wy, w; = 3ws
or 3wy = wa.

d. In the case of first-order resonance the normal form contains
nontrivial terms O(g) so the time-scale by averaging is 1/e.
For second-order resonance the O(g) terms are removed, the
time-scale of validity becomes 1/¢2.

15.3 a. Equations of motion:

Gr+4q = —dceqr +e(agi + bg3)
Gotq = €2bq1qe

Transformation (15.8) produces

71 = cerysin(4t + 2¢1) — sesin(2t + ¢)(ari cos? (2t + ¢1)+
‘ +br2 cos®(t + ¢2))
¢1 = ce+cecos(4t + 2¢1) — 55 cos(2t + ¢y)x
1
(ar? cos®(2t + ¢1) + br3 cos®(t + ¢2))
Fo = —e2brirasin(t + ¢o) cos(t + ¢o) cos(2t + ¢;)
o = —e2brycos(2t + ¢y) cos?(t + ¢y)

b. The averaged system is

po= —€eip} Si121(¢1 — 2¢y)

1{)1 = C?i - 5%% cos(¢1 — 2¢)
pr = egbpipzsin(Pr — 24)
Yo = —ezbpycos(Py — 24hs)

If ¢ = 0 the system is of the form (15.9), b can then be scaled
away by t — 7 = bt.

If b = 0 their is no interaction; note that in this case the
original system is already decoupled and integrable.

¢. The integrals of the averaged system are

4p% + p3 = 2E; (cf.15.10)

1
ibplpg cos(1hy — 21hy) — 2cp} = I (cf.15.11)
with Fy and I constants.

d. ¢2(t) = 0, t € R produces an exact normal mode solution of
the original system; it is recovered in the averaged system by
putting p, = 0.
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As in section 15.2 we obtain other periodic solutions by re-
quiring that 1; — 24, = 0 (in-phase) or 7 (out-phase) and
pr=p2=0.

Existence in-phase solution: ¢ > —3by/2E;.

Existence out-phase solution: ¢ < %b\/Q_EO.

At ¢ = +3b\/2E; we have a bifurcation. For instance con-
sidering the Poincaré map for b = 1,¢ = 0 in fig. 15.4,
we increase ¢. The two fixed points (centres) correspond-
ing with the out-phase solution move towards the saddle
point at (0,0) (corresponding with the normal mode). At
¢ = $b\/2Ey the three critical points (2 periodic solutions)
coalesce, resulting in a centre for ¢ > 1b\/2Ej.

. Analysing the critical points in the Poincaré map we find

that the in-phase and out-phase periodic solutions are stable.
The normal mode is unstable if —3by/2E; < ¢ < 1by/2E,
(if b > 0; if b < 0 reverse the end-points). Outside this
parameter interval the normal mode is stable.

. The equations can be derived from the Hamiltonian H =

3@ +p}) + 5(3 + p3) — (3a4f + baug3), which is positive
definite near the origin of phase-space (cf. section 15.1).

. Putting g2(t) = 0,t € R the second equation is satisfied.

The first equation becomes §; + ¢ = ag?, see example 2.11
where a = % If a = 0, these solutions are periodic for all
values of the energy; if a # 0 there is a critical point at
(q1,4d1, G2, 42) = (1/a,0,0,0), which is unstable. If a # 0
these particular solutions are periodic if 0 < h < 1/6a?.
Putting g, = Age the equations become

Ga+ g2 = (aX +b/N)g3
G2 + g2 = 2bAg3

The equations are consistent if A2 = b/(2b—a) which requires
the righthand side to be positive.

. Equations of motion §; + ¢ = ¢ — g2, 42 + g2 = —2q1g> pro-

duce critical points (0,0,0,0) centre-centre, (1,0,0,0) and
(—%,07 :{:%\/5,0). The first is stable, the other three unsta-
ble.

. Near (0,0,0,0) the energy-surface is compact, it breaks up

at the energy level H = 1/6 where the three unstable critical
points are located. Compactness for 0 < H < 1/6.

. We apply the results of exercise 15.4. The (g, p;)-normal

mode exists as a periodic solution for 0 < H < 1/6. Fur-
thermore A\? = 1/3, producing an in-phase periodic solution
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given by q1 = 3v/3g2, G2 + g2 = —21/3¢% and an out- phase
periodic solution given by ¢; = —%x/gqg, Go+ g = %\/gqg
In both cases we find closed curves, i.e. periodicity if 0 <
H <1/6.

. No. See exercise 15.3c where for a fixed value of ¢, periodic
solutions branch off the normal mode at a certain energy
level.

. (Solution by I. Hoveijn).

We put 4 = %;3, % = —9E then we have

de & _flzy) _OF .dy_y _glzy _ OF

dr 7 T —B—y dr + & = 0z
with the requirement

. f=y) _ g(=zy)
~ OF/dy —0F/oz’

This has been satisfied as L;F = %j: + %y = % (z,y)+
&rg(z,y) =0.
. The transformation is formal as 7 may only be locally time-
like.
. We have & = az — bzy, y = bzy — cy, F(z,y) = bz — clnz +
by — alny. Introduce 7 = —zy so that
dz_b a OF dy c _ OF
dr y Oydr =z B
Note that for z > 0,y > 0, 7 is time-like.

. No as we have three equations to be satisfied for 7 and one
integral only.
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